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SUPersgmmetric Solitons - some earlg milestones

)

D

1978: Witten & Olive ~ toPological central charges In supersymmetry algebras

1982 onwards: stuclg of E)ogomol’ng bounds for solitons in suPersymmetric

theories, Particularlg bﬂ Gibbons, Manton, Osborn et al. in Cambricjge
1984 Green & Schwarz - covariant 5uPer5tring action

1986: HughesJ |iu & Polchinski - Green-Schwarz action for super 3-brane in
D=6

SN

98 7: Bergslﬁoeg, Sezgin & Townsend - Green-Schwarz worldvolume action

‘Cor supermembrane =l 5ul:>ergravit9

1990: Strominger ~ Heterotic string 5-brane obtained bﬂ lhcting YM instanton
to D=10; Dabholkar, Harvey, Gibbons & Ruiz Ruiz - 5uPerstring solution to
D=10 tHPC 2A sul:)ergravitg : Dutft & Stelle - suPermembrane solution to D=1

su ergravity



Linguistic iiistorg

Oxtord ‘.ingiisiﬂ Dictionary entry on first use of “brane”:
in “Semiclassical quantization of the supermembrane,”

Dufft, Howe, Pol:)e, Sezgin & Ste”e, Nucl. Piiys. B297: 515, 1988.

(See alsoTownsend and Ste”e, “‘Are 2-branes better than one?”

Proceeciings of the CAP Summer | nstitute, ficﬂmonton) Alberta, Juig 1987)

The notation p for the spatial dimension of a generaiizeci membrane is due

to Paul Townsend.



Reissner~Norclstrém/ Majumclar»-PaPaPetrou black holes

2 Ur—-example of what we call a BPS brane: Majumclar—-PaPaPetrou solution

to D=4 Einstein-Maxwell theorg

ds « 2=—H %dt* + H*dx'dx'

F=dind ()
H

where His an arbitrary harmonic function on 443

* Solution as expressecl 1S Purelg electric, but can be dualitg rotated to

give a general clgonic black hole with (electric, magnetic) charges (g,p)
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Bogomol’ng bound

* From Witten-Nester energy Positivitg arguments, obtain a bound

M > |Z] for the ADM mass of the RN/MP solution
I e )
where 7 — 9 Jcr;l?

2 '.'Z‘_c]ualitg holds when there exists a Ki”ing spinor field Vel

O¢(spinor matter) = 0 , SO these extremal (BPS) solutions are supersgmmetric.

o The harmonic function H can be chosen to have multiple singularities)

corresponding to multiple-black—-hole conﬁgurations with arbitrarg locations

for the holes. The BPS extremalitg condition translates to a vanishing force
between similarlg c]ﬁargecl black holes: attractive gravitational and repulsi\/e

Maxwell forces exactlg cancel in these static conﬁgurations.



Charges) Singularities and topologg

o The RN/MP solutions displag the essential features of the whole BPS

{:amily of suPersymmetric brane solutions.

o A characteristic feature is the presence of electric or magnetic

clﬁarges, corresponcling to central c]’warges in the supersymmetry

a gebra realizations for these solutions.

N ote: howcver, that the fundamental fields of the supergravitg tlﬁeorg
do not themselves carry such charges. 50 Perturbative states cannot
carry them, and the brane solutions are accor&ing!y inherently non-
Perturbative. Such solutions can pOssess non~vanishing charges onlg

I theg are singular or tol:)ologicaug non-trivial or both.



Dutf & Stelle

Gluven

The M> and M branes in D=l 5ul:>ergravitg
+ | ook for solutions analogous to the RN/MF solution in D=l

supereravity. whose bosonic sector has the action
ARl RlTn)

I = fdllx{\/ =R ﬁG[a]) + 5G4 A G /\CB]}
where Cps;is a 3-form gauge field and Gpyy=dCs; is its field strength.

o The equation of motion for the C [3] gauge field
d "Gy + 3G A Gy = 0

and the Bianchi identitg dGiy = 0 gve rise to “electric” and

“magnetic” conserved charges
M8)M5:88ﬂd5dim

G G o Ca AG |
/a MS( 43503 AGy) o

will be transverse spaces
V / G[4] to brane worldvolumes
OMs



o The choices of space orthogonal to Mg or M give these charges

natural 2-form or §~1Corm structures: Uy, Vs

o These charges appear in an extension of the D=l sul:)ersgmmetrg
algebra: {Q, Q} = C(I"P,y+5T*" Uss+ 51" Visoos)

M-brane algebra 528=11+55+462 van Holten & van Proeyen

* They suPPor’t electric 2-brane and magnetic §~brane solutions

3 2-brane

ds® = H5dx"dx"n o + Hody"dy" o e ey

k ; =
H(y):1—|—7 =0 Ee a1 P k) 2—q3rane
4 worldvolume . J O-brane

Gooi e P O ) e 3 10725 e
Guioms = —&n..ms9rH m=6,... 10 5-brane

fransverse

o These can be generalized to allow H(y) to become an arbitrarg harmonic

function in the 11-d space transverse to the d-dim. worldvolume.



Bogomol’ng bounds

o Static branes of infinite extent have clivergent ADM energy, but the
energy per unit p-volume is finite and is gjven Preciselg bﬂ the

corresponcling chargc:

5 — [J = / dz;nGm012 == CZ]‘CQ7 energy/2-volume
O My
E =V = %/ dZTémnpqunpqr = CZ]‘CQ4 energy/J-volume
OM:
o These relations saturate the corresponcling Bogomol’ng bounds
hE
I e T

and accorclinglg preserve 2 suPersgmmetrg, i.e. 16 out of D7

SUPGFCha rges.



pPp waves and NUTs

» In addition to the 2-brane and 5-brane, M~theorg (l.e. D=1

sul:)ergravitg) possesses two other Purclg gravitational brane tgl:)es:
dst,={—dt* +dp*+ (H(y) — 1)(dt +dp)*} + dy"dy"

wave
PP C[g]:() ; m = 2, s ¥, 10 Brinkman 1923
dsi——dtt B dt = dxs - dsily)
NUT Ci3=0
dsin=H (y)dy'dy'+ H'(y)(dy+Vi(y)dy')*,  i=1,2,3
VxV=VH

° TI’ICSC are also considered branes because t]’léﬂ preserve 16
sul:)ercharges and because theg generate iml:)ortant brane Families
under dimensional reduction. E.g. under reduction to D=10 the pp

wave gives the 1A theorg extremal black hole suPPortecJ bg the
Kaluza-Klein vector, while the NUT gjves the 1A 6-brane.




Quantization conditions and brane lattices

+ Electric and magnetic brane tgl:)es suPPortecl ]:)3 the same field
5trength must obeg a Dirac cluantization condition generalizing the
D=4 MaXWCILtl‘ICC)r‘H COﬂClitiOﬂ qp — 27N : Nepomechie; Teitelboim/ﬁunster)
Qel /\Qniag
P] 7]
o [0
o These need to be taken togetlﬁer with the D=1l restriction on the

charge—-lattic basis needed to ensure invariance under large §~1Corm

el mag __

gauge transtormations
de Alwis;

05 = 03
2 T 2 Lavrinenko, L, Fope & Stelle

» As aresult, the charge lattice for p-branes in all dimensions D < 11 is

entirelg fixed.



Dimensional reduction brane families 1o rope, sezgn e sielie

* Solving for the simplest type of p-brane after the various worldvolume

or transverse dimensional reductions that can be made boils down to
solving the field equations for a D-dimensional sgstem containing the

metric, a scalar 0 and an n-form antisymmetric tensor field

streﬂg’th b I = / D x\/—g|R—5VudV"o - %meaq)F[z]}

o Under further dimensional reduction, the descendants of such a

system have different values of the coupling parameter @, but i one

, 2dd
deﬁnes e —A
(D-2)

related bﬂ dimensiona

= DES ) then A is Preserved for branes

reduction.

o The Parameter A governs the warp factors in the corresponcling brane
metric: ds? = H3-3 dx'dx'n,+H XD dy"dy"



Papaclol:)oulos & Townsend;

Intersectin g branes Bt

* Solving for the various Possibi e cases of the simpliﬁed (metric, form-

field & scalar) system, one rea izes that in all cases A = 4/N, N € 7. ,
suggesting that in addition to the four basic brane “elements” there

exists a richer “chemistrg” of comPosite branes.

o This was realized with the ﬁncling of “intersecting branes” pOssessing

f'CClUCGCl amounts O1C P!‘CSCFVCCI suPersgmmetry.

» Eg.thereisal/4 supersymmetric solution consisting of a 2-brane and

a §~brane intersecting over a l-brane subspace,

it 2
ds* = H{(y)H;(y)[H; (y)H; (y)(—dt* + da7) A0
et 5(1) 27 9 1 9 9 mdepeng’ent .
+H, (y) (d,TQ) + H, (y) (dlES e d£C6) harmonic functions
+dy" dy™| R il

Gm012 = am(Hl_l) Ganp T _EmnpqaqHQ



Neugebauer & Kramers;
Breitenlohner, Maison &Gibbons:

Harmonlc maps Gal'tsov & Rytchkov

» Above, we discussed the way in which the p-brane spectrum of

sul:)ergravitg can be derived from 4 “elements” in D=1 (M,, M5, wave &
NUT).

*« A complementarg way to understand the Familg of brane solutions

s to climensiona”g reduce on all worldvolume coordinates so that

onlg the transverse dimensions remain. In this reduced (Eucliclean)

space, the static BPS branes look like @) branes, 1.e. Instantons.

o After this worldvolume dimensional reduction, the theory contains

trans\/erse-space gravitg coupled to a nonlinear sigma model:

o= / d"y\/g (R —3Gas(9)0,¢"0;0°¢")



o The nonlinear sigma model has the structure G/H’:

D G H’

9 GLZ.R) SO, 1)

8 | SL(3,R) x SL(2,R) | SO(2,1) x SO(1,1)
7 SL(5,R) 50(3,2)

6 SO(5,5) S0(5,C)

3 Ee(+6) USP(4,4)

4 E7(47) SU™(8)

3 B SO™(16)

Note that H' is noncoml:)act as a result of the reduction on the time

coordinate. So the sigma—-moclel metric Gap 1s not Positive cleﬁnite,

a”owing for nontrivial instanton solutions in the Euclidean

transverse space.

o The equations of motion for the reduced theorg are
V(399 Cas(9)9;67) = 0
R;; = 3G 45($)0;00;¢"



o The standard Familg of BPS |:>~brane solutions corresl:)oncls to

taking the reduced transverse—-space metric to be ﬂat, gij S

The equations of motion are then solved ]39 taking the 5igma~

model fields to clepend on the transverse coordinates Y™ via a
harmonic map: ' (y) = 0%(c(y)); V?6=0 where the curve ¢*(0)
e el A oy

do do




A brane application: D=5 Horava-Witten theorg

Lu kas, Ovrut,

* Dimensiona”g reciucing M—-theorg on a Calabi-vau el s B WAl

manifold with G[4] ﬁelcl~strengt]’1 flux turned on 9ields a

D=5 action which includes a Potential for the breatlﬁing

mocle vV tlﬁat Parametrizes t]’)é Calabi»——\/au \/olumc:

1 i3
B=- / Pz R + G (0)9b' 0" + v —20,VorV

s %V_QGij(b)oziozj + more)
* The resulting B field equations admit a §~brane:

Codimension-one harmonic
function is linear; may be

dS% = 62A y)dxludxyn/ﬁV % 623<y)dy2 H, V= O, 17 27 3 taken to be periodic with
eA(y> — ];V ( ) 2B(y) = kinks to generate 2-brane

Y) — kV?(y) Horava-Witten system.
. . sepls
V(y) = Gdisuf' 5% by) =V5f

dijefif* = Hily)  Hi(y) = 2V2kayly| + k; S e o

e

N —



:‘:5 red UC‘tiOﬂ O‘F ”5 Tl"]eorg Bremer, Dutt, L, Fope & Stelle

o Consider D=10 type 1B suPergravity) keepingjus’c the metric and the

5~1Corm self-dual field strength:

P
Ryn = wFvporsFN HE

Fi5) = "Fy dFj5 =0

* The Kaluza-Klein ansatz for reduction on S° to D=51s

ds?y = e*¥Pdst + 2P ds(S°)

=355 BRG 0
1\/% g =—5a

filnr = 4m680‘906[5] == 4me[5](35)

Q
|

where ¢ isthe “breathing mode” cletermining the local size of the S°.



* The reduction to D=5 on 55 9ie|cls the T._.agrangian

16
Ls=eR — %6(890)2 — 8m?ee®®? + Rree5 W

where the mz exponential term arises from the §~1Corm flux and the R 5

term arises from the 55 coml:)onents of the D=10 Ricci scalar-.

3 ; , e 5
* This two—-exponentxal structure is characteristic of an §° Kaluza-

Klein reduction.

« A consequence of the two~e><|:>onential structure is the existence

of an AGS=X 5 solution.

2680490*

RMV s _4m gluy



Randall-Sundrum 3-brane LN il
EvehC o & Pope

e The D=5:ll5 t]’weorg admits a1/2 supersgmmetric §~]:>rane solution
ds? = e?Adztdaz” Ny + 22 dy?

s

e\/ﬁgsz:k\thc B =—-4A
1A = 2
e =biHT4+ bH7

where b; = £28m/(3k), by = +14/(15k) /5R5

* Inwriting the above “two-sided” domain-wall solution, strictlg speaking,

one needs to modhcg the reduction ansatz for the D=10 5~{:orm in order

to incorPorate the Z, sgmmetrg:

b 4m9(y)68a9@6[5] == 4m9(y)e[5](35)



XS Obtaining the pure AdS5 form of the Randall-sundrum construction
involves ’cakinga k — 0 limit in the 3-brane solution. Then, after a

coordinate transformation one obtains the Poincaré-coordinate form of
=7

AdS;: ds% — elAds dz"dz"n,, + dz*

o The scale Parameter of the AdS sspace IS relagted to the original §~brane

arameters bg A4 20m?2 \
: LAJEET ( R )

* Putting kinks in the harmonic Function/l:)atclﬂing slices of AdS5 space

gives single or multi-brane Randall-sundrum conﬁgurations.

o From the D=5 Point of view, such situations are 1/2 sul:)ersgmmetric.



* From the D=10, Point OT view, however, something rather strange

happens: suPersgmmetry ]Z)FCB‘(S. Liu & Sat

+ The two-sided |25 solution lifts to a two-world structure in D=10

o The D=10 singularitg structure leads to inconsistent integrabi itg

conditions for Ki”ing spinors in the 2-world D=10 solution. kalkkinen, Lehners,
Smg’ch & Stelle

o This leads to an interesting hierarchg of fermion masses for fluctuations
about the brane background: bulk fermions have masses ~ (Lags) ™! while
fermions localized on a single RSI end-of-world brane have masses

T
| Stbo e (M) of. Bagger & Belyaev
Mbrane fermion ~ Lpqg€ N "AdS aPass Y



