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Grisaru –Paris, Oct. 2006

N = 1 SUPERSPACE ACTIONS

Conventions

Coordinates:

θα , θ̄α̇ , xαα̇

Spinor quantities:

ψα , λα , ψ̄α̇.......

ψ.λ = ψαλα = ψαλβCβα , Cαβ = iεαβ , ψ2 = 1/2ψαψα

(Same for dotted quantities - always NW-SE contractions)

ξαξβ = Cαβξ2

Berezin integration∫
dθβ θ

α = δβ
α = ∂βθ

α|θ=0

integration same as differentiation
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Superfields:

Ψ(x, θ, θ̄) , Φα(x, θ, θ̄) , .....

Transform covariantly under SUSY.

Ψ′(x′, θ′, θ̄′) = Ψ(x, θ, θ̄)

or

δΨ = i[(εαQα + ε̄α̇Q̄α̇) , Ψ]

Qα = i(∂α −
1

2
θ̄α̇i∂αα̇) , Q̄α̇ = i(∂̄α̇ −

1

2
θαi∂αα̇)

Therefore
∫
d4xd4θF (ψ, ξ....) invariant under SUSY

Covariant derivatives

Dα = ∂α +
1

2
θ̄α̇i∂αα̇ , D̄α̇ = ∂̄α̇ +

1

2
i∂αα̇

{Dα, D̄β̇} = i∂αβ̇

Chiral/antichiral superfields

D̄α̇φ = 0 , Dβχ̄ = 0

In a θ expansion higher components are derivatives of lower

ones



3

Chiral representation

By similarity transformation on all quantities,

Dα = ∂α + θ̄α̇i∂αα̇ , D̄α̇ = ∂̄α̇ , ....

Then chiral superfield

Φ(x, θ) = A + θαψa + θ2F

only. (Then antichiral field more complicated, higher compo-

nents contain derivatives of lower components)

φ̄ = eiθ
αθ̄α̇∂αα̇[Ā + θ̄β̇ψ̄β̇ + F̄ θ̄2]

Will generalize this.

Components by projection

If Ψ = C + θαχα + .... + θαθ̄α̇Aαα̇ + .... + θ2θ̄2D̃2

then

C = Ψ|θ=θ̄=0 , χα = DαΨ|θ=θ̄=0 , .... D̃ = D2D̄2Ψ|θ=θ̄=0
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WZ action∫
d4xd4θφ̄φ +

∫
d2θ[vφ + 1/2mφ2 + λ/3!φ3] + h.c.

More general∫
d4xd4θK(φ̄φ) +

∫
d4xd2θW (φ) + h.c.

How to go to components?

a)By direct expansion in thetas and Berezin integration.

b) Replace integration by differentiatiion

e.g. ∫
d4xd4θ φ̄φ =

∫
d4x ∂β̇∂β̇ ∂

α∂α (φ̄φ)

Under
∫
d4x replace ∂α by Dα = ∂α + 1

2 θ̄
α̇i∂αα̇

→
∫
d4x D̄2D2(φ̄φ) =

∫
d4x D̄2(φ̄D2φ)

=
∫
d4x [(D̄2φ̄)(D2φ) + (D̄α̇φ̄)(D̄α̇D

2φ) + φ̄(D̄2D2φ)]

with everything evaluated at θ = 0.

Define components by projection:

φ| = A , Dαφ| = ψα , D2φ| = F

Use commutation relations for D’s, get

∫
d4x[F̄F + iψ̄α̇∂αα̇ψ

α + Ā2A]
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Gauge fields

φ̄φ invariant under φ→ eiλφ , φ̄→ φ̄e−iλ

for λ constant matrix. Generalize to Λ chiral.

φ̄φ→ φ̄e−iΛ̄eiΛφ

not invariant.

Introduce gauge prepotential V such that

eV → eiΛ̄eV e−iΛ

Then φ̄eV φ invariant .

Wα = D̄2e−VDαe
V

gauge invariant field strength - chiral. SSYM action

∫
d4xd2θW αWα

(
+

∫
d2θ̄W̄ α̇W̄α̇

)

second term differs from first by total derivative.

Later will expand in components by projection
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Covariant approach

Introduce gauge covariant derivatives ∇α , ∇α̇ such that

∇αφ transforms like φ.

Generally

∇A = (∇α , ∇α̇ , ∇αα̇) = DA − iΓA

[∇A,∇B} = TAB
C∇C

but form of TAB
C restricted by constraints, e.g.

{∇α,∇α̇} = i∇αα̇ =⇒ Tα α̇
β = 0 , etc

[∇α̇, i∇ββ̇] = −iCβ̇α̇Wβ

and, consequently, Bianchi identities, e.g.

∇αWα +∇α̇
W̄α̇ = o

In gauge chiral representation (A = (α, α̇, (αα̇))

∇A =
(
e−VDαe

V , D̄α̇ , − i{∇α,∇α̇}
)

(Can do it symmetrically instead - doesn’t matter).
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Covariantly chiral/antichiral superfields

Defined such that

∇α̇Φ = 0 , ∇αΦ̄ = 0 =⇒ Φ = φ , Φ̄ = φ̄e−V

(just field redefinitions - gives nice covariant components)

Component actions

SSYM: (since integrand singlet can replace D → ∇)

∫
d4xd2θW 2 =

∫
d4xD2(W 2) =

∫
d4x∇2(W 2) =

∫
d4x∇α(W β∇αWβ)

=
∫
d4xW α(∇2Wα) + (∇αW β)(∇αWβ)

all evaluated at θ = 0

Manipulations:

∇2Wα = −1

2
∇/a∇βWβ =

1

2
∇/a∇

β̇
W̄β̇ == −1

2
i∂αβ̇W̄

β̇

having used Bianchi identity and chirality of W . Also

∇αWβ = symm. + antisymm = Cαβ∇δWδ + fαβ

the D-auxiliary field plus the self dual part of gauge field

strength. etc. etc.
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Proceeding in this fashion find

S =
∫
d4xd4θΦ̄Φ+αγV +tr

∫
d4xd2θW 2+

∫
d4xd2θP (Φ)+h.c. =

∫
d4x[A2Ā+ψαi(∇α)

α̇ψ̄α̇+iĀλαψα−iψ̄α̇λ̄α̇A−ĀD̃A+FF̄

+λαi∇αα̇λ̄
α̇ − 1

2
fαβfαβ +D2

+γD̃ + [P ′F +
!

2
P”ψαψα + h.c.]

(Derivatives automatically covariantized wrt Yang-Mills )
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SUPERGRAVITY

Generalized coord. transf. of chiral superfields

Φ→ eiΛΦ , Λ = iΛMDM

Covariant derivatives and constraints

Vielbein EA
M(x, θ) , Lorentz connections ΦA(x, θ).

Covariant derivatives

∇A = EA + ΦAM = EA
MDM + ΦAδ

γMγ
δ + ΦAγ̇

δ̇Mγ̇
δ̇

[∇A,∇B} = TAB
C +RABγ

δMδ
γ + h.c.

Wess-Zumino constraints solved by Siegel in terms of prepo-

tentials

Hαα̇ , φ

Real vector superfield and scalar chiral compensator (or some

equivalent depending whether one wants minimal or nonmin-

imal N=1 sugra ). (Also Hα , Hα̇) but can be gauged away.

e.g. in chiral representation

Eα = e−HΨ̄Dαe
H , Eα̇ = ΨD̄α̇ etc.

Ψ expressible in terms of prepotentials, H = HM iDM .

Superdeterminant
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E = sdetEA
M

Sugra action

SSG =
∫
d4xd4θE−1

invariant under supercoord. transf. : sugra action.

More explicitly

SSG = − 3

2κ2

∫
d4xd4θ

(
Ê

)−1/3
1.e−

←
H

1
3
φe−Hφ̄

Ê = sdetÊM
A ,

←
H= HM

←
DM

Êα = e−HDαe
H , Êα̇ = D̄α̇ , Êαα̇ = {Êα, Êα̇}
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Matter actions

For general matter, e.g chiral superfield kinetic term

S =
∫
d4xd4θE−1Φe−HΦ̄

For chiral terms e.g. superpotential

S =
∫
d4xd2θφ3[

m

2
Φ2 +

λ

3!
Φ3]

More general, if have Kähler potential 3K(?, e?H??) together

with sugra and YM

S = − 3

κ2

∫
d4xd4θ E−1e

κ2
3 K(Φ,e−H Φ̄)

+
∫
d4xd2θ φ3[P (Φ) +W αWα]
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Components

For covariantly chiral superfield define again

A = Φ|θ=0 , ψα = ∇αΦ|θ=0 , F = ∇2Φθ=0

For general actions rewrite first

Sgen =
∫
d4xd4θE−1Lgen =

∫
d4xd2 θφ3[∇2 +R]Lgen

where now integrand is (covariantly) chiral.

For chiral actions get

S =
∫
d4xd2θφ3Lch =

∫
d4xe−1[∇2+iΨ̄αα̇

α̇ ∇α+3S̄+
1

2
Ψ̄α̇
α(α̇Ψ̄

α β̇

β̇
]Lch|θ=0

( Ψ is gravitino, S is auxiliary field)

Note: For Lgen = 1 get component sugra action

Ssugra =
∫
d4xe−1[∇2 + iΨ̄αα̇

α̇ ∇α + 3S̄ +
1

2
Ψ̄α̇
α(α̇Ψ̄

α β̇

β̇
]R

Need to work out ∇αR| , ∇2R| in terms of gravitino and

graviton fields.

There are various ways to obtain these results. e.g. Knutt,

M.G., Siegel, hep-th/9711120 ; Gates, Knutt, M.G., Siegel,

9711151
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SUSY Guts

For SUSY SU(5) need

[10] ∼
 Ū Q

Ē

 , [5̄] ∼
 a
c



[H ] ∼
 H3

H2

 , [H̄ ] ∼
 H̄3

H̄2


[24]

L = 1
8g2

∫
d2θTrWW

+
∫
d4θ

{
[10]†e2gV (10)[10] + S̄†e−2gV T

S̄ + [24]†e2gV (24)[24]

+ [H ]†e2gV [H ] + [H̄ ]e−2gV T
[H̄ ]

}
+ Lsuperpotential

vspace1cm

Lsuperpotential =
∫
d2θ

{
λu[H ][10][10] + λdH̄ [5̄][10]

+m1Tr[24][24] + λ′Tr[24][24][24] +m2[H̄ ][H ] + λ2[H̄ ][24][H ]
}


