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In these lectures we explain a remarkable simplicity in the scattering amplitudes of gravity and gauge theories.
We start by summarizing the unitarity method and how it reveals surprising structures in loop amplitudes, and
gives us a tool for carrying out state-of-the-art calculations. We review a recently discovered duality between color
and kinematics in gauge theories, exposing gravity theories as double copies of gauge theories; these properties
have recently been conjectured to hold to all loop orders. We also describe various recent state-of-the-art results
obtained with the unitarity method in QCD, supersymmetric gauge theory and supergravity.

1. INTRODUCTION

Recent years have taught us that there is a

remarkable simplicity in gauge and gravity scat-

tering amplitudes. A key idea behind these ad-

vances has been that new amplitudes can be fully

constructed using only on-shell information [1,2].

This avoids unphysical gauge-dependent quanti-

ties in intermediate steps, which can obscure im-

portant properties of the amplitudes. Studies

have uncovered a number of novel unexpected

structures in gauge and gravity amplitudes, re-

vealing that they are much simpler than any-

one had anticipated. Planar amplitude in max-

imally supersymmetric gauge theories have an

even richer structure. A rather striking exam-

ple is Witten’s observation that amplitudes in

massless gauge theories are supported on curves

depending on their helicity and loop order [3].

Other examples are the iterative structure lead-

ing to an all-loop-order solution of the simplest

of the planar amplitudes of N = 4 super-Yang-

Mills theory, valid at both weak and strong cou-

pling [4,5], a new symmetry to explain this struc-

ture [6,7] and a Grassmannian structure [8]. In

these lectures we will not describe these interest-

ing results, which are well discussed in other re-

cent reviews [9].

Instead, here we begin with a brief summary of
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basic general-purpose tool for carrying out loop-

level calculations of scattering amplitudes: the

unitarity method. To illustrate its utility we de-

scribe a few applications. This includes state-of-

the-art predictions of LHC physics (for example,

see refs. [10–12]). In particular, the first next-

to-leading-order QCD calculation with five final

state objects (including jets) [12] was done this

way. Other examples which summarize include

studies of supersymmetric gauge-theory ampli-

tudes [4,13–15], and their ultraviolet properties

in D > 4 dimensions [16–18]. It has been used

in calculations of N = 8 supergravity ampli-

tudes, demonstrating that they are less divergent

in the ultraviolet than had previously been appre-

ciated [19,17,20]. (For other recent discussions of

this issue see refs. [21–23].) More generally, the

on-shell methods have allowed ever more complex

calculations to be carried out. Such calculations

in turn reveal an ever richer structure in the scat-

tering amplitudes which can then be used to find

improvements in the calculational methods.

An important aspect of the harmony between

gauge and gravity theories is that many of the

same basic techniques used to carry out calcu-

lations for one theory can then be applied to the

other theory. But as we shall discuss the relation-

ship goes much deeper, with the detailed multi-

loop structure of perturbative gauge and gravity

theories intimately intertwined.
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Gravity has many similarities with gauge the-

ories. Both are based on the idea of local sym-

metries and therefore share a number of formal

properties. Nevertheless, their structural and dy-

namical behavior appears to be quite different.

Non-abelian gauge theories have a rather differ-

ent dynamical behavior than gravity. Quantum

chromodynamics, for example, exhibits confine-

ment of particles while gravity does not. More-

over, consistent quantum gauge theories have ex-

isted for more than a half century, but as yet

no satisfactory point-like quantum field theory

of gravity has been constructed. The structures

of the Lagrangians of the two theories are also

rather different: the non-abelian Yang-Mills La-

grangian contains only up to four-point interac-

tions while the Einstein-Hilbert Lagrangian con-

tains infinitely many interactions.

Nevertheless, recent developments [25,26] show

that in a precise diagrammatic sense, perturba-

tive gravity is a double copy of gauge theories,

gravity ∼ (gauge theory)× (gauge theory). (1)

An early version of this property was understood

at tree level more than 25 years ago using string

theory, via the Kawai-Lewellen-Tye (KLT) rela-

tions [27]. These relations hold as well in field

theory, as the low-energy limit of string theory.

In this limit, the KLT relations for four-, and five-

point amplitudes are

M tree
4 (1, 2, 3, 4) = −is12A

tree
4 (1, 2, 3, 4)

× Ãtree
4 (1, 2, 4, 3) ,

M tree
5 (1, 2, 3, 4, 5) = is12s34A

tree
5 (1, 2, 3, 4, 5)

× Ãtree
5 (2, 1, 4, 3, 5)

+ is13s24A
tree
5 (1, 3, 2, 4, 5)

× Ãtree
5 (3, 1, 4, 2, 5) . (2)

Here the Mn’s are amplitudes in a gravity the-

ory stripped of couplings, the An’s and Ãn’s are

two distinct color-ordered gauge-theory ampli-

tudes and the Mandelstam invariants are sij ≡
(ki +kj)

2, with ki being the outgoing momentum

of leg i. The color-ordered gauge-theory ampli-

tudes [28] correspond to the coefficient of color

traces with a given ordering of matrices. The

gravity states are direct products of gauge-theory

states for each external leg. (Explicit formulæ for

n-point amplitudes may be found in refs. [29].)

The KLT relations show that gravity and gauge

theory are intertwined, but as we shall explain,

the heuristic relation (1) is now understood much

more precisely. Today we have a simple and di-

rect manifestation of the relation (1), conjectured

to extend to all loop orders: the numerators of

gravity diagrams are two copies of appropriately

arranged gauge-theory diagram numerators. Be-

sides offering a potent tool for carrying out loop

calculations in gravity, this remarkable relation-

ship between gravity and gauge theory strongly

suggests that they belong together in a unified

quantum theory, perhaps along the lines of string

theory.

The lecture is organized as follows: In section 2

we give a brief overview of the unitarity method.

Then in section 3, we summarize a few nontrivial

applications to perturbative QCD, super-Yang-

Mills and supergravity. In section 4 we then show

a remarkable harmony between gauge and gravity

theories, focusing on the double-copy property of

gravity scattering amplitudes in terms of gauge-

theory ones. Then in section 5 we explain how to

arrange the Lagrangian so that they exhibit the

double-copy property. Finally in section 6, we

give our conclusions and outlook for the future.

2. UNITARITY METHOD

The unitarity method was originally developed

in the context of one-loop supersymmetric am-

plitudes [1], but with further refinements [34–

36,14,37,17,18,7], it offers a powerful formalism

for any massless theory at any loop order, includ-

ing non-planar contributions. This method has

been reviewed numerous times [38–40], so here

we give only a brief summary.

Unitarity has been a basic principle in quantum

field theory since its inception. For a descrip-

tion of unitarity during the 1960’s, see ref. [41].

However, a variety of difficulties prevented its

widespread use as a means of constructing ampli-

tudes, especially after the rise of gauge theories in

the 1970’s. These difficulties include nonconver-

gence of dispersion relations and the inapplicabil-

ity to massless particles. It was also unclear how
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Figure 1. The two-particle cuts of a one-loop four-
point amplitude. The exposed intermediate states are
placed on shell.

one could fully reconstruct loop amplitudes be-

yond four points from their unitarity cuts. The

unitarity method overcomes these basic difficul-

ties, allowing for the complete construction of

loop amplitudes at any loop order. It does so

by avoiding dispersion relations, and instead us-

ing the existence of an underlying covariant Feyn-

man diagram representations to fully reconstruct

amplitudes. By construction the reconstructed

Feynman-like integrands have the correct unitar-

ity cuts in all channels.

Over the years there have been a number of

important refinements to the unitarity method.

Generalized unitarity [41] (where multiple inter-

nal lines are placed on shell, subdividing a loop

amplitude into more than two pieces) was suc-

cessfully applied in ref. [35] as a means for greatly

simplifying loop calculations. An important more

recent development is the use of complex mo-

menta [32] by Britto, Cachazo and Feng [36], lead-

ing to the realization that at one-loop in four di-

mensions, quadruple cuts directly determine the

coefficients of all box integrals by freezing the loop

integration. Powerful new methods for dealing

with triangle and bubble integrals at one-loop,

as well as rational terms have also been devel-

oped [37,42]. (These have been described in other

recent reviews [43].) At higher loops, efficient

means of constructing the integrands of ampli-

tudes, including non-planar contributions, have

also been devised [14,17,18,44].

A key feature of the unitarity method is that

it can construct amplitudes at any loop order di-

rectly from on-shell tree amplitudes. It does so

from cuts of the form

C =
∑

states

∏

j

Atree
(j) (3)

where the sum over states runs over all physical

states that can propagate via the cut lines, which

are all placed on shell. The product runs over

all tree amplitudes composing the cut. For ex-

ample, for a one-loop four-point amplitude, the

two unitarity cuts shown in fig. 1 are sufficient

to reconstruct the complete amplitude. This gen-

eralizes to more complicated cases; for example,

in fig. 2 various generalized cuts are shown for a

three-loop four-point amplitude. This ability to

completely reconstruct loop amplitudes from tree

amplitudes, allows tree-level simplifications and

properties to be carried directly into loop calcu-

lations. (This was recently highlighted in a recent

review using dual conformal symmetry and BCJ

duality as examples [39].)

Although the unitarity method applies just as

well to supersymmetric and non-supersymmetric

theories, it is usually much simpler to deal with

the supersymmetric case because they have a

much simpler analytic structure. Indeed, the

original application of the unitarity method was

to construct one-loop supersymmetric amplitudes

with arbitrary numbers of external legs [1]. The

better power counting of supersymmetric theories

allows all terms in one-loop scattering amplitudes

to be readily constructed using cuts evaluated in

four dimensions. Naively, this is not allowed be-

cause the amplitudes are divergent and need to be

regularized. Nevertheless, a more careful study

shows that for one-loop supersymmetric ampli-

tudes it gives complete results [1].

For QCD or supersymmetric theories at higher

loops, the situation is more complex. For one-

loop QCD by using four-dimensional cuts, we can

drop certain rational terms in the amplitudes [34].

These terms arise from O(ǫ) terms in the inte-

grand hitting ultraviolet poles in ǫ. Such terms

can be recaptured by using loop-level on-shell re-

cursion relations allowing the entire calculation

to be performed using four-dimensional massless

momenta [42]. More generally, by computing

in D = 4 − 2ǫ dimensions, all rational terms

are automatically captured and one can fully re-
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) (d)
Figure 2. Examples of cuts used to determine the a three-loop four-point amplitude. The cut (a) decomposes
the amplitude into a product of tree amplitudes. The cut (b) is a maximal cut and require the loop momenta
to be complex momenta. Diagram (c) shows a near-maximal cut and diagram (d) is a four-particle cut. In this
figure all exposed intermediate lines are placed on-shell.

construct amplitudes at any loop order [34]. A

convenient way to implement this [7,45,39], is

via six-dimensional helicity [46,47]. This offers

many of the advantages of four-dimensional he-

licity, but meshes well with regularization of the

divergences, in a manner consistent with unitar-

ity.

3. APPLICATIONS OF THE UNITAR-

ITY METHOD

An important question is whether the new tech-

niques and undersxtanding has led to any new

calculations or applications. In this section we

describe two rather different nontrivial applica-

tions of the unitarity method. The first of these

is an example from collider physics. The second

are calculations which illuminate multiloop ultra-

violet properties in gauge and gravity theories.

3.1. Applications to QCD

Today the Large Hadron Collider (LHC) is op-

erational and are people eagerly awaiting new re-

sults. In many scenarios of new physics, a sharp

resonance appear, but in others the first signa-

tures would be slight alterations of various dis-

tributions. For many new physics searches the

signals are excesses in broader distributions of

jets, along with missing energy. In particular,

for supersymmetry searches, such multi-parton fi-

nal states and missing energy are typical. The

physics program at the Large Hadron Collider re-

lies, to some extent, on having ever improved the-

oretical control over modeling of high-energy col-

lisions. A detailed theoretical understanding not

only increases the reach in new physics and parti-

cle searches, but also provides studies of the fun-

damental dynamics and properties of particles.

A first step towards a theoretical understand-

ing of QCD is the evaluations of cross sections at

leading order (LO) in the strong coupling αS(µ2).

Many tools [48] are available to generate predic-

tions at leading order. Some of the methods

applied incorporate higher-multiplicity leading-

order matrix elements into parton-showering pro-

grams [49,50], using matching (or merging) pro-

cedures [51].

However, cross sections in QCD can have

strong sensitivity to higher-order corrections,

motivating the challenging quest for calculat-

ing them. Next-to-leading (NLO) order predic-

tions significantly reduce renormalization- and

factorization-scale dependence. This becomes

more important with increasing jet multiplicity

(see e.g. [52]). Fixed-order results at NLO can

also be matched to parton showers [53] with the

prospect of complete event generation at next to

leading order in the strong coupling. Here we will

discuss a few parton-level NLO QCD calculations

where the new unitarity techniques have had an

impact.

NLO cross sections are built from several ingre-

dients: virtual corrections, computed from the in-
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Figure 3. The cross section as a function of the transverse energy of the third jet, for inclusive W + 3-jet

production, compared to the NLO prediction. In the upper panel the NLO distribution is the solid (black)

histogram, and CDF data points are the (red) points, whose error bars denote the statistical and total

uncertainties (excluding the luminosity error). The LO QCD predictions are shown as dashed (blue) lines.

The lower panel shows the distribution normalized to the NLO prediction, using the CDF experimental

bins (that is, averaging over bins in the upper panel). The scale-dependence bands are shaded (gray) for

NLO and cross-hatched (brown) for LO.

terference of tree-level and one-loop amplitudes;

real-emission corrections; and a mechanism for

isolating and integrating the infrared singularities

in the latter. In the past, a bottleneck to these

studies was posed by one-loop amplitudes involv-

ing six or more partons [52]. On-shell methods,

have successfully broken past this bottleneck, by

avoiding gauge-noninvariant intermediate steps,

and reducing the problem to much smaller ele-

ments analogous to tree-level amplitudes. Ap-

proaches based on Feynman diagrams have also

led to new results with six external partons, ex-

emplified by the NLO cross section for produc-

ing tt̄bb̄ at hadron colliders [54]. On-shell meth-

ods should be especially advantageous for pro-

cesses involving many external gluons, which of-

ten dominate multi-jet final states. Various new

results [10–12] already indicate the suitability

of these methods for a general-purpose numeri-

cal approach to high-multiplicity one-loop ampli-

tudes.

Here we will give an example to illustrate some

of the advances of recent years. In particular we

will focus on an important class of processes in

the search for new physics are vector bosons in

association with jets. Processes with Z and W
boson in association with jets have a particularly

rich phenomenology at the electroweak symmetry

breaking scale, being important backgrounds to

many searches of new physics, for Higgs physics,

and will be important to precision top-quark mea-

surements.

In LO or NLO QCD the jets corresponds to ei-

ther single partons or pairs of partons (which then
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hadronize). In order to point out the key features

of NLO QCD predictions we will focus on pro-

cesses of massive vector-boson production. The

state-of-the-art in perturbative QCD for hadron

colliders is now reaching parton level next-to-

leading order computations with up to five final-

state objects. In fact, the only such process to

be computed so far is W + 4-jet production [12],

using on-shell methods.

A rather nontrivial example of a new result

where the unitarity methods has lead to useful

phenomenology is W + 3-jet production at the

Tevatron. Fig. 3 gives the cross section as a func-

tion of the transverse energy of the third most

energetic jet, compared against experimental re-

sults from the CDF collaboration [55]. Besides

showing very good agreement between theory and

experiment, within the experimental uncertain-

ties, it also illustrates the genetic feature that

NLO results have a much smaller dependence on

renormalization and factorization scales than LO

results. The NLO scale dependence is shown as

the gray band in the lower panel of the figure,

while the LO dependence is shown in the cross-

hatched region. In each case, the scale depen-

dence is determined by varying the renormaliza-

tion and factorization scales up and down by a

factor of 2, following the traditional prescription.

Further details may be found in refs. [10,12].

3.2. Applications to Maximally Supersym-

metric Gauge and Gravity Amplitudes

Another arena where the new ideas and meth-

ods have had a significant impact is on studies

of ultraviolet properties gauge and gravity theo-

ries. The theories of choice for studying this at

high loop orders are maximally supersymmetric

theories, both for their technical simplicity and

because supersymmetry tends to mitigate ultra-

violet divergences. N = 4 super-Yang-Mills the-

ory was proven to be ultraviolet finite in four di-

mensions long ago [56]. The ultraviolet behav-

ior of N = 8 supergravity [57] in four dimension

is, however, still under study. Below we summa-

rize concrete calculations in maximal super-Yang-

Mills theory and supergravity that shed light on

this fundamental question. Recent reviews dis-

cussing the ultraviolet properties of N = 8 super-

gravity in more detail are given in refs. [21].

Conventional wisdom holds that it is impossible

to construct point-like ultraviolet finite theories of

gravity (see e.g. refs. [58]). Indeed, simple power-

counting arguments point to the difficulty of do-

ing so. In a classic paper, ’t Hooft and Veltman

showed that gravity coupled to matter generically

diverges at one loop in four dimensions [30,31].

Due to the dimensionful nature of the coupling,

the divergences cannot be absorbed by a redefini-

tion of the original parameters of the Lagrangian,

rendering the theory non-renormalizable. Pure

Einstein gravity does not possess a viable coun-

terterm at one loop, delaying the divergence to at

least two loops [30,59]. The two-loop divergence

of pure Einstein gravity was established by Goroff

and Sagnotti and by van de Ven through direct

computation [32,33].

Supersymmetry offers a mechanism for delay-

ing the onset of divergences in gravity theories.

No supergravity theory can diverge until at least

three loops, because the potential three loop

counterterm built out of three Riemann tensors

cannot be made supersymmetric [58]. This po-

tential counterterm is an R4 term corresponding

to four powers of the Riemann tensor with the in-

dices appropriately contracted, to allow for a su-

persymmetric completion. Supersymmetry alone

cannot delay the ultraviolet divergences in grav-

ity theories because of the increasingly worse di-

vergences at each loop order in gravity theories.

This leads to the general question for supergrav-

ity theories of whether a given potential countert-

erms identified by power counting and symmetry

arguments is actually present.

Power counting arguments assume that all

symmetries and relevant properties are known

and accounted for. For the case of N = 8 su-

pergravity we do know that there are unexpected

ultraviolet cancellations in the theory to all loop

orders [60,61]), though it is still not clear if these

are powerful enough to render the theory finite to

all loop orders. (These cancellations are related

to a well studied property of one-loop N = 8 am-

plitudes: in four dimensions triangle and bubble

integrals drop out of the amplitudes, when ex-

pressed in a basis of scalar integral in four dimen-

sions [62].) Some hints also follow from string-
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theory dualities [63]. We also know that grav-

ity loop amplitudes are much more closely tied

to better behaved gauge-theory amplitudes than

had been believed [26]. While these arguments

do not offer a proof of finiteness, they do suggest

that it would be wise to reexamine the ultravio-

let properties of gravity theories. (For other ap-

proaches to trying to make quantum field theories

of gravity sensible in the ultraviolet see refs. [64].)

Motivated by the hint of high-loop cancella-

tions, explicit cancellations were then carried out

in refs. [19,17,20] to directly investigate the ul-

traviolet properties of N = 8 supergravity. The

result of this was to definitively rule out the po-

tential three loop R4 counterterm in D = 4. Al-

though no potential counterterm exists at four

loops (because of an “accidental” cancellation

similar to the one preventing a pure gravity coun-

terterm at one loop), direct calculation estab-

lishes that the four-loop four-point amplitude of

N = 8 supergravity has the same power count-

ing in D dimensions as N = 4 super-Yang-Mills

theory (which is known to be finite in D = 4).

The result of the four loop calculation is that

the four-loop four-point amplitude is of the form,

A4 ∼ D8R4 × loop integrals (4)

where the D8R4 factor corresponds to 20 powers

of momentum in the numerators of the integrals

coming out as external momentum. This factors

correspond to covariant derivatives contracted to

four Riemann tensors in an appropriate way. If we

assume that no further ultraviolet cancellations

exist, and that no further powers of loop momenta

can come out of the integrals as external momenta

as the loop order increases, simple power counting

shows that in four dimensions the first divergence

would occur at seven loops.

Indeed, this is in line with recent compre-

hensive studies of the potential counterterms of

N = 8 supergravity [22], proving that no coun-

terterm compatible with the E7(7) symmetry is

available until seven loops. Based on these and

other results [23,65,66] a consensus has formed

that supersymmetry and the E7(7) symmetry

alone cannot prevent divergences in D = 4 start-

ing at seven loops and that the theory will likely

diverge. There is, however, a more optimistic

view [67]. (The previously claimed delay from su-

persymmetry of potential ultraviolet divergences

in N = 8 supergravity until nine loops [68] has

been retracted [23].)

Is it possible there are further symmetries or

structures that prevent the widely expected seven

loop divergences? Powercounting arguments us-

ing symmetries to rule out potential counterterms

can, of course, never prove the existence of diver-

gences, only that protection against divergences

holds to a certain level; if a symmetry or struc-

ture is missed then it may turn out the bound

is too loose. More generally, the only way we

can be certain that the coefficient of a potential

counterterm respecting the known symmetries is

non-zero is to carry out the explicit calculation

to show that the numerical coefficient in front is

nonzero.

Today, it is not yet practical to carry out a

seven-loop computation. However, a simple way

to lower the loop order in which a given po-

tential counterterm can correspond to a diver-

gence is to work in higher dimensions. By rais-

ing the dimension N = 4 super-Yang-Mills is no

longer ultraviolet finite, allowing this theory to

be used as a playground for sharpening our un-

derstanding of counterterms in maximally super-

symmetric theories [17,69,18]. Explicit calcula-

tions [16,14,19,17,20,18] show that at least for

four-point amplitudes through four loops, both

N = 8 supergravity and N = 4 super-Yang-Mills

theory are ultraviolet finite for

D <
6

L
+ 4 (L > 1) , (5)

where D is the dimension of space-time and L
the loop order. (The case of one loop, L = 1,

is special, with the amplitudes finite for D <
8, not D < 10.) For N = 4 super-Yang-Mills

this bound was proposed in ref. [16] and has

been confirmed in ref. [70] using superspace tech-

niques. Explicit computations summarized below

demonstrate this bound is saturated in N = 4

super-Yang-Mills theory through at least four

loops [71,16,60]. ForN = 8 supergravity we know

that the bound holds through four loops and that

it is saturated at three loops [16,19,17,20].

The first step for carrying out a loop calcula-

8



1
2

l1l2l3 l4l5
3
41 l3

l2 3 4l4
l5

l1
2

2
l1l2l3 l4l5

3
41

Figure 4. An example of showing how the KLT relations allow us to map gravity cuts into sums over pairs of
gauge-theory cuts. Here we display a pair of gauge-theory cuts needed to evaluate the gravity cut on the left side.
The remaining pairs are obtained by permuting the external legs 1 ↔ 2 and 3 ↔ 4.

tion of a gravity scattering amplitude is to first

compute the corresponding amplitude in super-

Yang-Mills theory. We may obtain N = 8 super-

gravity amplitudes by considering the amplitudes

of N = 4 super-Yang-Mills theory. Following the

strategy of refs. [16], by taking unitarity cuts of

the gauge-theory amplitude which decompose it

into a sum of products of tree amplitudes, we can

use the KLT relations to assemble a spanning set2

of unitarity cuts for the gravity amplitudes using

cuts of gauge-theory amplitudes. As an example

of how this works, consider the cut for an N = 8

supergravity four-point amplitude shown on the

left side of fig. 4,

CN=8 =
∑

N=8 states

M tree
5 (1, 2, l3, l2, l1)

×M tree
4 (−l2,−l3, l4, l5)

×M tree
5 (3, 4,−l1,−l5,−l4) . (6)

The sum runs over all physical states that cross

2By a spanning set of unitarity cuts, we mean a set of cuts
sufficient to construct the complete amplitudes; examples
of spanning sets may be found in ref. [18,39].

any cut line. The required KLT relations are rela-

belings of the basic relations in eq. (2). Inserting

the relabeled KLT relations into the cut (6), we

obtain [17],

i (l4 + l5)
2(l1 + k1)

2(l3 + k2)
2

× (l4 − k3)
2(l1 − k4)

2

×
(

∑

N=4 states

Atree
5 (1, 2, l3, l2, l1)

×Atree
4 (−l2,−l3, l4, l5)

×Atree
5 (3, 4,−l1,−l5,−l4)

)
(7)

×
(

∑

N=4 states

Atree
5 (1, l1, l3, 2, l2)

×Atree
4 (−l2,−l3, l5, l4)

×Atree
5 (3,−l4,−l1, 4,−l5)

)

+ {1↔ 2}+ {3↔ 4}+ {1↔ 2, 3↔ 4} .

The relation is depicted in fig. 4, for one of the

9



four terms in the sum over external-leg permu-

tations. One of the gauge-theory cuts is pla-

nar, while the second is nonplanar. Remark-

ably, this equation gives the N = 8 supergravity

cut directly in terms of products of two N = 4

super-Yang-Mills cuts and allows us to build

the supergravity amplitude using only gauge-

theory results. Using this strategy, together with

method of maximal cuts [14], the three- and

four-loop four-point amplitudes were calculated

in refs. [19,17,20].

To determine whether the finiteness bound (5)

might hold for L ≥ 5 will require new informa-

tion and better tools. The duality between color

and kinematics and the double copy structure of

gravity [26,40], summarized below in section 4.2,

is a promising direction. Using these results we

should be able to immediately extract gravity am-

plitudes from gauge-theory ones, simply by rear-

ranging corresponding gauge-theory amplitudes

into a form where they satisfy a duality between

color and kinematics [25]. This reorganization

is well suited for addressing the issue of the ul-

traviolet properties of gravity because it converts

complicated calculations in quantum gravity di-

rectly into much simpler gauge-theory calcula-

tions. This may make it possible to go to even

higher loop orders than had been previously pos-

sible, and finally settle the question of the ultra-

violet properties of N = 8 supergravity.

4. EXAMPLES OF SIMPLICITY

In the previous section we noted that there is

a strong similarity between gravity and gauge-

theory scattering amplitudes. We now make this

precise.

4.1. A Comparison of Gravity To Gauge

Theory

It is useful to start by comparing gravity to

gauge theory using off-shell Feynman diagram-

matic methods. The Feynman rules are generated

starting from the Einstein-Hilbert and Yang-Mills

Lagrangians,

LYM = −1

4
F a

µνF a µν , LEH =
2

κ2

√−gR . (8)

From the Feynman diagrammatic points of view

these two Lagrangians have some rather different

properties. As illustrated in figs. 5 and 6, with

standard gauge choices gauge theories have three-

and four-point interactions, while gravity has an

infinite number of contact interactions. Perhaps

more striking than the infinite number of interac-

tions is the remarkably complexity of these inter-

actions.

To be more concrete consider the three-gluon

vertex in Feynman gauge,

V abc
3µ,ν,σ(k1, k2, k3) = gfabc

[
(k1 − k2)σηµν

+ cyclic
]
, (9)

where g is the coupling, fabc the usual group the-

ory structure constants, the etaµν the flat metric

and the ki the momenta of the vertex. This vertex

is relatively simple. We may contrast this to the

three-graviton interaction in standard de Donder

gauge,

G3µα,νβ,σγ(k1, k2, k3)

= i
κ

2

[
−1

2
k1 · k2ηµαηνβησγ

− 1

2
P6(k1νk1βηµαησγ)

+
1

2
k1 · k2ηµνηαβησγ + · · ·

]
, (10)

where we have displayed the first three terms out

of about 100. Here the coupling κ is related to

Newton’s constant by κ2 = 32π2GN . In total the

vertex has on the order of 100 terms. The pre-

cise form of the vertex depends on the gauge, but

in general the three vertex is rather a rather in-

volved and unenlightening object. The complete

expression can be found in refs. [72,30].

Comparing the vertex in eq. (9) to the one in

eq. (10), it is clear that gravity is much more com-

plicated than gauge theory. Moreover, there does

not appear to be any simplicity or obvious rela-

tion between the gauge and gravity vertices. The

former leads to complicated diagrams but the lat-

ter is a hopeless mess. One can do somewhat bet-

ter with special gauge choices and appropriate

field redefinitions [33,73], considerably simplify-

ing the Feynman rules. Still, multiloop Feynman

10



Figure 5. The Feynman rules of gauge theories have three- and four-point vertices.

Figure 6. Gravity theories have an infinite number of higher-point contact interactions when using Feynman
diagrams.

diagram calculations in (super) gravity extremely

difficult, and in many cases out of reach even us-

ing the most powerful computers.

Now let us reconsider the same process but

using on-shell methods. If we take the three-

graviton vertex in eq. (10) and dot the three

legs with physical polarizations tensors satisfying

the physical state conditions, k2
i = 0, εµν

i kiµ =

εµν
i kiν = εµ

µ = 0, we obtain a greatly simplified

vertex,

G3(k1, k2, k3) = −iκεµα
1 ενβ

2 εσγ
3

×
[
(k1)σηµν + cyclic

]

×
[
(k1)γηαβ + cyclic

]
. (11)

Remarkably, this is just a double copy of the kine-

matic part of the on-shell Yang-Mills vertex,

V abc
3 (k1, k2, k3) = εµ

1εν
2εσ

32gfabc
[
(k1)σηµν

+ cyclic
]
,

(12)

where the polarization vector satisfies εµ
i kiµ = 0.

To make the comparison, we identify the graviton

polarization tensor as a product of gluon polar-

ization vectors, εµν
i = εµ

i × εν
i . Similar consider-

ations allow us to express all three-point vertices

in supergravity as products of super-Yang-Mills

vertices. Using BCFW recursion [2,74], these

three vertices are sufficient to construct any tree-

level gauge or gravity amplitude. The unitarity

method then allows us to construct any loop am-

plitude (though expressions valid in D > 4 are

needed to ensure that no terms are dropped be-

cause of regularization issues). In this way the

entire gravitational S-matrix is encoded in the

three-point vertex (11).

Clearly, there is a rather striking relationship

between gravity and gauge theory, but to make it

visible we need to keep external states on shell.

As we shall see below the double-copy structure

in eq. (11) is not accidental, but appears likely

to extend to all loop orders. As such, it reflects

a profound and important property of quantum

gravity.

4.2. A Duality Between Color and Kine-

matics

As a rather striking example of a simple struc-

ture in scattering amplitudes, we consider a

rather surprising duality between color and kine-

matics [25,26]. As we discuss below this duality is

intimately connected to the double copy relation-

ship between gravity and gauge theory mentioned

earlier. In generally, e can write any n-point tree

11
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numerators satisfy the same relations.

level amplitude with all particles in the adjoint

representation as,

Atree
n (1, 2, 3, . . . , n) =

∑

i

ni ci∏
αi

p2
αi

, (13)

where the sum runs over the set of n-point L-loop

diagrams with only cubic vertices and we sup-

pressed factors of the coupling constant. These

include distinct permutations of external legs.

The form (13) can be obtained straightforwardly,

for example, from Feynman diagrams, by repre-

senting all contact terms as inverse propagators

in the kinematic numerators that cancel propaga-

tors. We suppress factors of the coupling constant

for convenience. The product in the denominator

runs over all propagators of each cubic diagram.

The ci are the color factors obtained by dressing

every three vertex with an f̃abc = i
√

2fabc struc-

ture constant, and the ni are kinematic numera-

tor factors depending on momenta, polarizations

and spinors. For supersymmetric amplitudes ex-

pressed in superspace, there will also be Grass-

mann parameters in the numerators.

In general the ni may be deformed under any

shifts, ni → ni + ∆i, where the ∆i are arbitrary

functions independent of color satisfying the con-

straint [25,26,75]

∑

i

∆ici∏
αi

p2
αi

= 0 . (14)

We may think of these transformation as general-

ized gauge transformation. Some of the freedom

corresponds to gauge transformations in the tra-

ditional sense but most does not.

The duality conjectured in ref. [25] requires

there to exist such a transformation from any

valid representation to one where the numera-

tors satisfy equations in one-to-one correspon-

dence with the Jacobi identity of the color fac-

tors,

ci = cj − ck ⇒ ni = nj − nk . (15)

This duality is conjectured to hold to all multi-

plicity at tree level in a large variety of theories,

including supersymmetric extensions of Yang-

Mills theory.

At tree level a consequence of this duality is

non-trivial relations between the color-ordered

partial tree amplitudes of gauge theory [25,76,

77]. The duality has also been studied in string

theory [78,79] and from a Lagrangian vantage

point [75]. An alternative trace-based represen-

tation of the duality (15) was recently given in

ref. [80], emphasizing the underlying group theo-

retic structure of the duality.

Perhaps more remarkable than the duality it-

self is a related conjecture that once the gauge-

theory amplitudes are arranged into a form sat-

isfying the duality (15), corresponding gravity

amplitudes can be obtained simply by taking

a double copy of gauge-theory numerator fac-

tors [25,26],

−iMtree
n (1, 2, . . . , n) =

∑

i

ni ñi∏
αi

p2
αi

, (16)

where the ñi represent numerator factors of a sec-

ond gauge-theory amplitude, the sum runs over

the same set of diagrams as in eq. (13). We sup-

pressed the gravitational coupling constant in this

expression. This is expected to hold in a large

class of gravity theories, including theories that

12
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Figure 9. An example of a duality relation satisfied by numerators for diagrams of the three-loop four-point
amplitude. Both color factors and numerator factors satisfy these relations.

are the low-energy limits of string theories. At

tree level, this double-copy property encodes the

KLT relations between gravity and gauge the-

ory [27]. Through use of BCFW recursion [2],

the double-copy formula (16) has been proven

for pure gravity and for N = 8 supergravity tree

amplitudes, under the assumption that the dual-

ity (15) holds in the corresponding gauge theo-

ries [75].

The above conjectures have been extended to

loop level [26], so that at any loop order L,

Aloop
m =

∑

j

∫ L∏

l=1

dDpl

(2π)D

1

Sj

njcj∏
αj

p2
αj

,

Mloop
m =

∑

j

∫ L∏

l=1

dDpl

(2π)D

1

Sj

nj ñj∏
αj

p2
αj

, (17)

where Aloop
n and Mloop

n are L-loop gauge and

gravity amplitudes. As before we removed factors

of the coupling constants. The sums now run over

all distinct m-point L-loop diagrams with cubic

vertices. These include distinct permutations of

external legs, and the Sj are the symmetry fac-

tors of each diagram. As at tree level, at least one

family of numerators (nj or ñj) for gravity must

be constrained to satisfy the duality (15). (For

pure gravity, extra projectors are needed to ob-

tain loop-level amplitudes from the direct product

of two pure Yang-Mills theories.)

This loop-level extension has been tested in

the rather nontrivial case of three-loop four-point

amplitude of N = 4 super-Yang-Mills theory and

N = 8 supergravity [26]. This amplitude has al-

ready been studied in some detail in refs. [19,17].

To impose the duality (15) on the amplitude, the

duality relation for every propagator in each di-

agram must be enforced. On any diagram, we

can describe any internal line, carrying some mo-

mentum ls, in terms of formal graph vertices

V (pa, pb, ls), and V (−ls, pc, pd) where the pi are

the momenta of the other legs attached to ls, as

illustrated on the left side of fig. 9. The duality

(15) requires that,

n({V (pa, pb, ls), V (−ls, pc, pd), · · · })
= n({V (pd, pa, lt), V (−lt, pb, pc), · · · }) (18)

+ n({V (pa, pc, lu), V (−lu, pb, pd), · · · }) ,

where the ns are the numerators associated with

the diagrams specified by the vertices. The omit-

ted vertices are identical in all three diagrams,
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and ls ≡ (pc + pd), lt ≡ (pb + pc) and lu ≡
(pb + pd) in the numerator expressions. There is

one such equation for every propagator in every

diagram. Solving the system of distinct equations

enforces the duality conditions (15).

It turns out that imposing the duality com-

pletely fixes the form of the amplitude, if all

diagrams have the proper power counting of

N = 4 super-Yang-Mills, and that all numerators

are polynomials in the kinematic invariants once

we extract an overall factor the tree amplitude.

Moreover, only the 12 diagrams shown in fig. 10

contribute, with the numerator factors given in

table 1. These numerator factors give the correct

amplitude, as checked against the unitarity cuts

in ref. [26].

The fact that this arrangement can be done

for the three loop four-point amplitude of N = 4

super-Yang-Mills theory is rather striking, but

it is much more surprising that we can immedi-

ately obtain N = 8 supergravity results simply

by squaring the numerators of each diagram. In-

deed, this was confirmed in ref. [26] by compar-

ing against a spanning set of unitarity cuts of the

known result for N = 8 supergravity [19,17]. The

ability to organize the amplitude into such a form

has also been confirmed for the simplest of the

two-loop four-point amplitude of QCD [26].

5. A DOUBLE COPY LAGRANGIAN

We now turn to the question of finding a La-

grangian which generates amplitudes with numer-

ators that manifestly satisfy the BCJ duality (15).

If a local Lagrangian of this type could be found,

it would enable us to construct a corresponding

gravity Lagrangian whose squaring relations with

Yang-Mills theory are manifest.

The Yang-Mills Lagrangian of the type we seek

can differ from the conventional Yang-Mills La-

grangian only by terms that do not affect on the

amplitudes. Such a Lagrangian with manifest

BCJ duality exists, and differs from the conven-

tional Lagrangian by terms whose sum is identi-

cally zero by the color Jacobi identity [75]. Al-

though the added terms sum to zero, they cause

the necessary rearrangements in the diagrams so

that the duality holds manifestly.

We write the Yang-Mills Lagrangian as

LY M = L+ L′
5 + L′

6 + . . . (19)

where L is the conventional Yang-Mills La-

grangian and L′
n, n > 4 are the additional terms

required so that the duality is satisfied. At

four points, the duality holds trivially in any

gauge [81,25], so L by itself will generate diagrams

whose numerators satisfy eq. (15). For simplicity

we choose Feynman gauge for L. The L′
n are re-

quired to leave scattering amplitudes unchanged,

and they must rearrange the numerators of dia-

grams in a way so that the BCJ duality is satis-

fied.

By imposing the constraint that the generated

five-point diagrams satisfy the BCJ duality (15),

we find the Lagrangian,

L =
1

2
Aa

µ2Aaµ − gfa1a2a3∂µAa1

ν Aa2µAa3ν

− 1

4
g2fa1a2bf ba3a4Aa1

µ Aa2

ν Aa3µAa4ν , (20)

and

L′
5 = −1

2
g3fa1a2bf ba3cfca4a5

×
(
∂[µ Aa1

ν] A
a2

ρ Aa3µ + ∂[µ Aa2

ν] A
a3

ρ Aa1µ

+ ∂[µ Aa3

ν] A
a1

ρ Aa2µ
) 1

2
(Aa4νAa5ρ) . (21)

The additional terms in L′
5 are necessarily non-

local, at least if we want a covariant Lagrangian

without auxiliary fields. The numerators ni are

derived from this action by first computing the

contribution from the three-point vertices, which

gives a set of three-vertex diagrams with unique

numerators. Then the contributions from the

four- and five-point interaction terms are assigned

to the various diagrams with only three-point ver-

tices according to their color factors. Since these

terms will contain fewer propagators than those

obtained by using only three-point vertices, if we

put back all the propagators their contributions

to the numerators contain inverse propagators,

which cancel some propagators.

As previously mentioned, L′
5 is identically zero

by the color Jacobi identity. This can be easily

seen after relabeling color indices to obtain,

L′
5 = −1

2
g3(fa1a2bf ba3c + fa2a3bf ba1c
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Figure 10. Loop diagrams contributing to the three-loop four-point amplitudes of both N = 4 super-Yang-Mills
theory and N = 8 supergravity. Integrals are specified by combining their propagators with numerator factors
given in table 1. The symmetry factor for diagram (d) is 2, and the rest are unity.

+ fa3a1bf ba2c)fca4a5

×∂[µ Aa1

ν] A
a2

ρ Aa3µ 1

2
(Aa4νAa5ρ) . (22)

These terms cause a non-trivial rearrangement

amongst the diagrams, although all the added

terms must add up to zero by the color Jacobi

identity. Nevertheless, they alter the numerators

of the individual diagrams such that the duality

(15) is satisfied.

It turns out that the set of terms with the de-

sired properties is not unique. Indeed, terms that

satisfy the BCJ duality by themselves can also

be added. This ambiguity is due to the residual

generalized gauge invariance that remains after

enforcing the duality identities. The additional

terms that can be added to Yang-Mills at five

points which preserve the duality (15) are

D5 =
−β

2
g3fa1a2bf ba3cfca4a5

×
(
∂(µAa1

ν)A
a2

ρ Aa3µ + ∂(µAa2

ν)A
a3

ρ Aa1µ

+ ∂(µAa3

ν)A
a1

ρ Aa2µ
) 1

2
(Aa4νAa5ρ) , (23)

where β is an arbitrary parameter. D5 also

vanishes identically by the color Jacobi identity.

Since D5 does not serve to correct lower-point

contributions to make the BCJ duality relations

hold through five points, we do not need to in-

clude it. It does however show that there are

multiple Lagrangians with the desired properties.
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Table 1

The numerator factors of the integrals I(x) in fig. 10. The first column labels the integral, the second

column the relative numerator factor for N = 4 super-Yang-Mills theory. The square of this is the

relative numerator factor for N = 8 supergravity. An overall factor of stAtree
4 has been removed, s, t, u

are Mandelstam invariants corresponding to (k1 + k2)
2, (k2 + k3)

2, (k1 + k3)
2 and τij = 2ki · lj , where ki

and lj are momenta as labeled in fig. 10.

Integral I(x) N = 4 Super-Yang-Mills (
√N = 8 supergravity) numerator

(a)–(d) s2

(e)–(g)
(
s (−τ35 + τ45 + t)− t (τ25 + τ45) + u (τ25 + τ35)− s2

)
/3

(h)
(
s (2τ15 − τ16 + 2τ26 − τ27 + 2τ35 + τ36 + τ37 − u)

+t (τ16 + τ26 − τ37 + 2τ36 − 2τ15 − 2τ27 − 2τ35 − 3τ17) + s2
)
/3

(i)
(
s (−τ25 − τ26 − τ35 + τ36 + τ45 + 2t)

+t (τ26 + τ35 + 2τ36 + 2τ45 + 3τ46) + u τ25 + s2
)
/3

(j)-(l) s(t− u)/3

5.1. A Gravity Lagrangian from Gauge

Theory

Now that we have a Lagrangian that gives

the desired numerators ni for gauge theory, we

can use it to construct the tree-level gravity La-

grangian by demanding that it gives diagrams

whose numerators are a double copy of the gauge-

theory numerators, as in eq. (16). However, we

need to first bring the Yang-Mills Lagrangian into

a cubic form to achieve this. We can do so by

introducing an auxiliary field Ba
µνρ into the La-

grangian. To give the auxiliary fields the same

dimensions as the dynamical fields we need to

make them propagate. (The propagation is triv-

ial because we recover the original Lagrangian by

integrating them out.) At four points this leads

to the Lagrangian [75],

LY M =
1

2
Aaµ

2Aa
µ −Baµνρ

2Ba
µνρ

− gfabc(∂µAa
ν + ∂ρBa

ρµν)AbµAcν , (24)

where the equation of motion for the auxiliary

field Ba
µνρ becomes

2Ba
µνρ =

g

2
fabc∂µ(Ab

νAc
ρ) . (25)

Five points becomes more complicated and a new

set of auxiliary fields must be introduced to re-

express the nonlocal terms into a local and cubic

form. The result is [75]

L′
5 → Y aµν

2Xa
µν + Daµνρ

(3) 2Ca
(3) µνρ

+ Daµνρσ

(4) 2Ca
(4) µνρσ

+ gfabc
(
Y aµνAb

µAc
ν + ∂µDaµνρ

(3) Ab
νAc

ρ

− 1
2∂µDaµνρσ

(4) ∂[νAb
ρ]A

c
σ

)

+ gfabcXaµν
(

1
2∂ρC

bρσ

(3) µ∂[σAc
ν]

+ ∂ρC
bρσ

(4) ν[µAc
σ]

)
. (26)

From the above Lagrangian we can directly

construct a gravity Lagrangian valid through five-

points which is manifestly a double copy of the

gauge-theory one. At four points we do so by tak-

ing two copies of the Lagrangian (24) and identi-

fying the fields as,

AµÃν → hµν ,

AµB̃νρσ → gµνρσ ,

BµρσÃν1 → g̃µρσν ,

BµρσB̃ντλ → fµρσντλ , (27)

Here hµν is the graviton field Aµ and Ãν gauge

fields and all the remaining ones are auxiliary

fields. With a similar procedure we can obtain

five-point terms in the gravity Lagrangian. Be-
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yond this the Lagrangians become more compli-

cated. Such a procedure has not yet been carried

out for supergravity, though it should work as

well.

We note that above Lagrangians were con-

structed order by order in perturbation theory.

Of course, it would be much better to have a

principle for finding all order forms of such La-

grangians.

6. CONCLUSIONS AND OUTLOOK

In these lectures we summarized the unitarity

method and some of its applications. We dis-

cussed applications to collider physics, and also

to the question of ultraviolet properties of max-

imally supersymmetric gauge and gravity theo-

ries in various dimensions. We also illustrated a

remarkable harmony between gravity and gauge

theories, stemming from a gauge-theory duality

between color and kinematics [25,26]. Although

the duality remains a conjecture, we can exploit

it to guide loop computations, simply by enforc-

ing the duality and verifying the consistency with

the unitarity cuts.

There are a number of interesting future direc-

tions. The unitarity method offers a general pur-

pose tool for carrying out amplitude calculations

in both supersymmetric and non-supersymmetric

theories, including their non-planar contribu-

tions. In QCD there are many more NLO calcula-

tions that need to be carried, especially those in-

volving vector bosons, Higgs bosons, top quarks,

in associations with many jets. In particular, a

high-priority calculation is for Z bosons in asso-

ciation with four jets. Beyond this is would also

be important to merge these types of calculations

with parton showering [53].

In N = 8 supergravity, a consensus has formed

that the standard symmetries of N = 8 super-

gravity cannot protect the theory against diver-

gences, starting at seven loops [22] (though there

is at least one opinion to the contrary [67]). It

would be very interesting to directly check the ul-

traviolet properties as a function of dimension at

five and higher loops. If this can be done it should

greatly clarify the ultraviolet behavior of N = 8

supergravity in four dimensions, checking the hy-

pothesis that it may be a an ultraviolet finite the-

ory. The color-kinematic duality and double copy

property of gravity, offer a promising avenue for

attacking this issue [26,40].

There are also a number of interesting open

problems related to the color-kinematics duality.

In particular, it would be helpful to carry out fur-

ther checks of the duality for multiloop processes.

More generally an all-orders proof of the duality

would be important, especially if it leads to new

insight into the group theoretic origins of the du-

ality. We would also like to have Lagrangians

whose diagrams satisfy the duality to all orders,

and which give gravity Lagrangians as double

copies, along the lines described in ref. [75], but

constructed in a more systematic fashion. The

color-kinematic duality and gravity double-copy

structure likely have important non-perturbative

implications. In particular, these properties sug-

gest that all classical solutions in gravity theories

may be expressible as double copies of classical so-

lutions in gauge theories. The fact that the same

kinematic building block appear in gravity and

in gauge theories, apparently to all loop orders,

is rather striking and may be taken as theoreti-

cal evidence of an underlying unification of gauge

and gravity theories, perhaps along the lines of

string theory.

In summary, the unitarity method is by now a

mature formalism for carrying out state-of-the-

art loop calculations for phenomenological and

theoretical purposes. It has also played an impor-

tant role in uncovering remarkable structures in

scattering amplitudes, including a double copy re-

lationship between gravity and gauge theory. We

look forward to many new exciting developments

in the coming years.
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Lund Comput. Phys. Commun. 46, 43
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Holography for strongly coupled media

D. T. Sona∗

aInstitute for Nuclear Theory, University of Washington. Seattle, WA 98195-1550, USA

We discuss some recent attempts to apply AdS/CFT correspondence to systems with finite temperature and
chemical potential, emphasizing the hydrodynamic aspects. We also discuss the system of nonrelativistic fermions
at unitarity, the Schrödinger symmetry and possible directions for constructing a holographic dual of this system.
This is the write-up of lectures delivered at Cargese and TASI schools of 2010.

1. Motivation

Many problems of modern theoretical physics
are related to strong coupling. One example is
the problem of the hot and dense matter in QCD.
The creation of hot QCD matter is the goal of
relativistic heavy ion experiments, the most re-
cent of which are RHIC and LHC. Although there
are ample evidence that some form of matter
with strong collective behavior is formed in ultra-
relativistic heavy ion collisions, the theoretical
problem of finding whether thermal equilibrium
is achieved and at which temperature has still
not been solved. (The problem can be made very
sharp by imagining a world with very small elec-
tromagnetic fine structure constant so that nuclei
can be very large. Can we make a quark gluon
plasma by colliding very large nuclei at very high
energy? What is the temperature of the system at
thermal equilibration? We still do not have def-
inite answer to these questions.) Assuming that
system reaches equilibrium, one can ask questions
about the properties of the thermal equilibrium
state. While thermodynamics of the QGP at fi-
nite temperature and zero chemical potential can
be studied by lattice methods, the latter becomes
very inefficient in dealing with real time quanti-
ties, for example the viscosities. Current lattice
methods are also incapable of treating QCD mat-
ter at finite chemical potential, a problem that
hinders our understanding of the core of neutron
stars.

Another example of a strong coupling problem

∗This work is supported, in part, by the DOE grant No.

DE-FG02-00ER41132.

is that of unitarity fermions (unitary Fermi gas).
This system is that of nonrelativistic fermion
interacting through a short-range potential fine
tuned to resonance at threshold (see Section 6
for more discussion). The simplest version of the
problem is the Bertsch problem: given a gas of
spin-1/2 fermions, interacting with short-range
interaction fine tuned to unitarity (defined be-
low in the lectures), what are the properties of
the ground state? This problem has became ex-
tremely important when it became possible to
realize unitarity fermions in atomic trap exper-
iments.

Various other strong coupling problems in con-
densed matter physics are discussed in Subir
Sachdev’s lectures in this school. In these lec-
tures, we will describe some points of contact be-
tween gauge/gravity duality and the physics of
the quark gluon plasma and the unitary Fermi
gas.

2. Thermal field theory

There are two main formalisms used in ther-
mal field theory. The first formalism is the Mat-
subara, Euclidean formalism. It is used in lat-
tice QCD, very convenient for thermodynamic
and static quantities (like correlation length), but
cannot directly address dynamic, real-time quan-
tities. The second formalism is the real-time,
close time path formalism. (For more details, see
Ref. [1,2]).

In the Matsubara formalism, the theory is for-
mulated on a Euclidean spacetime, where the
time axis is compactified to an interval 0 < τ <
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β = 1/T . In the close-time-path formalism, one
makes a detour into real time, as in Fig. 1.

t -

�

?

t

ti
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B

tfC

tf − iσ

ti−iβ

Figure 1. The close time path contour

One can turn on source on the upper and lower
parts of the contour, J1 and J2. The partition
function of field theory now is a functional of both
J1 and J2, Z = Z[J1, J2], and and derivatives of
logZ with respect to J gives a 2×2 matrix propa-
gatorsGab, where a, b = 1, 2. Changing σ rescales
the off-diagonal elements by a trivial factor,

G12(ω, q) = eσωGσ=0
12 (ω, q), (1)

G21(ω, q) = e−σωGσ=0
21 (ω, q). (2)

For σ = 0, the propagators Gab include path-
ordered, reversed path-ordered, and Wightmann
Green’s functions. They are related by

G11 +G22 = G12 +G21, (3)

but the choice σ = β/2 leads to symmetric 2 × 2
propagator matrix: G12 = G21. This choice of
the σ is most natural for holography, as we will
see.

From the point of view of the CTP formalism,
putting our system in an external source J cor-
responds to having, in the σ = 0 choice of the
contour, J1 = J2 = J . The expectation value of
the operator φ at a point x on an upper contour
is given by an integral over the whole contour,
which can be written as

〈φ1(x)〉 = −
∫
dy (G11(x− y)J(y)

−G12(x − y)J(y)), σ = 0. (4)

Define the retarded propagator GR = G11 −G12

(σ = 0). The retarded propagator governs the
response of a system to a small external pertur-
bation:

〈φ(x)〉 = −
∫
dy GR(x− y)J(y). (5)

On the other hand, for the symmetric choice σ =
β/2, GR = G11 − e−βω/2G12.

Normally, the computations of thermal Green’s
function rely on summing Feynman diagrams.
The set of Feynman diagrams that one has to
sum in order to compute, say, the viscosity, can
be quite complicated [3]. In the low-momentum
limit, however, the forms of many correlation
functions are simple and are dictated by an ef-
fective theory—hydrodynamics.

3. Hydrodynamics

Consider an interacting quantum field theory
at finite temperature. One can visualize such a
system as a collection of particles (or quasiparti-
cles), moving with random velocities and colliding
with each other from time to time. Such a picture
is too simplistic for a strongly interacting system
(with no discernible quasiparticles) but it does
tell us that there is an important length scale in
the problem—the mean free path, which is the
length which a particle travels before colliding
with other particles.

Hydrodynamics can be thought of as an effec-
tive theory describing the dynamics of a finite-
temperature system at distance scales much
larger than the mean free path. By definition
the degrees of freedom entering hydrodynamics
have to have relaxation time much larger than
the mean free time. Such modes include

• Density of conserved quantities. Consider,
for example, the QCD plasma, and imagine
a perturbation of the system where there
is a net excess of charge in a volume with
size L ≫ ℓ. If one waits a long time this
lump of excess charge will disappear, with
the charge now distributing uniformly over
the whole volume. However, since charge is
conserved, causality implies that the time
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scale for this process cannot be smaller than
L/c, where c is the speed of light (in fact in
many cases the time scale is much bigger
than this naive estimate. For example, if
the relaxation is due to diffusion, the length
scale is ∼ L2/ℓ).

• Nambu-Goldstone modes. If there is a bro-
ken continuous symmetry, Goldstone’s the-
orem dictates that there must be a massless
particle at zero temperature. If the sym-
metry remains broken at a finite tempera-
ture, the Nambu-Goldstone mode continu-
ously deforms into a hydrodynamic mode.
For example, in superfluid 4He the phase
of the condensate ϕ is a hydrodynamic de-
gree of freedom (the superfluid velocity vs
is proportional to the gradient of ϕ: vs =
∇ϕ/m).

• Unbroken U(1) gauge fields. At zero tem-
perature, a U(1) gauge field which does not
suffers from the Anderson-Higgs mechanism
corresponds to a massless photon. At finite
temperature, the electric field is screened
(Debye screening) but the magnetic field is
unscreened and should be included in the
hydrodynamic description. An example of
such a theory is magnetohydrodynamics,
describing for example the interior of the
Sun.

In these lectures we will consider only the sim-
plest class of hydrodynamic theories, where the
only slow degrees of freedom are the densities of
conserved charges. In this case, hydrodynamics
is given by the conservation equation,

∇µT
µν = 0, (6)

supplemented by the continuity equation that ex-
presses T µν in terms of four variables: the local
temperature T and the local fluid velocity uµ:

T µν = (ǫ+ P )uµuν + Pgµν + τµν , (7)

where τµν is the correction containing terms pro-
portional to first derivatives. It is conventional to
impose the condition uµτ

µν = 0 which eliminates

any ambiguity in the definition of uµ and T . In
this case one has

τµν = −ηPµαP νβ(∇αuβ+∇βuα)−ζPµν(∇·u),

(8)

where η and ζ are the shear and bulk viscosities,
respectively. In a conformal plasma, the stress-
energy tensor is traceless, hence ǫ = 3P ∼ T 4

and ζ = 0. In such a plasma, the shear viscosity
has to scale with the temperature as η ∼ T 3.

3.1. Hydrodynamics and two point func-
tions

From the hydrodynamic equations, one can
easily compute the two-point functions of be-
tween two components of the stress-energy ten-
sor. According to the general formulas of the lin-
ear response theory, the two-point function can be
computed by first turning on a weak gravitational
perturbation gµν = ηµν+hµν , hµν ≪ 1, then mea-
suring the expectation value of the stress-energy
tensor 〈Tµν〉. The two-point function is the coef-
ficient of proportionality between 〈Tµν〉 and hµν ,

Tµν(x) ∼
∫
dy 〈T µν(x)Tαβ(y)〉hαβ(y). (9)

On the other hand, when hµν varies with space
and time very slowly, the response of the sys-
tem can be determined by hydrodynamics. One
first generalizes the hydrodynamic equation to
curve spacetime. Assuming the system is in ther-
mal equilibrium in the infinite past, and hµν is
nonzero in a finite regime in spacetime, the state
of the system can be completely determined.

We can re-derive the well known Kubo’s for-
mula in this way. Let us turn on a small met-
ric perturbation whose only nonzero component
is hxy which is assumed to be homogeneous in
space and is time dependent, hxy = hxy(t). Then
by symmetry one can right away determine that
the fluid will remain in a state with constant tem-
perature, T = const, and zero spatial velocity
uµ = (1,0) (a tensor perturbation cannot excite a
scalar or vector mode to linear order). Neverthe-
less, the stress-energy tensor receives a correction

T xy = Pgxy−η(∇xuy+∇yux) = −Phxy+2ηΓ0
xyu0
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(10)

proportional to the perturbation. Thus we find
the two-point function

〈T xyT xy〉 = P − iηω. (11)

The real part of this Green’s function is a contact
term, and depend on the way the two point func-
tion is defined; but one cannot get rid of the imag-
inary part by a redefinition of the Green function.
Moreover, the imaginary part gives the value of
the viscosity through the Kubo formula:

η = − lim
ω→0

1

ω
ImGxy,xyR (ω, 0). (12)

4. AdS/CFT prescription for correlation
function

4.1. Euclidean Green’s function
Let us remind ourselves how the Euclidean

Green’s function is computed. For simplicity we
limit ourselves to the case of an operator of di-
mension 4, dual to a massless scalar field φ. As-
suming the action for the scalar field is

S = −K
2

∫
d5x

√−g gµν∂µφ∂νφ. (13)

Then the prescription tells us to solve the wave
equation

∂µ(
√−ggµν∂νφ) = 0, (14)

with boundary condition φ = φ0 at the boundary.
The solution, in momentum space, is φ(z, k) =
φ0(k)fk(z), where fk(z) is the solution to the field
equation (at momentum k). We now rewrite S as
a boundary action

S =
K

2

∫
d5x

1

z3
φφ′. (15)

Differentiating the action with respect to the
boundary value φ0, we find the two point func-
tion to be

〈φφ〉k ∼ K lim
z→0

f ′
k

z3
. (16)

The boundary condition at the boundary needs
to be supplemented by the boundary condition in

the IR. At zero temperature, we require φ(z) to
vanish as z → 0. At finite temperature, space-
time is capped off at some z = z0. We require
the field to be regular at the horizon; in the case
of the scalar, φ′(z0) = 0. The solution to the
field equation is then unique, and the AdS/CFT
prescription well defined.

4.2. Real-time Green’s function
In real-time, the formulation of the AdS/CFT

prescription is more subtle. The AdS/CFT rules
are best formulated using the whole Penrose dia-
gram of the black hole.

In the Poincare metric the AdS black hole looks
like

ds2 = − r2

R2
(−fdt2 + dx2) +

R2

r2f
dr2, (17)

where f = 1−r40/r4. The metric can be extended
pass the horizon, one recovered four quadrants in
the following Penrose diagram,

U=0

V=0

R

P

L

F

Figure 2. Penrose diagram of AdS black hole

Let us remind ourselves how it is done. Near
the horizon, we expand r = r0 +ρ. The (t, r) part
of the metric can be rewritten as

ds2 = 4πTρ

(
−dt2 +

1

(4πT )2
dρ2

ρ2

)
, (18)

where T = r0/πR
2. This can be rewrit-

ten as ds2 = e4πTr∗(−dt2 + dr2∗) where r∗ =
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(4πT )−1 ln ρ. Finally, we introduce Kruskal’s co-
ordinates

U = −e−2πT (t−r∗), (19)

V = e2πT (t+r∗), (20)

and metric is ds2 = −dUdV . The Poincare coor-
dinates cover only U < 0, V > 0 part quadrant
of the diagram. There is another copy with the
same metric, corresponding to the U > 0, V < 0
part. There are two boundaries.

The extension of the AdS/CFT duality was
suggested by Maldacena [4], and then explicitly
considered in Ref. [5]. The idea is that the two
boundaries correspond to two horizontal parts of
the close time path contour. The AdS/CFT pre-
scription is then identifies the logarithm partition
function of the thermal field theory, with sources
J1 and J2 on the two parts of the contour, with
the classical action of a configuration where the
bulk field φ reaches the values J1 and J2 on the
right and left boundaries, respectively.

In addition, one should also put boundaries
conditions near the horizon. The choice of the
boundary condition should be that when the bulk
field φ is considered as function of the complex
Kruskal coordinates U and V , it is analytic in
the U upper half plane and V lower half plane.

The solution to the linearized field equation can
be written in terms of the mode function fk(r),
defined as the radial profile of a solution to the
wave equation with momentum k, and is incom-
ing wave at the horizon. One can write the solu-
tion down separately in the right and left quad-
rants,

φ(k, r)|R = ((n+ 1)f∗
k (rR) − nfk(rR))φ1(k)

+
√
n(n+ 1) (fk(rR) − f∗

k (rR))φ2(k),
(21)

φ(k, r)|L =
√
n(n+ 1) (f∗

k (rL) − fk(rL))φ1(k)

+ ((n+ 1)fk(rL) − nf∗
k (rL))φ2(k). (22)

Here n = (eω/T − 1)−1 is the Fermi-Dirac dis-
tribution function at frequency ω. Substituting
the solution into the quadratic action, using the

boundary form of the on-shell action,

K

2

∫

R

√−ggrrφ(−k, r)∂rφ(k, r)
d4k

(2π)4

− K

2

∫

L

√−ggrrφ(−k, r)∂rφ(k, r)
d4k

(2π)4

(23)

(where K is a normalization factor) and differen-
tiate it, one obtains the CTP propagators. Tak-
ing the appropriate linear combination ofG11 and
G12 we then find the retarded Green function,

GR(k) = −K√−g grrfk(r)∂rf∗
k (r)|r→∞. (24)

This formula coincides with the prescription first
proposed in Ref. [6]. We now use this formula to
compute the shear viscosity of the N = 4 plasma.

4.3. Viscosity
Let us compute the a two-point function. We

assume the momentum to be q = (ω, 0, 0, q), and
we compute the two-point function T xy, we con-
sider gravitation perturbation with the only per-
turbation being hxy(t, z). One can show that the
quadratic action of hxy is that of a minimally cou-
pled theory when written in terms of φ = gxxhxy:

S =
1

2κ2
10

∫
d10x

√−g (R− 2Λ)

= −V (S5)

4κ102

∫
d5x

√−g gµν∂µφ∂νφ. (25)

We now the write down the mode equation

(
f(z)

z3
f ′
k

)′

+

(
ω2

z3f
− q2

z3

)
fk(z) = 0. (26)

The solution to this equation is

fk(z) =

(
1 − z

z0

)−iω/4πT

. (27)

Inserting the solution into the formula for GR, we
find the imaginary part of the retarded propaga-
tor,

ImGR(k) = −V (S5)

2κ2
10

R3

z3
0

iω. (28)
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To compute the real part of GR one needs to be
more careful with holographic renormalization.
But we can already read out the viscosity from
ImGR,

η =
V (S5)

2κ2
10

R3

z3
0

. (29)

This can be compared with the entropy density,

s =
S

V
= V (S5)

R3

z3
0

2π

κ2
10

, (30)

and we find that η/s = 1/4π. This is the common
feature of all theories with gravitational dual [7].

5. Fluid-gravity correspondence: Diffusion

There is an alternative method to compute
the kinetic coefficients. This method, sometimes
called fluid-gravity correspondence, allows one to
see directly the emergence of the nonlinear hy-
drodynamic equations from the field equations in
the bulk [8]. The approach is thus complemen-
tary to standard AdS/CFT method based on the
calculations of correlation functions.

We will illustrate the technique of fluid-gravity
correspondence on a very simple example where
the higher-dimensional theory is an abelian gauge
theory in a black hole background,

S = − 1

4g2
YM

∫
dd+1xFµνF

µν . (31)

The background is chosen to be

ds2 = r2(−f(r)dt2 + dx2) +
dr2

r2f(r)
, (32)

where f(r) is a function that vanishes at the hori-
zon, f(r0) = 0 and tends to 1 at the AdS bound-
ary, f(∞) = 1. This is the usual back hole (black
brane) background.

We are interested in solution to Maxwell’s
equations which satisfies outgoing wave boundary
conditions. To enforce the incoming-wave bound-
ary condition, it is more convenient to use the
incoming Eddington-Fikelstein coordinates,

ds2 = −r2fdv2 + 2dv dr + r2dx2. (33)

The usefulness of the Eddington-Fikelstein coor-
dinates is that regularity at the horizon in these
coordinates correspond to incoming wave bound-
ary conditions in the usual coordinates. We go
on to construct such a solution. The Maxwell
equations are

∂r(r
dFvr) + rd+2∂iFir = 0, (34)

rd∂vFrv + rd−2∂iFiv + frd∂iFir = 0, (35)

∂r(r
d−2Fvi) + ∂r(fr

dFri)

+ rd−2∂vFri + rd−4∂jFji = 0. (36)

We start from gauge field of a charged black
hole,

A0 =
q

rd−1
. (37)

This is a one-parameter family of solutions to the
Maxwell equations, parameterized by the charge
density q. It describes a state in the field theory
with a constant charge density in complete ther-
mal equilibrium. Note that the solution is trans-
lationally invariant in all field-theory directions,
t and x.

What happens if we make q a function of the
space and time? As one can easily verify, now the
configuration (37) is not an exact solution to the
Maxwell equation. However, when q varies slowly
in space and time, one should be able to still find
the solution by expanding it in powers of ∂tq and
∂xq, which are small parameters. This is exactly
the strategy that we will follow.

First we need to settle on a power counting
scheme. Anticipating the end result to be a diffu-
sion equation ∂tρ = D∇2ρ, we shall treat ∂iq as
O(ǫ) and ∂tq as O(ǫ2), where ǫ is small. We then
expand the solutions, using the gauge Ar = 0,

Av(r, x) =
q(x)

rd−2
+A(1)

v , Ai = A
(1)
i . (38)

We can demand that A
(1)
0 falls off faster than

r−(d−2) at large r. Otherwise, one can redefine

q(x) to absorb any r−(d−2) piece in A
(1)
0 . Consis-

tency requires that we treat A
(1)
v as a quantity of

order ǫ2 and A
(1)
i ∼ ǫ

Substituting the ansatz in the the Maxwell
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equations, collecting terms with the same small-
ness in ǫ, we find

∂r(r
d∂rA

(1)
v ) + rd+2∂i∂rA

(1)
i = 0, (39)

(d− 1)∂vq + frd∂i∂rA
(1)
i − 1

r
∂2
i q = 0, (40)

− ∂r

(
∂iq

r

)
+ ∂r(fr

d∂rAi) = 0. (41)

Integrating the last equation, we find

∂rA
(1)
i =

C

frd
+

∂iq

frd+q
, (42)

where C is an x-dependent integration constant.
Both terms in the right hand side have pole at
the horizon r = r0, and regularity at the horizon
requires that the singularities cancel out between
the two terms. Therefore we find

C = −r0∂iq. (43)

Integrating once more, we then can find Ai. Ac-
tually for our purposes, we just need to know the
asymptotic behavior of Ai at large r,

Ai =
r0

d− 1

∂iq

rd−1
+O(r−d). (44)

We can now substitute Ai into the second equa-
tion of (39), taking the large r limit and derive
the following equation for q:

∂vq −
r0

d− 1
∇2q = 0, (45)

which is nothing but the diffusion equation. Thus
we have found a more general solution to the
Maxwell equation which is parameterized by solu-
tions to the diffusion equation. Maxwell equation
in the background of black brane metric reduces
to the diffusion equation in the long-wavelength
limit.

6. Nonrelativistic conformal invariance

Fermions interacting through a unitarity inter-
action form a simplest nonrelativistic strongly in-
teracting system. This system is beautiful be-
cause of its simplicity and universality. It has at-
tracted enormous attention since being realized
in cold atom experiments.

Let us first define fermions at unitarity. Con-
sider two nonrelativistic particles, interacting
through a potential,

H =
p2

1

2
+

p2
2

2
+ V (|x1 − x2|). (46)

For simplicity, we can consider V of the form of
a square well potential, with size r0 and depth
−V0: V (r < r0) = −V0 and V (r > r0) = 0. If the
potential is shallow, it does not have any bound
state; but if it is deep enough it may have one,
two, or more bound states. There is a critical
value of V0 ∼ r−2

0 at which the potential starts to
have exactly one bound state. We tune V0 to be
exactly this value.

Then we take the range of interaction r0 to
zero, keeping V0 always tuned to the critical value
(in other words, keeping V0r

2
0 fixed). This limit

is called the unitary limit, and the system of
fermions interacting with this interaction the uni-
tary Fermi gas.

The stability of such a system is not a trivial
issue. It is relatively easy to see that for bosons,
and for fermions of three or more different species,
the finite-density system is not stable. This fact is
related to the so-called Efimov effect: in the limit
of zero range interaction, the Hamiltonian is un-
bounded from below (there is an infinite number
of bound states, the lowest of which has an energy
determined by the UV cutoff of the theory—the
range of the potential).

6.1. Quantum mechanics formulation:
boundary condition

The quantum quantum mechanics of unitary
fermions can be formulated in a way which gets
rid of the interaction potential completely. Let us
start with the case of two particles, one spin-up
with coordinate x, and another spin-down with
coordinate y. Neglecting the center of mass mo-
tion, the Schrödinger equation has the form

∂2

∂r2
Ψ(r) + V (r)Ψ(r) = −EΨ(r). (47)

In the limit of zero range, the potential V (r) is
zero at any nonzero r. In the limit of r → 0, the
right hand side can be neglected (E ≪ r−2), and
we have the Laplace equation ∇2

r
Ψ = 0. Now
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it is known that the Laplace equation has two
independent solutions, 1 and r−1. The behavior
of the wavefunction at small r is, in general,

Ψ(r) =
C

r
+ C1 +O(r), (48)

where C and C1 are some numbers. In the usual
problem of free particles, the wavefunction is as-
sumed to be regular at r = 0, which means C = 0.
On the other hand, from the mathematical point
of view one can impose a general boundary con-
dition

Ψ(r) ∼
(

1

r
− 1

a

)
, (49)

with any value of a (a = 0 corresponding to free
particles). Physically a is obtained by solving
the zero-energy Schrödinger equation inside the
potential r < r0 and then match it to the solu-
tion to the Laplace equation outside the potential
r > r0; a therefore characterizes low-energy scat-
terings and is called the scattering length. The
fine-tuning of the potential corresponds to the
limit a→ ∞.

For the case of a general number of particles,
the Hamiltonian is the sum of the kinetic terms
of all particles,

H =
∑

i

p2
i

2m
= − 1

2m

∑

i

∂2

∂x2
i

(50)

(where i numerates all particles) but the Hilbert
space is nontrivial: the wave function of a system,
Ψ(x1, . . . ,xN ; y1, . . . ,yN ) satisfies the following
condition when one spin-up and one spin-down
particles approach each other,

Ψ(x1, . . . ,xN ; y1, . . . ,yM ) → C

|xi − yj|
+ O(1) + O(|xi − yj |), (51)

where xi and yj are the coordinates of the spin-
up particles and spin-down particles, respectively.
The Hamiltonian is trivial, but the nontriviality
of the problem is in the Hilbert space.

For example, we can put a spin-up and a
spin-down fermion in a harmonic potential. The
Hamiltonian is now

H =
1

2
(p2

1 + p2
2) +

1

2
ω2(x2

1 + x2
2). (52)

The problem can be solved exactly even when
the interaction between particles is unitary. The
ground state is

Ψ(x1,x2) ∼
e−ω(|x1|

2+|x2|
2)/2

|x1 − x2|
, (53)

and the ground state energy is E = 2ω. This is
lower than the ground state energy in the case of
a 3ω, in consistency with the attractiveness of the
interaction.

The two-particle problem is special because it
can be solved analytically. For three particles in
a harmonic potentials, the energy levels are also
known exactly (they are solutions to a trigono-
metric equation). For four particles and more
(unless they have the same spin), the many-body
problem cannot be solved exactly.

6.2. Symmetries of unitary fermions
A general nonrelativistic system is invariant

under translation (in space and time), rotation,
and Galilean boosts. In addition, the conserved
mass (particle number) corresponds to a phase
symmetry, ψ → eiαψ. These symmetries are
enhanced to a new symmetry group called the
Schrödinger group. The Schrödinger group con-
tains two new symmetries

• Dilatation: t→ λ2t, x → λx,

• Proper conformal transformation: t =
t/(1 − λt), x → x/(1 − λt).

Saying that a theory theories has these symme-
tries means that if one has a solution to the time-
dependent Schrödinger equation, Ψ(t,xi), then
one can generate new solutions. For example, the
solution obtained by dilatation is

Ψ′(t,x) = λ3N/2Ψ(λ2t, λx) (54)

(the prefactor is to keep the normalization of Ψ).
It is obvious that if Ψ solve the free Schrödinger
equation, then Ψ′ also does. More nontrivially,
the boundary condition at short distances for uni-
tary particle is preserved under dilatation. Simi-
larly, the proper conformal transformation corre-
sponds to the following family of new solutions,

Ψ′(t,x) = C(t,x)Ψ

(
t

1 − λt
,

x

1 − λt

)
. (55)
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We leave the determination of C(t,x) to the
reader.

In the theory of unitarity fermions, the dilata-
tion operator D and the proper conformal trans-
formation C can be expressed in terms of the op-
erators creating and annihilating a particle,

D = − i

2

∫
dx,x · (ψ†∇ψ −∇ψ†ψ),

C =
1

2

∫
dx,x2ψ†(x)ψ(x). (56)

One can check that the operators D, C and the
Hamiltonian H form a close SO(2,1) subalgebra
of the Schrödinger algebra,

[D, C] = −2iC, [D, H ] = 2iH, [C, H] = iD.

(57)

The full Schrödinger algebra can be found in
Ref. [9].

6.3. Local operators
The local operators (for example ψ, ψ†, or ψ†ψ)

depend on time t and space x. Its commutators
with time and space rotation are completely de-
fined. The local operators can be classified by
particle number by taking it commutator with the
particle number operator M =

∫
dx, ψ†ψ. For ex-

ample ψ has particle number −1 while for ψ† it
is +1. Each operator can be associated with a
dimension by

[D, O(0)] = i∆OO(0). (58)

For example, ∆ψ = 3/2 (d/2 in d spatial dimen-
sions). One example of a nontrivial composite
operator is obtained when one tries to construct
the product of two annihilation operators of par-
ticles with different spins, ψ↑ψ↓. We know that
the matrix element of ψ↑(x)ψ↓(y) between a two-
body state and vacuum is just the wave function,

〈0|ψ↑(x)ψ↓(y)|Ψ〉 = Ψ(x,y). (59)

The problem is that when we tries to take x → y
to have a local operator ψ↑ψ↓, the matrix element
diverges due to the boundary condition at x → y.
On the other hand, one can define the following
operator

O2(x) = lim
y→x

4π|x− y|ψ↑(x)ψ↓(y), (60)

which has finite matrix elements between states
in the Hamiltonian. Another way to write the
equation above is

ψ↑(x)ψ↓(y) =
O2(x)

4π|x − y| + · · · , (61)

which has the form of an operator product ex-
pansion for unitarity fermions. Operator prod-
uct expansions have been applied very recently
for unitarity fermions; as in particle physics they
are most useful at short distances. The operator
O†

2O2 has a special role: its expectation value is
called in the literature the Tan’s parameter, or
the contact.

As in relativistic CFTs, one can introduce the
notion of primary and descendant operators. Pri-
mary operators are called those which commute,
at zero coordinates, with Galilean boosts and the
proper conformal transformation: [Ki, O(0)] =
[C, O(0)] = 0. By taking derivatives with re-
spect to coordinates and time, descendants are
obtained.

The SO(2,1) commutators are important to
prove what we call the operator-state correspon-
dence for systems with Schrödinger symmetry.
Namely, a primary operator, which does not an-
nihilate the vacuum (or its Hermitian conjugate
does not annihilate the vacuum) can be put into
correspondence with an eigenstate of the system
of a few particles in a harmonic potential [9]. This
statement can be proven by first noticing (recall
the form of the operator C in Eq. (56) that the
Hamiltonian in a harmonic potential can be writ-
ten as

Hosc = H + ω2C. (62)

Then for an primary operator O, one can con-
struct a state ΨO〉 as follows,

|ΨO〉 = e−H/ωO†(0)|0〉. (63)

Physically, first we use O† to create a state which
is localized at the origin of coordinates, and then
evolve that state in imaginary time using the free-
space Hamiltonian during a time 1/ω. The result-
ing state, whose wavefunction is a Gaussian-type
wavepacket, can be shown, by using the SO(2,1)
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commutators, to be an eigenstate of the Hamilto-
nian Hosc with energy 2ω.

This operator-state correspondence can be il-
lustrated explicitly in a few example. The oper-
ator ψ has dimension 3/2, which matches with
the ground state energy of a single particle in an
isotropic harmonic potential, 3ω/2. The opera-
tor O2 has dimension 2, and corresponds to the
ground state of a system of one spin up and one
spin down particle in a harmonic potential, whose
energy was shown above to be 2ω.

6.4. Schrödinger space
If one wants to move in the direction of con-

structing a gravitational dual of the unitarity
fermions, it seems reasonable to start by asking
the question: what is the space-time that real-
izes the Schrödinger symmetry? (Recall that in
the original Maldacena’s duality, the symmetry of
AdS5 × S5 space matches with the symmetry of
the quantum field theory). An example of such a
space was constructed in Refs. [10,11]. The space
has two extra dimensions compared to one extra
dimensions in standard holography. The metric
is

ds2 = −2(dx+)2

z4
+
−2dx+dx− + dxidxi + dz2

z2
.

(64)

One can check that this spacetime has realizes all
generators of the Schrödinger algebra as Killing
vectors. In particular, the total mass and the
proper conformal transformation are

M : x− → x− + a,

C : z → (1 − ax+)z, xi → (1 − ax+)xi,

x+ → (1 − ax+)x+, x− → x− − a

2
(xixi + z2).

(65)

One can see that the translational symmetry
along the direction x− realizes the conservation
of mass in the nonrelativistic theory. The sim-
plest action which gives rise to the Schrödinger
spacetime is that of Einstein gravity with nega-
tive cosmological constant, coupled to a massive
gauge field with a suitably chosen mass,

Subsequently the five-dimensional Schrödinger
spacetime (corresponding to two spatial direc-
tions in field theory) have been constructed in
string theory. As by-product of the construc-
tion, one also found black hole solutions, which
describe a medium with finite chemical potential
and temperature. One might think that these
solutions may be the first holographic model for
the unitarity Fermi gas. Unfortunately, closer in-
spection reveals a serious undesirable feature: the
equation of state of the black hole is P (T, µ) ∼
T 4

µ2 , which has the correct scaling behavior but is
more restrictive than required. The more general
equation of state is

P (T, µ) = µ2F (T/µ), (66)

where the function F is not constrained. This is
in contrast to the situation in relativistic hologra-
phy, where fitting the equation of state of QCD is
not really a problem in the bottom-up approach.

It seems that one should try to devise a more
general way to realize Schrödinger symmetry. At-
tempts in this direction are being made. At the
more general level, one should not expect the
gravity dual of unitarity fermions to be a clas-
sical theory due to the lack of a large N param-
eter. One can generalize the unitarity fermions
to a many-favor theory with Sp(2N) vector sym-
metry. This theory is trivial to solve; at large N
the BCS theory becomes exact. The situation is
very similar to the relativistic O(N) vector model.
One can hope that there is a nonrelativistic high-
spin theory that is dual to the Sp(2N) version of
unitary fermions, similar to the case of the O(N)
model [12]. As far as I know, to date no serious
attempt has been made to uncover such a theory.

7. Summary

In these lectures we have considered some ap-
plications of gauge/gravity duality to systems
with finite temperature and chemical potential.
We have left out some very important applica-
tions of gauge gravity duality, most notably jet
quenching and heavy quark energy loss.

I thank the organizers of the Cargese and TASI
schools for inviting me to give these lectures.
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Lectures on 4d N = 1 susy gauge theories

Ken Intriligatora

aUCSD Physics Department, 9500 Gilman Dr, La Jolla CA, 92093 USA

This is a very brief introduction to phases of gauge theories, SQCD, Seiberg duality, dynamical susy breaking,

and recent related topics.

1. Introduction and generalities

We’ll here give a concise introduction to the
dynamics of supersymmetric gauge theories. The
presentation is heavily influenced by my review
articles with Nati Seiberg [1,2]; look there for
more details and references. Some related recent
topics are briefly mentioned as well.

4dN = 1 susy lagrangians have terms Lmicro =
Lmicro

D + Lmicro
F , called D and F terms if they

involve
∫
d4θ or

∫
d2θ, respectively. The former

include the matter kinetic terms,

Lmicro
D ⊃

∫
d4θZQi

Q†
ie

Tri
V Qi (1)

Qi are the matter chiral superfields in represen-
tation ri of the gauge group, and V is the vector
(gauge) multiplet. The gauge kinetic terms and
matter interactions are given by F-terms:

Lmicro
F =

∫
d2θ(2πiτ)S+

∫
d2θWtree(Qi)+h.c..(2)

The gauge field kinetic term is written
in terms of the “glueball” chiral super-
field S ≡ −TrWαW

α/32π2, where Wα =
− 1

4D̄D̄e
−VDαe

V = −iλα(y) + D(y)θα −
i(σµσ̄ν)β

αθβFµν(y) + θ2∂αα̇λ̄
α̇, with λα the gaug-

ino. See e.g. [3] for the notation.
D terms get quantum corrections, both in per-

turbation theory and non-perturbatively, hence
the renormalization factor ZQi

in the matter ki-
netic terms. Quantum corrections to the F terms,
on the other hand, are tightly constrained by
susy, as they must preserve holomorphy in the
chiral superfields. The couplings in F terms are
complex, and quantum corrections must preserve

holomorphy in them as well. This is the power of
holomorphy (see [4]), which can be used to obtain
exact results about F -term quantities, like super-
potenitals. Holomorphy in superpotential cou-
plings follows from the fact that they could have
been replaced with expectation values of back-
ground chiral superfields.

As an illustrative example, susy combines the
gauge coupling and theta angle into the holomor-
phic quantity τ = θ

2π
+ 4πi/g2

h in eqn. 2. It im-
mediately follows that the beta function for this
holomorphic gauge coupling must be one-loop ex-
act: the RG running must preserve holomorphy,
2πiτ̇ = iθ̇ + 16π2g−3βgh

= f(τ) = −b0, and a
constant is the only holomorphic function f(τ)
compatible with θ̇ = 0. (Modulo the possibil-
ity of instanton corrections in a partially broken
UV group, as happens on the Coulomb branch of
N = 2 susy theories, but we won’t discuss that
here.) Integrating the one-loop exact beta func-
tion leads to

e2πiτ(µ) = eiθ−8π2/g2

h(µ) =

(
Λ

µ

)b0

, (3)

where Λ is the holomorphic dynamical scale.
The 1-loop exact βgh

leads to the well-studied
issue of the multiplet of anomalies, seen also from
the fact that susy relates the scale anomaly to
that of the U(1)R current, which is 1-loop ex-
act by the ABJ anomaly argument (see below).
This led to a famous puzzle, since direct com-
putation reveals that the physical coupling has a
non-zero 2-loop beta function. Considering this
issue led NSVZ to their exact expression for the
beta function [5]. The basic point is that phys-
ical couplings, like g, differ from the holomor-
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phic couplings, like gh, by rescalings associated
with absorbing the wavefunction renormalization
ZQi

factors. Such rescalings should not be done
if we want to use holomorphy arguments (holo-
morphic chiral superfields should not be contam-
inated with non-holomorphic quantities like ZQi

),
but they still need to be accounted for, at the end
of the day, in physical quantities.

The above lagrangian description can be in
terms of the microscopic degrees of freedom of
an asymptotically (UV) free gauge theory. In-
tegrating out the UV modes, in principle, leads
to the low-energy effective field theory, for the
light degrees of freedom. This is the “dual” the-
ory. These DOF can be IR free (e.g. the pi-
ons and their chiral lagrangian nonlinear sigma
model, SU(Nf) × SU(Nf )/SU(Nf)). Another
possibility, long thought to be exotic, is that the
low-energy theory might be in the conformal win-
dow, where it RG flows to an interacting, scale
invariant CFT.

Starting from a susy theory, we can consider a
low energy effective theory that’s also supersym-
metric. (Supersymmetry can be spontaneously
broken at low energy, as we’ll discuss, but we’ll
just consider the theory above any susy break-
ing scale). For simplicity, let’s consider the case
where the low-energy theory doesn’t include IR
free gauge fields:

Leff =

∫
d4θK(ΦI , Φ̄J̄) +Weff (Φ) + h.c., (4)

where the ΦI are some composites of the origi-
nal fields, e.g. mesons and baryons. Upon inte-
grating out the auxiliary fields, this gives a sigma
model with Kähler metric gIJ̄ = ∂2K/∂ΦI∂Φ̄J̄ :
Lscalar = gIJ̄∂µΦI∂µΦ̄J̄ − gIJ̄WIW̄J̄ .

Typically, there is no practical way to directly
derive the low-energy effective theory – but some-
times one can conjecture / guess about what the
IR degrees of freedom and their interactions are,
and do non-trivial checks that constraints are sat-
isfied. In particular, when there are global sym-
metries there are the ’t Hooft anomaly matching
conditions, as we’ll review. This gives insight into
the correct IR d.o.f, and thereby some basic in-
formation about the Kahler potential: the asso-
ciated metric should be canonical, up to higher

dimension operator corrections, in terms of the
correct d.o.f..

Let’s recall aspects of anomalies, which in 4d
come from triangle diagrams. At the vertices
of the triangle are currents, either global or
gauge, or equivalently the associated gauge fields.
Anomalies only get contributions from massless
fermions (or massless scalars, via WZW terms,
when the symmetry is spontaneously broken) run-
ning in the loop, and are hence topologically ro-
bust. For the case of (Gauge)3, any non-zero
anomaly is a sickness; such a theory cannot be
cured unless additional matter is added, to can-
cel the anomaly. The case (Global)(Gauge)2 is
the ABJ anomaly (since it’s proportional to TrT ,
it’s only for U(1) factors) merely means that the
global symmetry is explicitly violated by instan-
tons; it’s related to the index of the Dirac opera-
tor. Such a broken global symmetry can still be
used: as with any broken symmetry, it leads to
selection rules upon assigning appropriate charge
to the appropriate symmetry breaking order pa-
rameter, which in this case is Λ.

Finally, consider the case (Global)3, where all
three global symmetries are free of ABJ anoma-
lies. These quantities are the ’t Hooft anoma-
lies, which ’t Hooft argued (first at lectures here!)
must be RG invariant, like an index. So they can
be computed in particular at either end of a RG
flow, and the two results must agree. When any
’t Hooft anomalies are non-zero, the theory must
retain some massless d.o.f. even in the IR, to re-
produce the non-zero ’t Hooft anomaly.

Gauge theories have various possible IR phases;
let’s mention three possibilities:

(a) Mass gap. Examples N = 0 YM, N = 1
SYM, and N = 1 SQCD with all massive fla-
vors. These theories can have a mass gap because
they all have no non-trivial ’t Hooft anomalies,
e.g. N = 1 SYM has a classical U(1)R symmetry
that’s broken by the ABJ anomaly: the instan-
ton in the gauge groupG has 2T2(G) (for SU(Nc)
it’s 2Nc) gaugino fermion zero modes, explicitly
breaking U(1)R → Z2T2(G), so there’s no contin-
uous symmetry. (There is a ’t Hooft anomaly
matching condition for discrete symmetries, but
it’s considerably weaker).

In the susy cases, as we’ll illustrate below,
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we can use holomorphy etc. to write down
Wexact(gp) to determine 〈Φp〉.

(b) IR free phase. Here there are massless, IR
free d.o.f., which are some composites of the UV
fields. An example is ordinary QCD with Nf

massless quarks, in the range where there’s chiral
symmetry breaking. In susy theories, there’s also
the phenomenon of IR free composite SU(Nf −
Nc) gauge fields for SQCD in the free magnetic
range. In these cases, ’t Hooft anomaly matching
can be used as a check.

(c) CFT phase, which occurs when the theory
has sufficient massless matter. For example, in
non-susy SU(Nc) QCD, there is a conformal win-
dow if there are Nf massless flavors, for Nf in
some range N∗

f < Nf <
11
2 Nc. The upper bound-

ary is for asymptotic freedom, and fixed points
near this upper bound are weakly coupled. (The
lower bound N∗

f for the non-supersymmetric case
is currently being actively studied and debated by
lattice gauge theorists, see e.g. [11].) For SQCD
the lower boundary conformal window is known
from Seiberg duality [6]: 3

2Nc < Nf < 3Nc.
Another topic that we’ll briefly discuss is dy-

namical supersymmetry breaking. If susy ex-
ists in Nature, it must be broken, and it’s most
interesting if it’s spontaneously broken. More
generally, any soft supersymmetry breaking can
be written in terms of spurions, thinking about
there being background superfields with non-zero
θ component expectation values, which spon-
taneously break supersymmetry. Because soft
breaking can be considered to be spontaneous
(whether or not it actually is), the theory is
still constrained by the broken symmetry. In
eqns. 1 and 2, sfermion soft-masses are given by
m2

Q = −ZQ|θ4/ZQ, gaugino masses are given by
mλ = τ |θ2/τ , and there can be susy breaking A
terms given by AQ = ZQ|θ2/ZQ. See e.g. the
review [7] and references therein for more details.

Global susy implies V ≥ 0, with V = 0 for
susy vacua and V > 0 for (perhaps metastable)
susy breaking vacua; the vacuum energy is an or-
der parameter for susy breaking. (One can add
a negative constant, e.g. to cancel the cosmo-
logical constant, in SUGRA, since there Vsugra =

eK/M2

p (gij̄DiWD̄j̄W−3M−2
p |W |2) whereDiW =

Wi +M−2
p KiW ; we’ll here ignore sugra, and take

Mp → ∞.) There is dynamical susy breaking

(DSB) if the susy breaking is generated by dimen-
sional transmutation. This can naturally yield
large hierarchies Ms ∼ Λ ∼ Mcutoffe

−c/g2 ≪
Mcutoff . Since it’s a vacuum effect, DSB should
be looked for in the low-energy effective theory.

2. SQCD

Our main example is N = 1 SQCD, with gauge
group SU(Nc) and Nf flavors of matter chiral su-

perfields Q in the fundamental of SU(Nc), and Q̃
in the anti-fundamental of SU(Nc). We make a
table with their global symmetry charges, which
we’ll now briefly explain (see [6,1,2] for more de-
tails). The global symmetries in the table are
ABJ (i.e. (global)(gauge)2 ) anomaly free ex-
cept for U(1)A. Writing the ABJ anomaly as

∂µj
µ = cF F̃ , the coefficient c can be read off

from the anomaly triangle diagram, or equiva-
lently from the index of the Dirac operator in
an instanton background, ∆(charge)= c

∫
FF̃ . In

other words, the instanton leads to a ’t Hooft ver-
tex interaction associated with the fermion zero
modes, ∼ Λ

3Nc−Nf
λ2NcψNf ψ̃Nf , which should be

neutral under an anomaly free symmetry. The
particular U(1)R charge of the matter in the table
is determined by this anomaly free condition (re-
call that, under an R-symmetry, the supercharge
has R(Qα) = −1, so gauginos have R(λ) = 1
and for a chiral superfield, Φ = φ + θψ + θ2F ,
R(ψ) = R(φ) − 1 and R(F ) = R(φ) − 2). The
anomalous U(1)A is explicitly broken by the in-
stanton, but we can treat it as being sponta-
neously broken by assigning charge to the param-
eter Λ3Nc−Nf , thought of as a background chiral
superfield, as indicated in the table. Similarly, the
mass m explicitly breaks SU(Nf )L,R and U(1)R

and U(1)A, but we can treat this as spontaneous
breaking by assigning m charges as in the table,
thinking of m as a background chiral superfield.

We can form the gauge invariant composite chi-
ral superfields M

fg̃
= Qf Q̃g̃

. For Nf > Nc, we

can also form baryons B ∼ QNc , which is fully
antisymmetric in the omitted flavor indices. We
consider the theory for Wtree = TrmM , and ini-
tially consider the theory for vanishing masses m.
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Table 1
Some fields and charges in SQCD

Field SU(Nf)L,R U(1)B U(1)R U(1)A

Q fund, 1 1/Nc 1 − Nc

Nf
1

Q̃ 1, fund −1/Nc 1 − Nc

Nf
1

M = QQ̃ fund, fund 0 2
(
1 − Nc

Nf

)
2

W 1,1 0 2 0

m fund, fund 0 2 Nc

Nf
−2

Λ3Nc−Nf 1,1 0 0 2Nf

q fund, 1 1/Ñc 1 − Ñc

Nf
−1

Classically, there is then a moduli space of susy
vacua, Mcl = {〈Q〉, 〈Q̃〉|Da = 0}/(gauge trans-
formations). By a general theorem (in geometric
invariant theory), Mcl is also given by the space
of gauge invariant chiral superfield composites,
modulo classical relations. For Nf < Nc, M ∼=
CN2

f , while for Nf ≥ Nc Mcl is a conically singu-
lar space, with dimC(Mcl) = 2NfNc − (N2

c − 1).
The classical interpretation is that the singular-
ity is resolved upon including the massless “W-
bosons” there.

Now consider the quantum theory. First con-
sider Nf = 0. This theory has a mass gap and
chiral symmetry breaking. Classically there is a
U(1)R symmetry, which is broken by the instan-
ton (the anomaly) to Z2Nc

, since 〈SNc〉 = Λ3Nc .
The Z2Nc

chiral symmetry is then spontaneously
broken to Z2, as 〈S〉 = (Λ3Nc)1/Nc ; these are
the Nc susy vacua counted by the Witten index,
Tr(−1)F = Nc. Can think of log Λ3Nc ∼ g−2

as the source coupling linearly to the operator
S, and write down the 1PI effective action, with
Weff = Nc(Λ

3Nc)1/Nc , whose derivative w.r.t.
log Λ3Nc−Nf gives 〈S〉, see [8,9] for more details.

Now consider SQCD with Nf massive flavors.
Initially take m > Λ, noting that holomorphic
objects can be easily analytically continued in
the holomorphic mass m. Below the scale m,
we can integrate out the massive flavors and get
SYM, so we can use the above results to see that
there are Nc susy vacua with mass gap. Matching
the running holomorphic coupling gh(µ), yields
Λ3Nc−Nf detm = Λ3Nc

low . Then gaugino condensa-

tion generates

Wlow = Nc(Λ
3Nc

low )1/Nc = (detmΛ3Nc−Nf )1/Nc .(5)

This can be regarded as the 1PI effective action
for the sourcem of the fieldM . Then them↔M
Legendre transform yields

W1PI = (Nc −Nf )

(
Λ3Nc−Nf

detM

)1/(Nc−Nf )

. (6)

This works for any Nf for m 6= 0, even Nf > Nc

where it superficially doesn’t make sense (Seiberg
duality gives it a sensible meaning).

Now consider m = 0. For the susy vacua (since
the energy is zero) we can vary m/Λ without en-
countering any phase transitions, since it’s a com-
plex quantity we can avoid any singular points in
the complex plane and there can’t be any phase
transition walls. For Nf < Nc the above super-
potential is dynamically generated by instantons
or gaugino condensation, and leads to a runaway
vacuum. The runaway properly satisfies the con-
dition that Vdyn → 0 for M → ∞ (asymptotic
freedom ensures that the quantum effects go away
when the gauge group is Higgsed far in the UV).

On the other hand, for m = 0 and Nf ≥ Nc, we
getWdyn = 0: there is a quantum moduli space of
susy vacua. The reason for Wdyn = 0 is because
the symmetries require that any dynamical super-
potential must depend onM as in eqn. 6, but this
is incompatible with the condition that Vdyn → 0
forM → ∞, unless the coefficient of Wdyn is zero.
The classical moduli space is given by expecta-
tion values of the mesons and baryons, subject to
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some constraints C(M,B, B̃) = 0. These spaces
are singular, because we can solve C = dC = 0 at
the origin. For Nf = Nc the classical constraint

C = detM − BB̃ = 0 is smoothed out by an in-
stanton to detM−BB̃ = Λ2Nc [10]. On the other
hand forNf 6= Nc the symmetries don’t allow any
modification of the classical constraints. To see
that, consider the anomalous R-symmetry U(1)X ,
under which all squarks have X(φ) = 0, which is
a valid symmetry if we account for its anomaly
by assigning (consider again the ’t Hooft vertex)
X(Λ3Nc−Nf ) = 2(Nc − Nf ). There is no U(1)X

compatible way for Λ to enter into a modification
of Cclass(φ) = 0 for Nf 6= Nc, so Cquant = Cclass

and Mquant = Mclass. Since this space is singu-
lar, there must be new d.o.f. at the origin.

These new d.o.f. are given by the Seiberg dual
[6], whose gauge group is SU(Ñc), for Ñc ≡ Nf −
Nc, with Wtree = Φqq̃. Here Φ ∼ M/Λ. The
interpretation of the duality has 2 cases: (1) For
Nc < Nf <

3
2Nc the dual theory is IR free. In this

range the original electric theory flows in the IR to
the IR free magnetic dual; that is the low-energy
effective theory. (2) For 3

2Nc < Nf < 3Nc, both
theories are AF. They flow to the same SCFT in
the IR. This is the conformal window.

This duality is part of the multi-interconnected
web of dualities in field theory and string the-
ory. Let’s mention several of the original, highly
non-trivial consistency checks. First, the theories
have the same global symmetries, with charges
compatible with the map Φ ∼ M/Λ. The chi-
ral rings of the theories match, including their
global charges (baryons are mapped to baryons,
and glueballs to glueballs). The many ’t Hooft
anomalies match; this is a fun exercise to verify,
and very convincing (any global symmetry can be
at each triangle vertex, to illustrate it consider
SU(Nf)2LU(1)R, which in the electric theory gets
contributions from the fieldsQ, giving Nc ·(−Nc

Nf
),

and in the magnetic dual gets contributions from

Φ and q, giving Nf · (1−2 Nc

Nf
)+ Ñc · (− Ñc

Nf
)). The

deformations and moduli spaces of the dual the-
ories match (classical properties on one side map
to non-perturbative quantum effects in the dual).
In particular, we mentioned that Wdyn = 0 for
Nf > Nc massless flavors, but nevertheless the

1PI superpotential Wdyn must be generated upon
adding Wtree = TrmM ; this works thanks to
gaugino condensation in the magnetic dual. See
[6,1] for more details.

3. Dynamical susy breaking

As mentioned in the intro, to naturalize hier-
archy problems, e.g. mW ≪ mGUT ,mpl, we are
interested in spontaneous susy breaking, where
the susy breaking scale is given by Vmin = M4

s

with Ms ∼ Λ. Susy breaking is non-generic, and
difficult to achieve. Metastable susy breaking on
the other hand seems generic. As we’ll now dis-
cuss, there are also additional, phenomenological
reasons to consider it.

It is difficult to construct potentially realistic
theories of dynamical susy breaking. One general
challenge is the R-symmetry problem [12]: a the-
ory with generic superpotential has spontaneous
susy breaking iff there is a U(1)R symmetry. The
reason is that the conditions for a susy vacuum,
∂iW (Xi) are n equations for n variables Xi=1...n,
so generically there is a solution, i.e. a susy vac-
uum, which is what we’re now trying to avoid. A
non-R global symmetry doesn’t help: there are
then say n − 1 independent equations for n − 1
independent variables, so still generically solu-
tions. On the other hand, an R symmetry helps:

writing W (Xi) = X
2/rn
n f(tj ≡ Xj/X

rj/rn

n ), for
j = 1 . . . n − 1, the equations Wi = 0 now gener-
ically nave no solution, because they’re n equa-
tions for n − 1 variables tj . So generic superpo-
tentials spontaneously break susy if, and only if,
there is an unbroken R-symmetry.

But an unbroken R-symmetry is bad for phe-
nomenology: it forbids majorana gaugino masses.
(Though we won’t discuss it here, some models
have a different way around this issue: let the
gaugino get a Dirac mass, by paring it up with the
fermion from an adjoint chiral superfield. See e.g.
[13] and the earlier references cited therein.) So
we’d like to break the R-symmetry. Purely spon-
taneous R-breaking is also bad: it leads to unob-
served R-axion, which would be a problematically
massless Goldstone boson if the R-breaking were
entirely spontaneous. We can give the R-axion a
mass by introducing explicit breaking. (An ex-
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ample of this occurs with SUGRA, see [14].)
We’re thus led to consider small explicit R-

breaking, associated with some parameter ǫ≪ 1.
Now, as we discussed in [15], metastable susy
breaking is generically compulsory. The point is
that, for ǫ = 0, there is an R-symmetry, and so no
susy vacua. There will be a susy breaking vacuum
at some finite values of 〈X〉. Turning on ǫ will not
disturb this susy breaking vacuum much. On the
other hand, for ǫ 6= 0 there is no R-symmetry,
so there must be a susy vacuum, which must run
off to infinity when ǫ → 0, i.e. 〈X〉susy ∼ 1/ǫp

for p > 0. The susy-breaking vacuum is now
a false vacuum, but the susy breaking vacuum
is far away for ǫ ≪ 1. The false vacuum de-
cays by nucleating a bubble of true vacuum (with
X = Xsusy), like boiling, and as discussed in E.
Rabinovici’s lecture. Since the vacua are widely
separated (and rather degenerate), the decay is
parametrically suppressed for ǫ ≪ 1, with prob-
ability ∼ e−Sbounce ∼ e−1/ǫp ≪ 1. There is thus
a potentially non-empty window of ǫ: it should
be small enough for the susy breaking vacuum to
be long-lived, but big enough to allow for realis-
tic gaugino (and R-axion) masses; it depends on
the example whether or not these conditions are
compatible.

Let’s discuss some simple examples. Consider
first Keff (X, X̄) and Weff =

∑n

p=1 gpX
p. Susy

is spontaneously broken if Keff is regular and
n = 1; for n > 1, there are n − 1 susy vacua.
For K = XX̄ and W = fX , there is a pseudo-
moduli space of susy breaking vacua, with ψX the
massless goldsino. For F-term susy breaking, the
goldstino is part of a chiral superfield, and its su-
perpartner tends to be a pseudomodulus. Taking
K = XX̄ − c(XX̄)/M2, the goldstino superpart-
ner is stabilized at the origin and gets a mass;
the goldstino of course remains massless. There
is an R-symmetry, and if 〈X〉 = 0 it is not spon-
taneously broken, whereas if 〈X〉 = 0 it is spon-
taneously broken and there is a massless R-axion.
Adding ∆W = ǫX2 explicitly breaks U(1)R, and
there can then be metastable susy breaking.

Next example, the O’R model: W = 1
2hXφ

2
1 +

mφ1φ2 + fX , which has a U(1)R symmetry, with
R[X ] = R[φ2] = 2, and R[φ1] = 0. Susy is
spontaneously broken at tree level, with 〈X〉 the

classical pseudomodulus that’s the superparter of
the goldstino. It’s lifted at 1-loop by VCW =

1
64π2 Str(M4 log M2

M2

cutoff

), which gives 〈X〉 = 0, so

the R-symmetry is not spontaneously broken. We
can explicitly break the unwanted R-symmetry by
adding ∆W = 1

2ǫmφ
2
2. As expected, there is now

metastable susy breaking, with a faraway susy
vacuum at 〈X〉susy = m/hǫ [16,15].

Our last example is metastable DSB in SQCD
[17] with Wtree = mM in the free magnetic
phase, taking m ≪ Λ. The theory can be reli-
ably analyzed in the IR free magnetic dual, where
W = Tr(Φqq̃ − fΦ), with f = Λm, which breaks
susy by the rank condition. There is a com-
pact moduli space of susy breaking vacua with
〈M〉 = 0 and 〈q〉 6= 0. This is metastable DSB
since there are the Nc susy vacua with 〈M〉 6= 0
far away (need ǫ = m/Λ ≪ 1). There is an ac-
cidental, approximate R-symmetry, explicitly vi-
olated by instantons, consistent with the above
comments about explicit breaking of an approx-
imate R-symmetry and metastable DSB. This
U(1)R is not spontaneously broken in the susy
breaking vacuum. (Note that we can’t take Nf

in the conformal window: the metastable susy
breaking vacua wouldn’t be long-lived.) Many
variants and applications of this susy breaking
mechanism have been explored in the literature.

4. Aspects of SCFTs and recent topics

In the remaining time, we’ll briefly mention
a few aspects of 4d SCFTs. There are several
possible phenomenology applications of CFTs or
nearly CFTs, e.g. (1) Walking technicolor: imag-
ine flowing near a CFT (where the RG run-
ning is slowed to walking), and then away; could
help separate scales, relax problematic techni-
color relations. (2) Suppressing flavor anarchy
[18]: try to generate flavor hierarchies from RG
running with different anomalous dimensions of
different generations. (3) Sequestering, e.g. [19]:
try to suppress FCNC problematic Kähler po-
tential operators via enhanced anomalous dimen-
sions. (4) Unparticles [20]: consider phenomenol-
ogy of OSMOCFT /M

4−∆SM−∆CF T interaction.
(5) Helping / extending gauge mediation, see
e.g.[21,22] for discussion of how large anomalous
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dimensions could help alleviate the µ/Bµ prob-
lem of gauge mediation.

The observables of a CFT are the operators,
their dimensions, and their correlation functions.
Unitarity implies that gauge invariant operator’s
dimensions satisfy ∆ ≥ j1 + j2 +2− δj1j2,0, where
the unitarity bound for scalars, j1 = j2 = 0, is
saturated for free fields (see [23] for a recent, phys-
ical derivation).

In supersymmetric theories, there is a super-
conformal U(1)R symmetry which is in the same
supermultiplet as the stress-energy tensor. This
will be discussed much more in Zohar Komargod-
ski’s lecture and lecture notes. For CFTs, it’s
enough to just consider the FZ multiplet Tαα̇,
which contains the stress-energy tensor Tµν , su-
percurrents Sαµ and S̄α̇µ, and a global U(1)R cur-
rent jR

µ : Tµ = jR
µ + θαSαµ + . . .+ (θ̄θ)νTµν +. . . .

Conservation of the energy tensor and supercur-
rents is written in superspace as D̄α̇Tαα̇ = DαX
where X is a chiral superfield. The F-component
of X is related to the lack of scale invariance,
and the lack of conservation of the U(1)R cur-
rent: 2

3T
µ
µ + i∂µjR

µ = X |θ2 ; in a superconformal
theory, X = 0.

The holomorphic relation between the dilata-
tion and R-current implies a corresponding rela-
tion for the charges of chiral superfields: ∆(Qi) ≡
1 + 1

2γi(g) = 3
2R(Qi), where we’ll interpret the

RHS as renormalization group running R-charges
when the theory is running between RG fixed
points. Holomorphy links (non)conservation of
the dilatation current to that of the U(1)R cur-
rent, and there can be non-conservation contri-
butions both at tree-level, and from anomalies.
Matching the ABJ anomaly to the imaginary part
of the LHS of eqn. (2) gives the anomaly contri-
bution X ⊃ − 1

16π2 Tr(RG2)TrW2. Using holo-
morphy to link the real and imaginary parts of
eqns (2) and (3) gives the multiplet of anoma-
lies β(g−2) = − 3

2
1

16π2 Tr(RG2) which leads to the
puzzle mentioned above: it suggests a 1-loop ex-
act beta function. This puzzle was discussed in
many papers, with many proposed resolutions,
the most fruitful and inspirational being that of
Shifman and Vainshtein and co, which ties in with
the NSVZ [5] exact beta function: using Ri = 2

3 +
1
3γi gives β(g−2) = − 1

32π2 fscheme(g
2)(3T2(G) −

∑
i T2(ri)(1 − γi(g

2))). The beta function for su-
perpotential couplings is also related to their R-
violation, asW = hO leads to βh = 3

2h(R(O)−2).
We’ll now focus on the RG fixed points, where the
R-symmetry is conserved.

Again, chiral superfield operators have R(Φ) =
2
3∆(Φ). So chiral, spin 0, gauge invariant oper-
ators have the unitarity bound R ≥ 2

3 , which is
saturated for free fields. If this bound is naively
violated, some operator is actually a free-field.
As an example, consider SQCD in the confor-
mal window. The superconformal U(1)R sym-
metry is uniquely determined to be the anomaly
free U(1)R in the SQCD table. Note that the
gauge invariant chiral operators satisfy the uni-
tarity bound. The meson saturates the bound at
Nf = 3

2Nc showing that it is a free-field there; in-
deed, the entire theory is IR free magnetic there,
as seen from the Seiberg dual.

Let’s now mention the 4d conformal anomalies
a and c. In 2d, we have T (z)T (w) = 1

2c(z −
w)−4 + 2T (w)(z − w)−2 + . . ., and the central
charge c (which is positive for unitary theories)
is related to the conformal anomaly on a curved
space, 〈T µ

µ 〉g = cR, and also counts the num-
ber of d.o.f.. In 4d, the conformal anomaly is
〈T µ

µ 〉 = a(Euler) + c(Weyl)2. The terms on the
RHS are two combinations of the Riemann tensor
squared; the Euler term is the topological Euler
characteristic density, and the Weyl tensor van-
ishes in a conformally flat background.

(Aside: holographic theories with Einstein ac-
tion have a = c. Adding R2 terms, can get a 6= c.)

In a supersymmetric theory, a and c can be
related to the superconformal U(1)R ’t Hooft
anomalies [24], which follows from the susy re-
lation between Tµν and jµ

R: adding background
U(1)R gauge field and curvature, X ⊃ c

32π2W2 −
a

32π2 Ξ, and then holomorphy in X relates 〈∂µj
µ
R〉A

to 〈T µ
µ 〉g, where A is a background coupling to jµ

R,
related by susy to the background metric coupled
to Tµν . The result is

a =
3

32
(3TrR3−TrR), c =

1

32
(9TrR3−5TrR).(7)

As an example, the SCFT obtained from SQCD
in the conformal window has a and c given
by these expressions, with TrR = −N2

c −
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1 and TrR3 = N2
c − 1 − 2N4

cN
−2
f . Men-

tion a-maximization [25]: among all possi-
ble R-symmetries, the exact superconformal R-
symmetry is that which locally maximizes a(R) =
3
32 (3TrR3 − TrR) w.r.t. R.

Hofman and Maldacena [26] have argued that
a/c is bounded both above and below, by the
free vector and matter values. Their argu-
ment is to conjecture that the correlation func-
tions of the energy flux operators, E(n̂) =∫
dtr2niT 0

i (t, r~n)|r→∞ should be non-negative.
For the case of N = 1 supersymmetric theories,
they find (where ǫ̂ and n̂ are unit vectors)

〈JR · ǫ|E(n̂)|JR · ǫ〉 = 1 + 3
c− a

c
(ǫ̂ · n̂2 − 1

3
), (8)

〈T · ǫ|E(n̂)|T · ǫ〉 = 1 + 6
c− a

c
(
ǫ∗ijǫilnjnl

ǫ∗ijǫij
− 1

3
),(9)

where JR is the superconformal U(1)R symmetry,
T is the stress-energy tensor. The conjectured
non-negativity of the RHSs then implies

3

2
≥ a

c
≥ 1

2
. (10)

(similarly, for N = 0 theories it’s 31
18 ≥ a

c
≥ 1

3 ,
and for N = 2 theories, it’s 5

4 ≥ a
c
≥ 1

2 ). The up-
per limit is always saturated by a free vector field,
and the lower limit is saturated by a free matter
field. The inequalities have been verified to be
comfortably satisfied in every example checked.

Note from eqns (8) and (9) that the energy
flux is peaked in the direction n̂ parallel to the
polarization if c − a > 0. Most SCFTs indeed
have c − a > 0 (i.e. TrR < 0), e.g. Banks-Zaks
type weakly coupled theories, at the top of the
conformal window, always do. Looking for ex-
amples with c < a, two examples come to mind:
the SU(2) theory with I = 3/2 matter [27] and
SO(Nc) with a symmetric tensor [28]. These ex-
amples are curious for another reason: they have
non-trivial ’t Hooft anomaly matching compatible
with being IR free, which seems to be a mislead-
ing coincidence as we believe that they’re instead
SCFTs. Also, we cannot be completely sure if
a > c, if there are unseen accidental synmmetries.

As another topic, let’s mention flavor currents
and their correlation functions. Susy puts flavor

currents jµ in supermultiplets JI = JI + θαjαI +
θσ̄µθjµI + . . ., with D2J = D̄2J = 0 giving
current conservation (I labels the flavor current).
The currents have 2-point functions

〈jµI(x)jνJ (0)〉 = (ηµν∂
2 − ∂µ∂ν)

C1,IJ (x2M2)

16π4x4
,

where the 1 subscript is for spin 1. The 2-point
functions of the other component, 〈JJ〉, 〈jαj̄α̇〉,
are similarly given by functions C0,IJ and C 1

2
,IJ .

If susy is unbroken, these functions are all equal.
For SCFTs, C1,IJ = τIJ = −3TrRFIFJ is a

constant. The two-point function of the flavor
currents with the Tαα̇ multiplet vanishes, so the
2-point function of flavor currents with the super-
conformal R-current vanishes, τIR = 0. This im-
plies that the exact superconformal R-symmetry
is uniquely determined (in any spacetime dimen-
sion) by the condition that it minimizes τRR

among all possible R-symmetries [29].
In [30], general gauge mediation is defined

and the visible sector gaugino and sfermion soft
masses are related to the hidden, susy-breaking
sector’s current 2-point functions [31]

mgaugino =
g2

4

∫
d4x〈Q2(J(x)J(0))〉,

m2
sf = −g

4c2(r)

128π2

∫
d4x log(x2M2)〈Q4(J(x)J(0))〉,

which vanishes if susy is unbroken, since then
the supercharges Q annihilate the vacuum. From
a bottom-up perspective, the hidden sector and
their correlators are of course not known. But
the above expressions are still predictive, as they
yield a subspace of the full soft-breaking param-
eter space of the MSSM and extensions; that will
be explored at the LHC.
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We describe some basic aspects of supersymmetric field theories, emphasizing the structure of various super-
symmetry multiplets. In particular, we discuss supercurrents – multiplets which contain the supersymmetry
current and the energy-momentum tensor – and explain how they can be used to constrain the dynamics of
supersymmetric field theories, supersymmetry breaking, and supergravity.

1. Supersymmetric Theories

1.1. Supermultiplets and Superfields
A four-dimensional theory possesses N = 1

supersymmetry (SUSY) if it contains a con-
served spin- 1

2 charge Qα which satisfies the anti-
commutation relation

{Qα, Q̄α̇} = 2σµ
αα̇Pµ . (1)

Here Q̄α̇ is the Hermitian conjugate of Qα. (We
will use bars throughout to denote Hermitian con-
jugation.) Unless otherwise stated, we follow the
conventions of [1]. In local quantum field theo-
ries, the basic objects of interest are well-defined
local operators. In SUSY field theories all such
operators must be embedded in multiplets of the
supersymmetry algebra, or supermultiplets. Con-
served currents furnish an important class of local
operators. Of particular interest is the supersym-
metry current Sαµ, which satisfies

∂µSαµ = 0 , Qα =

∫
d3xSα

0 . (2)
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In this review we will describe some basic aspects
of SUSY field theories, emphasizing the structure
of various supermultiplets – especially those con-
taining the supersymmetry current. In particu-
lar, we will show how these supercurrents can be
used to study the dynamics of supersymmetric
field theories, SUSY-breaking, and supergravity.

We begin by recalling basic facts about super-
multiplets and superfields. A set of bosonic and
fermionic operators {OB

i (x)} and {OF
i (x)} fur-

nishes a supermultiplet if these operators satisfy
commutation relations of the schematic form

[
Qα,OB

i (x)
]
∼ OF

j (x) + ∂OF
k (x) + · · · ,

{
Qα,OF

i (x)
}
∼ OB

j (x) + ∂OB
k (x) + · · · , (3)

and likewise for the Q̄α̇ commutators, such that
the SUSY algebra (1) is satisfied. It is straightfor-
ward to show that a supermultiplet must contain
equally many independent bosonic and fermionic
operators (see, for instance, [2]).

It is always possible (and very convenient) to

embed the component fields OB,F
i (x) of a super-

multiplet in a superfield S(x, θ, θ̄). Here θα is an
anti-commuting superspace coordinate. (For now
we suppress any Lorentz indices carried by S.)
The component fields are identified with the x-
dependent coefficients when S(x, θ, θ̄) is expanded
as a power series in θ, θ̄. The commutation rela-
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tions (3) are succinctly encoded in the formula

[
ξQ+ ξ̄Q̄, S

]
= i

(
ξQ + ξ̄Q̄

)
S , (4)

which is the defining property of a superfield.3

Here ξα is an arbitrary Grassmann parameter
and Qα, Q̄α̇ are the superspace differential oper-
ators

Qα =
∂

∂θα
− iσµ

αα̇θ̄
α̇∂µ ,

Q̄α̇ = − ∂

∂θ̄α̇
+ iσµ

αα̇∂µ . (5)

Conversely, the defining property (4) implies that
the components of any superfield furnish a su-
permultiplet. Thus, supermultiplets and super-
fields are in one-to-one correspondence, and we
will treat them synonymously.

To see this in a little more detail, consider the
component expansion of a general scalar super-
field:

S(x, θ, θ̄) = C(x)+iθαψα(x)+· · ·+θ2θ̄2D(x) . (6)

As explained above, the defining property (4) de-
termines the commutation relations of the super-
charges Qα, Q̄α̇ with the component fields. These
commutators show that the supercharges act as
raising operators for the component fields.4 This
has two important consequences:

• The superfield S(x, θ, θ̄) can be constructed
from its bottom component C(x) by apply-
ing the supercharges. Thus, any local oper-
ator can be embedded in the bottom com-
ponent of a superfield. However, it is not
always possible to embed an operator in a
higher component. This will play a crucial
role in our analysis of various supercurrents.

• The SUSY variation of the top compo-
nent D(x) of any superfield is always a total
derivative. This fact will enable us to write
supersymmetric Lagrangians.

3 The factor of i in (4) is necessary for Hermiticity in
Minkowski space.
4For instance, [Qα, C] = −ψα.

A general superfield does not furnish an irre-
ducible representation of supersymmetry. To re-
duce a supermultiplet, we impose supersymmet-
ric constraints. This is most conveniently done in
terms of the superspace differential operators

Dα =
∂

∂θα
+ iσµ

αα̇θ̄
α̇∂µ ,

D̄α̇ = − ∂

∂θ̄α̇
− iσµ

αα̇∂µ . (7)

These anti-commute with the supersymmetry
generators Qα, Q̄α̇, and thus map superfields to
superfields. Hence, any constraint written in
terms of Dα, D̄α̇ is automatically supersymmet-
ric. We are now ready to begin exploring various
important supermultiplets.

1.2. Chiral Multiplets and Lagrangians
The most familiar representation of supersym-

metry is the chiral multiplet. It is the basic build-
ing block which enables us to write SUSY La-
grangians describing only scalars and fermions.
The bottom component of a chiral multiplet is an-
nihilated by Q̄α̇. For example, the bottom com-
ponent φ(x) of a scalar chiral multiplet satisfies

[
Q̄α̇, φ(x)

]
= 0 . (8)

The multiplet obtained from φ(x) by acting with
the supercharges is organized in a superfield
which satisfies the constraint D̄α̇Φ = 0. This con-
straint can be solved in components:

Φ = φ(y) +
√

2θψ(y) + θ2F (y) , (9)

where yµ = xµ + θσµθ̄. We immediately note two
key properties of chiral superfields:

• Any function which depends on the chiral
superfields Φi, but not their complex con-
jugates, is again a chiral superfield. Such a
function is said to be holomorphic in the Φi.

• The SUSY variation of F (x) is a total
derivative.

From (9) we see that Φ contains a complex
scalar φ, a Weyl fermion ψα, and another com-
plex scalar F which will turn out to be a non-
propagating auxilliary field. Among other things,
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F ensures that the chiral multiplet has four (real)
bosonic degrees of freedom to match the four
fermionic degrees of freedom coming from ψα. We
will abbreviate this by saying that Φ is a 4 + 4
multiplet. As advertised, Φ has exactly the right
field content to describe a theory of scalars and
fermions, and we would like to write a Lagrangian
for such a theory.

Up to total derivatives, a SUSY Lagrangian L

must be a real scalar whose variation under su-
persymmetry is a total derivative. We can thus
take

L = D + F + F̄ , (10)

where D is the top component of a real scalar
superfield K = K̄ and F is the θ2-component of
a chiral superfield W . This ensures that L is
real and supersymmetric. For reasons that will
be explained below, K is known as the Kähler
potential, and W is called the superpotential. A
particularly simple choice is to take K = Φ̄Φ
and W = 0. It is standard to pick out different
components of a superfield using Grassmann in-
tegration. For example, we can use

∫
d4θ to pick

out the top component of a superfield, or
∫
d2θ

to pick out the θ2 component. We thus write

L =

∫
d4θ Φ̄Φ , (11)

up to total derivatives. In components:

L = −∂µφ̄∂µφ+ i∂µψσ
µψ̄ + F̄F . (12)

This describes a free complex scalar φ, a free
Weyl fermion ψα, and a non-propagating auxil-
iary field F . In this example F vanishes by its
equations of motion. Because the choice K = Φ̄Φ
gives rise to the usual kinetic terms for φ and ψα,
it is called a canonical Kähler potential.

This trivial free theory can be readily general-
ized: consider N chiral superfields Φi and con-
sider the Lagrangian

L =

∫
d4θK(Φ, Φ̄) , (13)

where the Kähler potential K may now be a com-
plicated real function of the Φi and their com-
plex conjugates. (The superpotential W is still

taken to vanish.) After solving for the auxiliary
fields F i, which are now non-zero, the component
Lagrangian takes the form

L = −gij̄

(
φ, φ̄

)
∂µφ̄

j̄∂µφi + igij̄ ∂µψ
iσµψ̄j̄

+ igij̄Γ
i
kl

(
∂µφ

k
)
ψlσµψ̄j̄ +

1

4
Rij̄kl̄ ψ

iψk ψ̄j̄ψ̄l̄ .(14)

This theory is known as the supersymmetric non-
linear σ-model. The bosonic part is an ordi-
nary σ-model, whose target space is an N com-
plex dimensional manifold with metric gij̄ . Since
the Lagrangian (14) does not have a potential
term, any point φi on the target manifold is a
supersymmetric vacuum. (Recall that it follows
from the SUSY algebra (1) that supersymmetric
vacua have zero energy; vacua with positive en-
ergy spontaneously break SUSY.) In supersym-
metric theories, it is customary to refer to such
manifolds of vacua as moduli spaces. As usual,
the scalars φi should be thought of as coordinates
on the target space. This is consistent with the
fact that the theory is invariant under holomor-
phic field redefinitions of the form

Φ′i = f i(Φj) . (15)

Such field redefinitions can be thought of as co-
ordinate changes on the target manifold under
which the metric transforms in the usual tenso-
rial way.

In the supersymmetric σ-model, the metric is
determined by the Kähler potential:

gij̄ = ∂i∂j̄K . (16)

Thus, the target space is a Kähler manifold. Note
that gij̄ must be positive definite so that the ki-
netic terms in (14) have the correct sign required
by unitarity. The fermions couple to the geome-
try of this Kähler manifold through the connec-
tion Γi

jk and the curvature tensor Rij̄kl̄, which
depend on the metric and its derivatives. Under
a coordinate chage (15) the fermions transform

as ψ′i = ∂φ′i

∂φj
ψj . They can thus be identified

with vectors in the tangent space of the target
manifold.

The dynamics of the non-linear σ-model is un-
changed under redefinitions of the Kähler poten-
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tial which take the form

K ′(Φ, Φ̄) = K(Φ, Φ̄) + F (Φ) + F̄ (Φ̄) , (17)

for some holomorphic function F of the Φi. This
is known as a Kähler transformation. Such a
transformation only changes the Lagrangian by a
total derivative. This is because F (Φi) is chiral so
that its top component is a total derivative. Al-
ternatively, we see from (16) that the metric gij̄ is
unaffected by Kähler transformations, so that the
component Lagrangian (14) is also unchanged.

It is important to note that while we are always
free to perform Kähler transformations, there are
situations in which we are forced to do so. This
is the case whenever the target manifold has non-
trivial topology and must be covered with several
patches which make it impossible to consistently
define a single-valued Kähler potential. In this
case we are forced to use different Kähler poten-
tials in different patches. These Kähler poten-
tials must be related by a Kähler transformation
whenever two patches overlap.

As an example of a supersymmetric σ-model
which illustrates this point, we consider a single
chiral superfield Φ with Kähler potential

K = f2
π log

(
1 + |Φ|2

)
. (18)

In this normalization Φ is dimensionless, while
the constant fπ has dimensions of mass.5 The

metric is gφφ̄ =
f2

π

(1+|φ|2)2 , which we recognize

as the familiar round metric on the two-sphere
with radius ∼ fπ. The coordinate values φ = 0
and φ = ∞ correspond to antipodal points. As
we explained above, the moduli space of SUSY
vacua is just the two-sphere itself. This theory is
usually referred to as the CP

1-model. The Kähler
potential (18) gives rise to the Fubini-Study met-
ric on CP

1, which is nothing but the round metric
on the two-sphere.

To describe the point at infinity, we must per-
form a change of variables Φ → 1/Φ. This in-
duces a Kähler transformation (17) with F (Φ) =
f2

π log(Φ). It is, in fact, impossible to cover the

5This notation is due to the fact that fπ is the ana-
logue of the pion decay constant in the chiral Lagrangian
for QCD. Our example (18) describes the coset mani-
fold SU(2)/U(1) = CP

1.

two-sphere (or, as we will later explain, any other
compact manifold) with patches in such a way
that K is a globally well-defined scalar.

So far we have only discussed theories with-
out a superpotential W , such as the SUSY σ-
model (13). These theories did not have any
scalar potential. The simplest example with a
superpotential is a single chiral superfield Φ with
canonical Kähler potential and with superpoten-
tial W = 1

2mΦ2. After integrating out the aux-
iliary field F , this leads to the component La-
grangian

L = − ∂µφ̄∂µφ− |m|2|φ|2 + i∂µψσ
µψ̄

− 1

2
mψ2 − 1

2
m∗ψ̄2 . (19)

Thus, φ and ψ both acquire a mass |m|.
More generally, we can take the SUSY σ-

model (13) and add a superpotential W (Φi).
Since W must be chiral, it must be holomorphic
in the Φi. The resulting theory is called a Wess-
Zumino model:

L =

∫
d4θK(Φ, Φ̄) +

∫
d2θW (Φ) + c.c. . (20)

After integrating out the auxiliary fields, this
adds to the component Lagrangian (14) of the
σ-model a scalar potential and Yukawa-type in-
teractions:

L ⊃− gij̄∂iW∂j̄W̄

− 1

2

((
∂i∂jW − Γk

ij∂kW
)
ψiψj + c.c.

)
. (21)

The vacua of this theory are given by the min-
ima of the scalar potential which appears in the
first line of (21). Since supersymmetric vacua
have zero energy and the metric gij̄ is positive
definite, the space of SUSY vacua is specified by
the N complex equations ∂iW = 0 in the N com-
plex unknowns φi. This implies that without any
further structure Wess-Zumino models generally
have SUSY vacua. In section 3, we will explore
some simple theories whose vacua spontaneously
break supersymmetry.

1.3. Vector Multiplets and Gauge Theories
In this section we will describe the vector mul-

tiplet, which will enable us to write Lagrangians
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for supersymmetric gauge theories. For simplicity
we will limit ourselves to the Abelian case. A vec-
tor multiplet is a real superfield V = V̄ , subject
to the gauge transformations

V → V + i
(
Λ − Λ̄

)
, (22)

where Λ is a chiral superfield. These gauge trans-
formations allow us to fix Wess-Zumino gauge in
which the low-lying components of V vanish:

V = −
(
θσµθ̄

)
Aµ+iθ2θ̄λ̄−iθ̄2θλ+

1

2
θ2θ̄2D . (23)

Here Aµ is a real gauge field, the Weyl fermion λα

is its gaugino superpartner, and D is a real scalar
auxiliary field. The residual gauge freedom which
remains in Wess-Zumino gauge just consists of
ordinary gauge-transformations for Aµ.

To capture the gauge-invariant information
in V , we can define the superfield

Wα = −1

4
D̄2DαV , (24)

which is invariant under (22). From this defini-
tion, we immediately see that Wα satisfies the
constraints

D̄α̇Wα = 0 , DαWα = D̄α̇W̄
α̇ . (25)

In components:

Wα = − iλα(y) + θβ

(
δα

βD(y)

− i(σµν)α
βFµν(y)

)
+ θ2σµ

αα̇∂µλ̄
α̇(y) , (26)

where the closed, real two-form Fµν = ∂µAν −
∂νAµ is the field strength of Aµ. We therefor
refer to Wα as a field strength superfield. We
see that Wα is a 4+4 multiplet, corresponding to
the 4+4 gauge-invariant degrees of freedom in V .

For future reference, we note that any spinor
superfield Wα which satisfies the constraints (25)
has the component expansion (26) for some
closed, real two-form Fµν . Locally, we can al-
ways express such a two-form as Fµν = ∂µAν −
∂νAµ for some vector Aµ, and we can conse-
quently write Wα as in (24) for some vector

superfield V . However, in general Aµ and V
are not well-defined: they may undergo gauge-
transformations.

The superfield Wα has exactly the right field
content to write supersymmetric kinetic terms for
the gauge field and the gaugino. Since Wα is chi-
ral, we can take

L =
1

4e2

∫
d2θWαWα + c.c.

= − 1

4e2
FµνFµν +

i

e2
∂µλσ

µλ̄+
1

2e2
D2 . (27)

Here e is the gauge coupling. In this simple free
theory the auxiliary field D vanishes by its equa-
tions of motion.

In Abelian gauge theories, it is possible to add
a so-called Fayet-Iliopoulos (FI) term to the La-
grangian:

LFI = ξ

∫
d4θV . (28)

Here the FI-parameter ξ is real. The FI-term is
gauge invariant because the top-component of a
chiral superfield is a total derivative. Note that
the gauge-invariance of the FI-term resembles the
invariance of the Wess-Zumino Lagrangian (20)
under Kähler transformations. This connection
will resurface in later sections.

2. Global Symmetries

2.1. Global Current Supermultiplets
In local quantum field theories, the Noether

theorem guarantees that each continuous global
symmetry gives rise to a conserved current jµ sat-
isfying

∂µjµ = 0 , Q =

∫
d3x j0 . (29)

Here Q is the conserved charge corresponding
to jµ. In this review, we will not discuss R-
symmetries, so that Q is just an ordinary global
symmetry.6 In SUSY theories, we must em-
bed jµ in some supermultiplet. In order to de-
cide what constraints this superfield will satisfy,
we are guided by the following two observations:

6An R-symmetry is a global symmetry which does not
commute with SUSY: [R,Qα] = −Qα.
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• Because Q is an ordinary global symmetry
charge, it commutes with SUSY, [Qα, Q] =
0. This implies the current algebra

[Qα, jµ] = (S.T.) . (30)

The right-hand-side of this equation is con-
served when acting with ∂µ on both sides,
and it is a total space-derivative when µ = 0
so that it integrates to zero; it is known as
a Schwinger Term (S.T.).

• We expect jµ to be the highest spin com-
ponent in its supermultiplet. If this is not
the case, we could not gauge jµ without in-
troducing higher-spin gauge fields. This is
not expected to be consistent in rigid field
theories without gravity.

We thus posit that jµ is embedded in a real, scalar
superfield J which schematically takes the form

J = J+ iθj− iθ̄j̄+
(
θσµθ̄

)
(jµ + · · · )+ · · · . (31)

Here J is a real scalar, and jα is a Weyl fermion.
The dots are terms which are not uniquely fixed
by the requirements outlined above. Different
choices of Schwinger terms in (30) terms lead to
different ways of completing the multiplet. Al-
though there is a constructive way of writing the
most general solution, we will not follow this ap-
proach here. Instead, we will simply write down a
set of constraints for J and explore the resulting
component structure.

Conventionally, the global current supermulti-
plet J is taken to satisfy

D2J = D̄2J = 0 . (32)

A real superfield obeying these constraints is
called a linear multiplet. In components, such
a multiplet takes the form

J = J + iθj − iθ̄j̄ +
(
θσµθ̄

)
jµ

+
1

2
θ2θ̄σ̄µ∂µj −

1

2
θ̄2θσµ∂µj̄ −

1

4
θ2θ̄2∂2J , (33)

where jµ is the conserved vector current. We
immediately see that J contains no higher-spin

components. Moreover, we can use (4) on (33) to
extract the commutation relation

[Qα, jµ] = −2i(σµν)α
β
∂νjβ , (34)

whose right-hand-side is indeed a pure Schwinger
term. Having familiarized ourself with the struc-
ture of the global current multiplet (33), we can
now explore how it arises in theories with global
symmetries.

We begin by revisiting the free theory of a chi-
ral superfield (11), which is invariant under U(1)
phase rotations of Φ. This corresponds to the in-
variance of the component theory (12) under U(1)
phase rotations of φ, ψα and F . The equation of
motion D2Φ = 0 implies that J = Φ̄Φ is a lin-
ear multiplet, which in the normalization of (33)
contains the conserved vector current

jµ = i
(
φ̄∂µφ− ∂µφ̄φ

)
+ ψ̄σ̄µψ . (35)

This is the usual U(1) phase current which gives
charge +1 to φ and ψα.7

More generally, we can consider continuous
global symmetries of the SUSY σ-model (13). As-
sume that this theory is invariant under the in-
finitesimal global symmetry transformation

δΦi = ε(a)X(a)i(Φ) . (36)

Here the X(a)i are holomorphic in the Φi and
the ε(a) are infinitesimal real parameters; we will
use indices a, b, . . . to label different global sym-
metries. The transformation (36) must leave
the metric gij̄ invariant.8 However, the La-
grangian (13) may pick up a Kähler transforma-
tion:

δL =

∫
d4θ ε(a)

(
F (a)(Φ) + F̄ (a)(Φ̄)

)
, (37)

where the functions F (a) are holomorphic in
the Φi. This only changes the Lagrangian by a
total derivative.

7In our convention, an operator O has charge q under the
symmetry generated by Q if it satisfies [Q,O] = qO.
8Geometrically, this means that the X(a)i are the compo-
nents of holomorphic Killing vector fields X(a) = X(a)i∂i.
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To find the conserved currents corresponding
to the symmetries (36), we perform the super-
space analog of the usual Noether procedure: re-
place each infinitesimal transformation parame-
ter ε(a) with an arbitrary infinitesimal chiral su-
perfield Λ(a). (The fact that the Λ(a) are chi-
ral ensures that the variations of the chiral su-
perfields Φi are still chiral.) To linear order in
the Λ(a), the change in the Lagrangian must now
take the form

δL =

∫
d4θΛ(a)

(
F (a) − iJ (a)

)
+ c.c. , (38)

for some real superfields J (a). Note that (38)
reduces to (37) if we set Λ(a) = ε(a). However,
using the explicit form (36) of the infinitesimal
transformation with ε(a) replaced by Λ(a), we can
also write the change in the Lagrangian as

δL =

∫
d4θΛ(a)X(a)i∂iK + c.c. . (39)

Since (38) and (39) must agree for all chiral super-
fields Λ(a), we can identify the Noether currents

J (a) = iX(a)i∂iK − iF (a) . (40)

These are guaranteed to be real and conserved, as
can be checked using the sigma model equations
of motion D2∂īK = 0. Note that the Noether
currents (40) depend on the functions F (a) which
appear in the Kähler transformation (37). This is
not surprising: when the Lagrangian changes by
a total derivative under a symmetry transforma-
tion, then the Noether current acquires an addi-
tional piece.

Such a situation can arise even in the triv-
ial theory (11). This theory has a shift sym-
metry δΦ = ε under which the Lagrangian un-
dergoes a Kähler transformation with F = Φ.
By (40), the Noether current for this symmetry
is given by

J = i(Φ̄ − Φ) . (41)

An interesting complication occurs if we compact-
ify the target space of this model to a cylinder by
identifying Φ ∼ Φ+ i. As we go around the cylin-
der once, the bottom component of J shifts by

a constant. It is thus not a good operator in the
theory. In this case, we cannot embed the vec-
tor current corresponding to the shift symmetry
in the linear multiplet J . This also means that
we cannot gauge the shift symmetry in the usual
way (see subsection 2.2). This difficutly can be
overcome by embedding jµ in a different multiplet
which is well-defined. (The details of this proce-
dure are beyond the scope of this review.) Con-
ceptually, this situation has an exact analogue
for multiplets containing the supersymmetry cur-
rent Sαµ and the energy-momentum tensor Tµν ,
to be discussed in detail below.

2.2. Gauging Global Symmetries
In order to couple matter to a gauge field Aµ,

we add to the Lagrangian a term

δL ∼ jµA
µ + · · · . (42)

Here jµ is a conserved matter current, so that this
interaction is invariant under gauge transforma-
tions of Aµ. If the current jµ itself transforms
under gauge transformations, then (42) contains
additional terms (represented by the dots) with
higher powers of Aµ to ensure gauge invariance.
They will not be important for us, and we will
not discuss them.

In SUSY theories, the analogue of (42) is given
by the coupling

δL =

∫
d4θJ V , (43)

where J is a linear multiplet and V is a vec-
tor multiplet. Since D2J = 0, this interac-
tion term is invariant under gauge transforma-
tions (22) of V . In addition to the term in (42),
the interaction (43) contains Yukawa-type inter-
actions for the gaugino λα, as well as a coupling
of the bottom component J of J to the auxiliary
field D of the vector multiplet V . When D is in-
tegrated out, it gives rise to a new contribution
to the scalar potential:

VD =
e2

8
(J + ξ)2 , (44)

where e is the gauge coupling and ξ is an FI-term,
which may be present. We refer to (44) as a D-
term potential, since it arises from integrating out
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the D-component of a vector multiplet. This is
to be contrasted with the scalar potentials dis-
cussed at the end of subsection 1.2, which were
the result of integrating out the F -components
of chiral superfields. These are known as F -term
potentials.

As a simple example, which will reappear in
later sections, consider a theory of two chiral su-
perfields Φ1,2 with canonical Kähler potential and
charge +1 under U(1) phase rotations.9 The cor-
responding conserved current is given by

J = Φ̄1Φ1 + Φ̄2Φ2 . (45)

This gives rise to the D-term potential

VD =
e2

8

(
|φ1|2 + |φ2|2 + ξ

)2
. (46)

If ξ > 0, then the vacuum energy is positive:
there are no SUSY vacua. If ξ < 0, then the
moduli space of vacua is given by the three-
sphere |φ1|2 + |φ2|2 = −ξ modulo U(1) gauge
transformations acting on φ1,2, which is nothing
but CP

1. The corresponding low-energy theory
describing the massless moduli is the CP

1-model,
which we introduced at the end of subsection 1.2.

For future use, we now briefly describe how
to gauge a general global symmetry of the non-
linear σ-model. As in the examples above, we
simply add to the Lagrangian (13) a term

L
′ =

∫
d4θJ (a)V (a) . (47)

Here the J (a) are the Noether currents (40).
Under a gauge-transformation with chiral gauge
parameter Λ(a), the vector fields transform in
the usual way, while the change in the σ-model
Lagrangian L is given in (38). The complete
Lagrangian is now gauge-invariant up to total
derivatives:

δ (L + L
′) =

∫
d4θΛ(a)F (a) + c.c.+ · · · , (48)

where the dots represent unimportant higher-
order terms and the F (a) are the holomorphic

9The fact that this theory is quantum mechanically
anomalous will not be important for us.

functions which appear in the Kähler transfor-
mation (37). The D-term scalar potential in this
theory is given by

VD =
1

8

∑

a

g2
a

(
J (a)

)2

. (49)

Here the ga are the gauge coupling constants
which arise from the kinetic terms of the differ-
ent V (a), and the J (a) are the bottom components
of the Noether currents J (a).

3. SUSY-Breaking

3.1. Simple Examples
If supersymmetry is to play any role in describ-

ing nature, then it must be spontaneously bro-
ken. As we already mentioned, SUSY is sponta-
neously broken if the vacuum energy is positive.
Moreover, broken supersymmetry always leads to
a massless fermion, the Goldstino, which is the
exact analogue of the Goldstone bosons which ap-
pear when ordinary global symmetries are sponta-
neously broken. We will now explore a few simple
examples which break SUSY at tree-level.

The simplest SUSY-breaking theory consists of
one chiral superfield Φ with a linear term in the
superpotential

L =

∫
d4θ Φ̄Φ +

∫
d2θ fΦ + c.c. . (50)

The scalar potential in this theory is simply a
constant V = |f |2. Thus, the spectrum con-
sists of a massless fermion ψα – the Goldstino
– and a massless scalar φ. Since there is no
potential for φ, the theory has infinitely many
SUSY-breaking vacua with nonzero energy |f |2,
and since the theory is free these vacua are not
lifted.

We can make this model more interesting by
adding an additional term to the Kähler poten-
tial:

L =

∫
d4θ

(
Φ̄Φ − 1

4Λ2
Φ̄2Φ2

)

+

∫
d2θ fΦ + c.c. . (51)
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This is an effective theory below the high cutoff
scale Λ. The scalar potential is now given by

V =
|f |2

1 − 1
Λ2 |φ|2

= |f |2
(

1 +
|φ|2
Λ2

+ · · ·
)
. (52)

Now there is a single SUSY-breaking vacuum
at φ = 0. The boson φ has acquired a
mass |f |2/Λ2, while the massless fermion ψα is
again identified with the Goldstino.

The model (51) is not renormalizable. The sim-
plest non-trivial, renormalizable model of spon-
taneous SUSY-breaking is the O’Raifeartaigh
model [3]. The model has three chiral super-
fieldsX,Φ, Φ̃ with canonical Kähler potential and
superpotential

W = XΦ2 +mΦΦ̃ + fX . (53)

The conditions for the existence of a SUSY vac-
uum are φ = 0, φ2 = f , and mφ̃ = 2xφ,
where we denote by x, φ, φ̃ the bottom compo-
nents of X,Φ, Φ̃. Clearly these conditions are in-
consistent and there is no supersymmetric vac-
uum. By studying minima of the full scalar po-
tential V , we see that the theory has a SUSY-
breaking vacuum with energy V = |f |2 at φ =
φ̃ = 0. (This vacuum is only stable if 2|f | < |m|2;
if this is not the case, the structure of the vacuum
is somewhat different, but SUSY is still broken.)
For φ = 0, the scalar potential is independent
of x. The field x is thus massless and can take
on any vacuum expectation value. Just like the
trivial theory (50), the O’Raifeartaigh model thus
has infinitely many SUSY-breaking vacua at tree
level. (This is a very general property of such
theories [4,5].) However, unlike the previous the-
ory which was free, it is now possible for radiative
corrections to lift this vacuum degeneracy: x be-
comes massive and is stabilized at the origin by
the one-loop correction to the scalar potential:

V (1) ∼ 1

16π2

|f |2
m2

|x|2 + · · · . (54)

Note that after integrating out the heavy
fields Φ, Φ̃ of mass ∼ m, the low-energy dynam-
ics of X is governed by an effective theory of the
form (51) with the cutoff given by Λ ∼ m.

In the three examples above SUSY was broken
because the vacuum energy was positive due to
non-vanishing F -terms coming from chiral super-
fields. It is also possible to break supersymmetry
through non-vanishing D-terms coming from vec-
tor superfields. The prototypical such example is
the FI-model:

L =
1

4e2

∫
d2θWαWα + c.c.+

∫
ξd4θ V . (55)

This model is free, but has a vacuum energy V =
e2ξ2/8. The free gauge field is necessarily
massles, while the massless gaugino is the Gold-
stino.

3.2. Comments on Dynamical SUSY-
Breaking

Unlike other symmetries, the spontaneous
breaking of supersymmetry is highly con-
strained. It is a consequence of powerful non-
renormalization theorems [6,7] that supersymmet-
ric vacua cannot be lifted by radiative corrections:
if there is a SUSY vacuum in the classical theory,
then it cannot disappear in perturbation theory.
Thus SUSY can only be broken in two ways:

• The classical theory has no SUSY vacua.
In this case we say that it breaks SUSY at
tree-level.

• The classical theory has SUSY vacua, but
they are lifted by non-perturbative ef-
fects. This is known as dynamical SUSY-
breaking.

All theories discussed in the previous subsec-
tion break SUSY at tree-level. As was empha-
sized by Witten [8], such models are unappealing
because they force us to introduce dimensionful
parameters by hand so that we still have to ex-
plain the large hierarchy between the electroweak
scale and the Planck or GUT scale.

On the other hand, the option of dynamical
SUSY-breaking is very appealing. The scale

√
f

of supersymmetry breaking can now arise through
dimensional transmutation
√
f ∼ ΛUV e

− 8π2

g2 , (56)

with g . 1 an asymtotically free gauge cou-
pling, and thus

√
f can naturally be exponentially
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smaller than the cutoff ΛUV . This might explain
why the weak scale is so much smaller than the
Planck or GUT scale. We should thus be study-
ing theories with strong dynamics in the IR which
can trigger SUSY-breaking. This is a vast sub-
ject (see [9] and references therein), and we will
restrict ourselves to a few general comments.

Roughly speaking, dynamical theories fall into
three classes:

• Theories in which supersymmetry breaking
is triggered by non-perturbative effects, but
the vacuum is in the semiclassical regime.

• Theories in which the vacuum is in the
strongly-coupled regime of the original de-
grees of freedom, but can still be analyzed
via Seiberg duality [10].

• Strongly coupled theories in which little can
be said about the vacuum, but for which
there are convincing (usually indirect) ar-
guments that SUSY is broken.

The first two types of models are referred to as
calculable. At low energies, they are described by
Wess-Zumino models, possibly with IR-free gauge
fields and effective FI-terms. By studying such
models we may hope to shed light on the dynam-
ics of interesting dynamical models.

In the next section we will continue our study of
interesting supermultiplets. We will then explain
how these multiplets can be used to constrain the
dynamics and low-energy behavior of various the-
ories – both with and without SUSY breaking.

4. Supercurrents

4.1. The Ferrara-Zumino Multiplet
Four-dimensional theories with N = 1 super-

symmetry possess a conserved supersymmetry
current Sαµ satisfying (2). Just like any other
well-defined local operator, we have to embed Sαµ

in some multiplet. In order to write down sensi-
ble constraints for such a supercurrent multiplet,
we are guided by the following two observations:

• The SUSY-algebra (1) gives rise to the cur-
rent algebra

{Q̄α̇, Sαν} = 2σµ
αα̇Tµν + (S.T.) , (57)

where (S.T.) are Schwinger Terms, and Tµν

is a conserved, symmetric energy momen-
tum tensor:

∂νTµν = 0 , Pµ =

∫
d3xTµ

0 . (58)

The supersymmetry currrent and the
energy-momentum tensor must thus belong
to the same supermultiplet – a supercur-
rent.

• We expect Tµν to be the highest spin com-
ponent in the supercurrent multiplet. If this
is not the case, then it might be problematic
to couple the theory to supergravity.

We conclude that the supersymmetry current and
the energy-momentum tensor are embedded in
a real vector superfield Jµ which schematically
takes the form

Jµ = jµ − iθ (Sµ + · · · ) + iθ̄
(
S̄µ + · · ·

)

+
(
θσν θ̄

)
(2Tνµ + · · · ) + · · · . (59)

The real vector jµ is generally not conserved.
As in the case of the global current multiplet,
the dots are terms which are not uniquely fixed
by the requirements outlined above, and different
choices of Schwinger terms in in (57) give rise to
different ways of completing the multiplet. Again
we will not discuss the constructive approach to
writing the most general solution [11]. Instead,
we will begin by exploring the most conventional
set of constraints for the supercurrent multiplet,
only amending them when we are forced to do so.

The simplest and most widely known super-
current is called the Ferrara-Zumino (FZ) multi-
plet [12]. It is defined by the equations10

D̄α̇Jαα̇ = DαX , D̄α̇X = 0 . (60)

10Our convention for switching between vectors and bi-
spinors is ℓαα̇ = −2σµ

αα̇
ℓµ, ℓµ = 1

4
σ̄α̇α

µ ℓαα̇ .
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In components, the FZ-multiplet takes the form

Jµ = jµ − iθ

(
Sµ +

1

3
σµσ̄

νSν

)
+
i

2
θ2∂µx̄

+ iθ̄

(
S̄µ +

1

3
σ̄µσ

ν S̄ν

)
− i

2
θ̄2∂µx

+
(
θσν θ̄

) (
2Tµν − 2

3
ηµνT − 1

2
ενµρσ∂

ρjσ

)

+ · · · . (61)

Here T = T λ
λ is the trace of the energy-

momentum tensor. The higher components
of Jαα̇ only contain derivatives of components
which we have already displayed. The chiral su-
perfield X takes the form

X = x(y) +
√

2θψ(y) + θ2F (y) , (62)

with

ψ =
i
√

2

3
σµ

αα̇S̄
α̇
µ ,

F =
2

3
T + i∂µjµ . (63)

We see that the FZ-multiplet contains 12 =
2 [x] + 4 [jµ] + 6 [Tµν ] independent bosonic com-
ponents, which match the 12 fermionic compo-
nents of Sαµ. Thus, the FZ-multiplet is a 12+12
multiplet. It is straightforward to check that the
explicit component expressions (61) and (62) lead
to a SUSY current algebra of the form (57):

{Q̄α̇, Sαµ} =σν
αα̇

(
2Tνµ + i∂νjµ

− iηµν∂
λjλ − 1

2
ενµρλ∂

ρjλ

)
. (64)

When X vanishes, then we see from (63) that the
energy-momentum tensor is traceless, and that jµ
is now a conserved current. In this case, the the-
ory is superconformal and the FZ-multiplet only
has 8 + 8 components.

As the simplest example, we again consider the
free theory (11) of a single chiral superfield Φ.
Using the superspace equation of motion D2Φ =
0 it is straightforward to check that the multiplet

Jαα̇ = 2DαΦD̄α̇Φ̄ − 2

3
[Dα, D̄α̇]Φ̄Φ (65)

satisfies

D̄α̇Jαα̇ = 0 . (66)

As expected, the FZ-multiplet reduces to the
superconformal multiplet for the free scalar.
By expanding Φ in components and comparing
with (61), we see that the energy-momentum ten-
sor embedded in Jαα̇ reads

Tµν = ∂µφ̄∂νφ+ (µ↔ ν) − ηµν∂
λφ̄∂λφ

− 1

3

(
∂µ∂ν − ηµν∂

2
)
|φ|2 + (fermions) . (67)

The first line is the familiar energy-momentum
tensor for a free, massless scalar. The second line
is an improvement term: it is automatically con-
served (without using the equations of motion),
and it does not affect the conserved charge Pµ

because setting ν = 0 turns it into a total space
derivative. We are free to add these kind of im-
provement terms to any conserved current. In
this case the constraint D̄α̇Jαα̇ = 0 fixes the
improvement term in a particular way: it guar-
antees that Tµν is traceless. The relation be-
tween supersymmetric constraints and improve-
ment terms will play a pivotal role in what fol-
lows.

More generally, we can consider the Wess-
Zumino model (20). Using the equations of mo-
tion D̄2∂iK = 4∂iW , we can check that

Jαα̇ = 2gij̄DαΦiD̄α̇Φ̄j̄ − 2

3
[Dα, D̄α̇]K ,

X = 4W − 1

3
D̄2K (68)

satisfy the defining equation (60) of the FZ-
multiplet. We will make use of this formula on
several occasions.

Finally, the FZ-multiplet for the FI-model (55)
readily follows from the equation of mo-
tion DαWα = e2ξ. It is given by:

Jαα̇ = − 4

e2
WαW̄α̇ − 2

3
ξ[Dα, D̄α̇]V ,

X = − ξ
3
D̄2V . (69)

It is similarly straightforward to obtain the FZ-
multiplet for gauge theories coupled to matter (we
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will not write down the most general expression
here).

Looking at (55) we make an unsettling obser-
vation: in the presence of an FI-term ξ, nei-
ther Jαα̇ nor X are invariant under the usual
gauge-transformation δV = i(Λ− Λ̄), with Λ chi-
ral [13]. (This conclusion is not changed by the
inclusion of matter.) Thus, the FZ-multiplet is
not gauge-invariant, and consequently its compo-
nents are not well-defined operators. From this,
we might mistakenly conclude that models with
FI-terms are inherently ill-defined, because they
do not have a well-defined supersymmetry current
or energy-momentum tensor.

To see why this is not so, we examine the gauge
non-invariance of the FZ-multiplet (69) in more
detail. Under a gauge transformation, this mul-
tiplet transforms as follows:

δJαα̇ = −2

3
ξ∂αα̇

(
Λ + Λ̄

)
,

δX =
i

3
ξD̄2Λ̄ . (70)

By expanding these expressions in components
and comparing with (61), we see that the bot-
tom component jµ ∼ ξAµ + (fermions) explic-
itly depends on the gauge field Aµ and is sim-
ply not gauge-invariant. However, the gauge non-
invariance of the energy-momentum tensor takes
the special form

δTµν =
2

3
ξ
(
∂µ∂ν − ηµν∂

2
)
ImΛ| , (71)

where Λ| denotes the bottom component of the
superfield Λ. We see that the transformation
of Tµν in (70) is a pure improvement term. As we
explained above, this means that it is automati-
cally conserved and does not affect the conserved
charged Pµ. Completely analogously, it can be
checked that the supersymmetry current Sαµ also
only shifts by a pure improvement term. The
FI-model thus has well-defined, gauge-invariant
operators Pµ, Qα, which make it a well-defined
supersymmetric field theory.

How, then, do we interpret the fact that the su-
persymmetry current and the energy-momentum
tensor embedded in the FZ-multiplet (61) are not
gauge-invariant and do not exist as well-defined

operators? The answer is that Sαµ and Tµν are
not unique; they are only defined up to improve-
ment terms. Different choices of improvement
terms lead to different local currents, but do not
affect the corresponding charges. It is usually
possible to chose the improvement terms in such
a way that the currents are well-defined opera-
tors. However, a problem could arise when at-
tempting to embed these operators into super-
multiplets. In this case there may be a clash be-
tween the existence of certain supermultiplets and
the requirement that these multiplets be gauge
invariant. This is precisely what happens in
the FI-model: forcing Sαµ and Tµν into an FZ-
multiplet requires us to pick gauge non-invariant
improvement terms. Conversely, it is possible to
pick gauge-invariant improvement terms for Sαµ

and Tµν , but this makes it impossible to embed
these operators into an FZ-multiplet. In this case
it is necessary (and possible) to find different su-
permultiplets into which we can embed gauge-
invariant choices for Sαµ and Tµν . Such multi-
plets will be discussed in section 6.

In light of the preceding discussion, we are led
to carefully reconsider the existence of the FZ-
multiplet (68) for the Wess-Zumino model. We
see that the Kähler potential K formally appears
in the same way as the vector field V in the
FZ-multiplet for the FI-model. Morover, Kähler
transformations of K are take the same form as
gauge-transformations of V . We conclude that
the FZ-multiplet of the Wess-Zumino model is not
invariant under Kähler transformations. Again,
these Kähler transformations only change the su-
persymmetry current and the energy-momentum
tensor by improvement terms.

However, unlike gauge transformations, Kähler
transformations are not an absolute necessity. It
often does not matter if the multiplet transforms
under Kähler transformations. The only become
essential when the target space M of the sigma
model needs to be covered with several patches
and Kähler transformations are needed to switch
between the patches. This happens, for instance,
in the CP

1 model described in subsection 1.2.
In such theories, the FZ-multiplet is not a well-
defined operator. Equivalent ways of describing
the target space of the theory result in energy-
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momentum tensors which differ by improvement
terms, even though they should be identical, and
likewise for the supersymmetry currents. In other
words, there is no unambiguous way of fixing
these operators.

We would like to understand the precise mathe-
matical conditions under which the FZ-multiplet
for Wess-Zumino models is well-defined. From
the metric gij̄ we can construct the Kähler form

ω = igij̄dφ
i ∧ dφ̄j̄ . (72)

Since gij̄ is locally derived from a Kähler poten-
tial, ω is closed: dω = 0. In every patch we
can thus find a one-form A such that ω = dA.
Locally, this Kähler connection is given by A ∼
i∂iKdφ

i +c.c. . In general, ω is not exact and the
Kähler connection A is not globally well-defined.
The obstruction to the global existence of A is
measured by the cohomology class [ω] ∈ H2(M).
If ω vanishes in H2(M), then A is globally well-
defined and thus a good operator the theory.

The bottom component of (68) is given by

jµ =
2i

3
∂iK∂µφ

i + c.c.− 1

3
gij̄ψ̄

j̄ σ̄µψ
i . (73)

While the fermionic piece only depends on the
metric and is thus invariant under Kähler trans-
formations, we recognize the bosonic piece as the
pull-back to space-time of the Kähler connec-
tion A. This is is well-defined only if ω is ex-
act and vanishes in H2(M). If this condition is
not satisfied, then jµ is not a good local opera-
tor in the theory, since it depends on the choice
of patch in target space. In this case, the entire
FZ-multiplet (68) is not well-defined [14].

As a special case, note that the Kähler form of a
compact manifold can never be exact. If this were
the case, then the volume form ωdim(M)/2 would
also be exact and thus integrate to zero on the
compact manifold; this is a contradiction. Thus,
a Wess-Zumino model with compact target man-
ifold, such as the CP

1-model (18), cannot have a
well-defined FZ-multiplet.

In this section we have explored the FZ-
multiplet, in which the supersymmetry current
and the energy-momentum tensor are convention-
ally embedded. This multiplet exists in the vast

majority of SUSY theories, including asymptot-
ically free gauge theories, such as supersymmet-
ric QCD (SQCD). As far as we know, the FZ-
multiplet only fails to exist when one of the fol-
lowing conditions holds:

• Some U(1) gauge group has an FI-term.

• The target-space has non-trivial topology,
so that the Kähler form is not exact.

In the first case, the FZ-multiplet is not gauge-
invariant, while in the second case it is not glob-
ally well-defined. These insights will enable us to
derive exact results about the dynamics of SUSY
field theories, SUSY-breaking, and supergravity.

4.2. Consequences for SUSY Theories
It is a general fact about quantum field the-

ory that operator equations are invariant under
renormalization group (RG) flow as long as the
operators involved are well-defined and gauge-
invariant. This means that if some operator rela-
tion holds in the UV (where field theories are usu-
ally defined), then it continues to hold along the
entire RG-flow. Applying this reasoning to the
FZ-multiplet immediately leads to constraints on
the RG-flow of supersymmetric field theories.

Consider a supersymmetric field theory which
has no FI-terms in the UV. This means that this
theory has a well-defined, gauge invariant FZ-
multiplet. This multiplet must therefore persist
along the entire RG-flow. We conclude that FI-
terms cannot be generated along the flow; this is
true at any order in perturbation theory and even
non-perturbatively. For instance, it might hap-
pen that the theory flows through a regime with
strong dynamics, and that a U(1) gauge symme-
try emerges in some weakly-coupled dual descrip-
tion. In this case the gauge-invariance of the FZ-
multiplet prevents this emergent U(1) gauge the-
ory from having an FI-term. It is even possible
to argue that if an FI-term is present in the UV,
then its value is not renormalized. Other deriva-
tions of these results can be found in [15–18].

Completely analogously, let us consider a the-
ory which has a well-defined, gauge-invariant FZ-
multiplet in the UV. For example, we could
consider an ordinary SUSY gauge theory, with
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canonical Kähler potential for the matter fields
and no FI-terms. At low energies, such field the-
ories are often described by a weakly-coupled σ-
model (perhaps with IR-free gauge fields). It is
expected that this will happen whenever the field
theory has a strong coupling scale Λ, below which
it is described by massless moduli. Since this the-
ory has a well-defined FZ-multiplet in the UV,
and this multiplet persists along the entire RG-
flow, we conclude that the low-energy σ-model
must have have an exact Kähler form ω. This
severely constrains the quantum moduli space of
the low-energy theory: the integral

∫
ω ∧ ω ∧ · · ·

over any compact, even-dimensional cycle must
vanish. As we already explained in the previous
subsection, the means in particular that the mod-
uli space cannot be compact (of course, it can be a
set of points). It is particularly interesting to test
this theorem in SQCD with the same number of
colors and flavors. In this case the topology of the
modul-space changes under RG-flow and becomes
non-trivial in the IR [19]. However, in accordance
with the general result above, the Kähler form of
this deformed quantum moduli space is exact.

The formal similarity between the two theo-
rems described above is not coincidental. On
the one hand, they are both consequences of the
RG-invariance of the FZ-multiplet. On the other
hand, it may be that if a theory does not have
an FZ-multiplet in the UV due to the presence of
an FI-term, it may flow to a σ-model which fails
to have an FZ-multiplet because its target space
has a non-exact Kähler form.

The simplest example of this phenomenon is
the theory discussed at the end of subsection 2.2.
In the UV, this theory starts out as an abelian
gauge theory with an FI-term ξ and two chiral
matter fields of charge +1. When ξ < 0, it follows
from the scalar potential (46) that the low-energy
theory which describes the moduli space of SUSY-
vacua is given by the CP

1-model, whose target
space is compact.

5. Applications to SUSY-Breaking

In this section we will consider two applica-
tions of the FZ-multiplet to SUSY-breaking. The
first application rests on the relation of the FZ-

multiplet to the Goldstino. This will enable us to
derive exact results about such SUSY-breaking
theories. It will also lead to a useful formalism
for writing Lagrangians with non-linearly realized
supersymmetry. The second application concerns
the interplay of F -terms and D-terms in SUSY-
breaking theories. We show under very broad as-
sumptions that there can be no SUSY-breaking
vacua (even meta-stable ones) in which the D-
terms are parametrically larger than the F -terms.

5.1. The FZ-Multiplet and the Goldstino
A universal prediction of spontaneous SUSY-

breaking is the existence of a massless Weyl
fermion, the Goldstino Gα. We will not do jus-
tice to the extensive literature on the Goldstino.
Most of the references can be found in [20], which
is also the main reference for this subsection.

When a global symmetry is spontaneously bro-
ken, the corresponding conserved charge is not a
well-defined operator because its correlation func-
tions are IR divergent. As a result, the physical
states of the theory are not in linear representa-
tions of the symmetry. However, the conserved
current and even commutators of local operators
with the conserved charge do exist. In contrast to
the states, the local operators do in fact furnish
a linear representation of the symmetry. These
statements carry over without modification when
supersymmetry is spontaneously broken in infi-
nite volume: the supercharge Qα does not exist,
but the supersymmtry current and (anti-) com-
mutators with Qα do exist. (When SUSY is spon-
taneously broken in finite volume, even Qα ex-
ists.) This means that operators still reside in su-
permultiplets, and that we can use the formalism
of superspace and superfields without modifica-
tion.

Recall the defining equation (60) of the FZ-
multiplet:

D̄α̇Jαα̇ = DαX , (74)

where X is chiral. In this subsection we will
only discuss theories which admit a well-defined,
gauge-invariant FZ-multiplet. This multiplet re-
quires the existence of a complex scalar x, the
bottom component of X , which is a well-defined
operator in the theory. If we are given a micro-
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scopic description of the theory in the UV, we can
express x in terms of elementary fields.

The chiral superfield X can be consistently fol-
lowed along the RG-flow down to the IR, even
when SUSY is spontaneously broken. We can see
this in the simplest SUSY-breaking model (50),
which only has a single chiral superfield Φ. In
this theory, the F -term is non-zero, but φ and ψα

are free, massless fields. As was discussed in
subsection 3.1, we identify ψα with the Gold-
stino Gα. Since this theory is a Wess-Zumino
model with K = Φ̄Φ and W = fΦ, we find
from (20) that X = 8

3fΦ. In this simple exam-
ple, the operator X is thus proportional to Φ, so
that the θ-component of X is proportional to the
Goldstino.

More generally, standard arguments about
symmetry breaking show that when supersymme-
try is spontaneously broken, the low-energy su-
persymmetry current is expressed in terms of the
Goldstino Gα as

Sαµ =
√

2fσµαα̇Ḡ
α̇+f ′(σµν)α

β∂νGβ +· · · , (75)

for some constants f and f ′. Note that the term
with f ′ is an improvement term and can be ig-
nored. We see that at low energies, the spin- 3

2
component of the supersymmetry current essen-
tially decouples, while the spin- 1

2 component is
proportional to the Goldstino. Since we know
from (63) that the θ-component of X is given by
the spin- 1

2 projection of Sαµ, we again conclude
that at long distance the θ-component of X is
proportional to the Goldstino.

In the trivial example of a free chiral super-
field Φ, the lowest component x of the superfield
X is proportional to the free scalar φ. In general,
the low-energy Goldstino is not accompanied by
a massless scalar. Then, the bosonic operator x
cannot create a-one particle state. Instead, the
simplest bosonic state it can create contains two
Goldstinos. When supersymmetry is broken in
finite volume, the states in the Hilbert space are
in linear supersymmetry multiplets. The super-
symmetric partner of a one Goldstino state Q̄α̇|0〉
is a two Goldstino state Q̄1̇Q̄2̇|0〉. At infinite
volume the supercharge does not exist and the
zero momentum Goldstino state is not normaliz-
able. However, the finite volume intuition is still

valid. The operator ψφ creates a one Goldstino
state and its superpartner φ ∼ x creates a two-
Goldstino state.

We denote this non-linear superfield which con-
tains the Goldstino bilinear in the bottom com-
ponent XNL, and xNL denotes the bottom com-
ponent itself. Consistency of this superfield under
supersymmetry transformations (which, again,
are legal even if SUSY is spontaneously broken)
fixes it to take the form

XNL =
G2

2F
+
√

2θG+ θ2F , (76)

where all the fields are functions of yµ.
Clearly, (76) satisfies the interesting operator
identity

X2
NL = 0 . (77)

(Other realizations of nonlinear supersymmetry
can be found, for example, in [21,22])

We conclude that the Goldstino resides in a chi-
ral superfield XNL which satisfies X2

NL = 0. Fur-
thermore, this chiral superfield is the IR limit of
the microscopic superfield X . Surprisingly, this
result is true both for F -term and for D-term
breaking because it relies only on the existence
of the chiral operator X . (The only exception is
the situation with pure D-term breaking which
occurs when a tree-level FI-term is present for an
unbroken U(1) gauge theory. In this case the op-
erator X is not gauge invariant and we do not
discuss it here.11 Thus, our discussion is appli-
cable in all the interesting models of dynamical
SUSY breaking.

We will momentarily see that this identification
of the low-energy limit of the operator X , which
exists in all field theories we are interested in,
allows us to derive some non-perturbative results.

It is instructive to compare the situation here
with the theory of ordinary Goldstone bosons like
pions. Clearly, the decay constant f here is anal-
ogous to the decay constant fπ of pion physics.
Both of them are well defined. However, in pion

11However, our discussion does apply in the Higgs phase
of the FI-model [23], where the low-energy limit of X can
be rendered gauge invariant by dressing it with fields that
obtain expectation values.
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physics the order parameter 〈ψψ〉 for chiral sym-
metry breaking does not have a universal def-
inition with a precise normalization (it suffers
from wavefunction renormalization). In our case
the order parameter for supersymmetry breaking
is the energy-momentum tensor which resides in
the same multiplet as the supersymmetry cur-
rent. Hence, it has a well-defined normalization.
Therefore, our X is completely well-defined. Cor-
respondingly, the operator ψψ of pion physics
acts as an interpolating field for pions, but its
normalization is not meaningful. In our case X
is used both as an order parameter for supersym-
metry breaking and as an interpolating field for
Goldstinos with well-defined normalization.

The analogy with pion physics also clarifies
the meaning of our constraint (77). It arises
from removing the massless scalar in X . This is
analogous to describing pion physics by starting
with a linear sigma model with a σ-field. Re-
moving the σ-field is implemented by imposing a
constraint UU † = 1, which is analogous to our
X2

NL = 0.
Since in every microscopic theory we can iden-

tify X in the ultraviolet, and if SUSY is spon-
taneously broken we also know its universal low-
energy limit, we can calculate various correlation
functions of operators at large separations even
in strongly coupled models. Hence even “incalcu-
lable” models of SUSY breaking (like the SU(5)
theory of [24] or the SO(10) theory of [25]) have
a solvable sector at long distances. The oper-
ator x interpolates between the vacuum and a
state with two Goldstinos, with a universal nor-
malization. This is because at long distances the
leading behavior of x is proportional to that of
G2. Therefore,

lim
|r|→∞

〈x(r)x̄(0)〉 =

(
4

3π2

)2
1

|r|6 . (78)

This is independent of the details of the micro-
scopic theory and its coupling constants. In a
similar fashion we can calculate the long distance
limit of any correlation function of x and x̄.

This idea can be pushed further and many more
non-perturbative results of this form can be ob-
tained. In fact, a pretty rich set of exact results
on SUSY-breaking theories arises with interesting

underlying mathematical structure, but we will
not elaborate on this any further here.

We will now explain how to use XNL to write
supersymmetric effective Lagrangians. We start
without including derivatives. At that level, the
most general supersymmetric Lagrangian subject
to the constraint X2

NL = 0 is

∫
d4θ X̄NLXNL +

∫
d2θ fXNL + c.c. , (79)

where without loss of generality we take f to be
real. This looks like the free chiral multiplet ex-
cept that the superfield is constrained. This con-
straint removes the massless scalar field and in-
troduces nonlinearities.

More explicitly, the constraint can be solved as
in (76). Substituting this in (79), we derive the
component Lagrangian

i∂µḠσ̄
µG+ F̄F +

Ḡ2

2F̄
∂2

(
G2

2F

)
+ (fF + c.c.) .

(80)

The equations of motion of the auxiliary fields
F, F̄ can be solved and upon substituting this
back in the component Lagrangian we find

L = −f2 + i∂µḠσ̄
µG+ 1

4f2 Ḡ
2∂2G2

− 1
16f6G

2Ḡ2∂2G2∂2Ḡ2 . (81)

This is equivalent to the Akulov-Volkov La-
grangian [26]. (See also [27–29].) Here we have
given a fully off-shell supersymmetric description
of this theory.

The real advantage of this approach is the sim-
plifications in writing higher derivative correc-
tions to (79) and, more interestingly, couplings to
possibly light matter fields (such as MSSM fields,
Goldstone bosons, ’t Hooft fermions etc.). Indeed
such problems are easily solved in this formal-
ism since we have an off-shell description and so
we can use all the familiar superspace techniques
for writing Lagrangians (the number of allowed
operators is smaller because of the various con-
straints).

This toolbox can be put to use in many possible
contexts and some recent examples include [30–
37]
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The last thing we would like to demonstrate be-
fore closing this subsection is the way the nilpo-
tent equation (77) arises from the dynamics in a
simple example. In order to remove the massless
scalar we include a non-canonical Kähler poten-
tial

K = Φ̄Φ − c

M2
Φ̄2Φ2 , (82)

and

W = fΦ . (83)

Here c is a dimensionless positive number of order
one. Such a theory can arise as the low-energy
Lagrangian below some scale M after neglect-
ing higher order terms in 1

M . (For example, the
low-energy limit of the standard O’Raifeartaigh
model looks like (82).) It is valid for

√
f ≪ E ≪M . (84)

Let us integrate out the massive bosons. Re-
membering that the Lagrangian contains inter-

action terms of the form − c
M2

∣∣2φFφ − ψ2
∣∣2, the

zero-momentum equation of motion of φ sets it
to

φ =
ψ2

2Fφ
. (85)

Note that it is independent of c, or in other words,
it is independent of the details of the high energy
physics (this is an example of our universality).

Upon substituting (85) back into Φ, we discover
that in the Φ2 = 0. Hence, it satisfies the same
constraint as XNL. To make the relation more
precise, we can go through a careful calculation
of the supercurrent. The main point, however,
is that the nilpotentcy equation arises from inte-
grating out heavy degrees of freedom.

5.2. Restrictions on Large D-Terms
In subsection 3.1 we encountered several simple

models of F -term and D-term SUSY-breaking.
While models with FI-terms lead to many tree-
level examples of D-term SUSY-breaking, most
known calculable models of dynamical supersym-
metry breaking are predominately F -term driven.
We would like to understand whether this has

to hold in general, or whether there are in fact
dynamical models with large D-terms. In this
subsection, we will show that such models do
not exist: under broad assumptions, the D-terms
are necessarily parametrically smaller than the F -
terms [36].

To get an intuitive picture, we can loosely iden-
tify D-term breaking with the presence of FI-
terms. In dynamical models, one usually starts
with a well-behaved, asymptotically-free gauge
theory without FI-terms in the UV. Since such
theories has a well-defined FZ-multiplet, the dis-
cussion of subsection 4.2 show that they cannot
acquire FI-terms at low energies. Roughly speak-
ing, the absence of low-energy FI-terms implies
the absence of large D-terms.

We can make this intuitive picture precise by
using the tools we have developed so far. Since
we are interested in calculable models with para-
metrically small F -terms, we consider theories in
which the low-energy dynamics responsible for
SUSY-breaking is described by a σ-model (13)
and the F -terms are set to zero in first approx-
imation. In addition, we will include IR-free
gauge fields by gauging some global symmetries
of the σ-model. If the D-term potential which
results from this gauging leads to SUSY-breaking
vacua (even meta-stable ones), then these puta-
tive vacua will have parametrically large D-terms
which are larger than the F -terms by inverse pow-
ers of the small, IR-free gauge couplings. We will
now show that such vacua do not exist in the-
ories which have a well-defined, gauge-invariant
FZ-multiplet. (Therefore they cannot exist in in-
teresting dynamical models.)

As was discussed at the end of subsection 2.2,
the Lagrangian for the gauged σ-model is given
by making the substitution

K → K + J (a)V (a) , (86)

and including conventional kinetic terms for the
gauge fields. By making an identical substitution
in expression (68) for the FZ-multiplet of the σ-
model, we see that a gauge-transformation (48)
changes this new FZ-multiplet Jαα̇ by an amount

δJαα̇ ∼ i∂αα̇Λ(a)F (a) + c.c. . (87)
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Since we assumed that the UV theory had a
well-defined FZ-multiplet, the same must be true
for the low-energy gauged σ-model. Thus, all
functions F (a) must vanish. The Noether cur-
rents J (a) now take the simple form

J (a) = iX(a)i∂iK . (88)

Using this expression, it is straightforward to
check that the D-term potential (49) of the
gauged σ-model satisfies the identity

VD =
1

2
gij̄∂iK∂j̄VD . (89)

This identity immediately implies that a critical
point of the potential can only occur when VD =
0. In other words, every critical point must be
a supersymmetric minimum and this D-term po-
tential does not admit SUSY-breaking vacua –
not even metastable ones.

The argument we have given above explains the
absence of dynamical models with parametrically
large D-terms. It is, however, possible to build
models of dynamical SUSY-breaking with com-
parable D-terms and F -terms (see [36] and refer-
ences therein).

6. More Supercurrent Multiplets

We have seen that there are well-defined su-
persymmetric field theories which do not admit
an FZ-multiplet. In these theories, we must
search for other, well-defined supercurrent mul-
tiplets into which the energy-momentum tensor
and the supersymmetry current can be embed-
ded. Note that the existence of such alterna-
tive multiplets has no effect on the results we ex-
tracted in previous sections, which were based on
the existence of a well-defined FZ-multiplet.

There is indeed a supercurrent multiplet Sαα̇

which exists in theories with FI-terms or non-
exact Kähler form, which do not admit an FZ-
multiplet. This supercurrent multiplet satisfies
the defining equations

D̄α̇Sαα̇ = DαX + χα , D̄α̇X = 0 ,

D̄α̇χα = 0 , Dαχα = D̄α̇χ̄
α̇ . (90)

Note that X appears exactly as in the FZ-
multiplet, while χα satisfies the same constraints

as the field-strength superfield Wα discussed in
subsection 1.3. In components, the S-multiplet
takes the form

Sµ = jµ − iθ

(
Sµ − i√

2
σµψ̄

)
+
i

2
θ2∂µx̄

+ iθ̄

(
S̄µ − i√

2
σ̄µψ

)
− i

2
θ̄2∂µx+

(
θσν θ̄

)(
2Tµν

− ηµνZ +
1

2
ǫµνρσ∂

ρjσ +
1

8
ǫµνρσF

ρσ

)
+ ... . (91)

The chiral superfields X and χα are given by

X = x(y) +
√

2θψ(y) + θ2 (Z(y) + i∂νjν(y)) ,

χα = −iλα(y) + θβ

(
δα

βD(y) − i(σµν)α
β
Fµν(y)

)

+ θ2σν
αα̇∂ν λ̄

α̇(y) ,

(92)

with

D = −4T + 6Z ,

λ = 2σµS̄µ + 3i
√

2ψ . (93)

As before, the operator jµ is not in general con-
served, while the supersymmetry current Sαµ and
the symmetric energy-momentum tensor Tµν are
conserved. The S-multiplet has 4+4 more degrees
of freedom than the FZ-multiplet. They consists
of the real scalar Z, the closed, real two-form Fµν

and the Weyl fermion ψα. The S-multiplet is thus
a 16 + 16 multiplet.12

As in the case of the FZ-multiplet, the com-
ponent expressions (91)and (92) lead to a SUSY
current algebra of the form (57):

{Q̄α̇, Sαµ} = σν
αα̇

(
2Tµν − 1

8
ǫνµρσF

ρσ + i∂νjµ

− iηνµ∂
ρjρ − 1

2
ǫνµρσ∂

ρjσ

)
.

(94)

However, the Schwinger Terms are now mor com-
plicated. The supersymmetry algebra (1) follows

12Setting X = 0 in the S-multiplet results in the so-called
R-multiplet. It is a 12 + 12 multiplet whose bottom com-
ponent jµ is a conserved R-current. We will not discuss
the R-multiplet in this review, although we will occasion-
ally refer to it in passing.
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provided that
∫
d3xFij vanishes for all spatial in-

dices i, j.
All known supersymmetric field theories ad-

mit a well-defined S-multiplet.13 Those theories
which do not have FI-terms or non-exact Kähler
form also admit a well-defined FZ-multiplet.14

For instance, consider a Wess-Zumino model with
arbitrary K and W . If the Kähler form is not ex-
act, then the FZ-multiplet does not exist. How-
ever, the S-multiplet exists, and takes the form

Sαα̇ = 2gij̄DαΦiD̄α̇Φ̄j̄ , (95)

with X = 4W and χα = D̄2DαK.
The existence of the S-multiplet in theories

without an FZ-multiplet has important conse-
quences for supergravity theories. In the next
section we will explain how to construct super-
gravity starting from the supercurrent, and this
will lead to additional applications.

7. Elements of Linearized Supergravity
and Constraints on Moduli

In this section we study the couplings of su-
percurrent multiplets to supergravity theories.
We are only interested in linearized supergrav-
ity, namely the leading order in 1

Mp
. This ap-

proximate analysis is sufficient to derive several
general results.

This approach to supergravity is taken, for ex-
ample, in [2]. We begin with a review of the
coupling of the FZ-multiplet to supergravity. We
then explain the coupling of the S-multiplet to
supergravity.15

7.1. Gauging the FZ-Multiplet
We start by reviewing the coupling of the FZ-

multiplet to linearized gravity. The FZ-multiplet
contains a conserved energy-momentum tensor
and supercurrent and can therefore be coupled to

13There are, however, theories in which DαX is well-
defined, but X itself is not.
14R-symmetric theories always admit a well-defined R-
multiplet.
15The case of the R-multiplet is very similar but will not
be discussed in detail because gravitational theories with
global symmetries do not seem to be relevant according to
our current understanding of quantum gravity.

supergravity. The supergravity multiplet is em-
bedded in a real vector superfield Hαα̇. The θθ̄
component of Hαα̇ contains the metric field, hµν ,
a two form field Bµν , and a real scalar. The cou-
pling of gravity to matter is dictated at leading
order by
∫
d4θJαα̇H

αα̇ . (96)

We should impose gauge invariance, namely,
the invariance under coordinate transformations
and local supersymmetry transformations. The
gauge parameters are embedded in a complex su-
perfield Lα, which so far obey no constraints. We
assign a transformation law to the supergravity
fields of the form

H ′
αα̇ = Hαα̇ +DαL̄α̇ − D̄α̇Lα . (97)

where L̄α̇ is the complex conjugate of Lα, and
thus this maintains the reality condition.

Requiring that (96) be invariant under these
coordinate transformations, we get a constraint
on the superfield Lα. Indeed, invariance requires
that

0 =

∫
d4θ D̄α̇Jαα̇L

α =

∫
d4θXDαLα . (98)

Since X is an unconstrained chiral superfield we
get the complex equation

D̄2DαLα = 0 . (99)

The analog of the Wess-Zumino gauge is that the
lowest components of Hµ vanish, i.e.

Hµ

∣∣ = Hµ

∣∣
θ

= Hµ

∣∣
θ̄

= 0 , (100)

as well as the fact that Hµ

∣∣
θσν θ̄

is symmetric in
µ and ν.

There is also some residual gauge freedom:

• Hµ

∣∣
θ2

can be shifted by any complex di-
vergenceless vector. This leaves only one
complex degree of freedom, ∂µHµ

∣∣
θ2

.

• The metric field hµν transforms as

δhµν = ∂νξµ + ∂µξν , (101)

where ξµ is a real vector.
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• The gravitino transforms as

δΨµα = ∂µωα . (102)

In this Wess-Zumino gauge the components
containing the gravitino and metric take the form

Hµ

∣∣
θσν θ̄

= hµν − ηµνh , (103)

and

Hµ

∣∣
θ̄2θ

= Ψµα + σµσ̄
ρΨρ . (104)

The top component ofHµ is a vector field which
survives in the Wess-Zumino gauge. The bosonic
off-shell degrees of freedom in Hµ consist of the
complex scalar ∂µHµ

∣∣
θ2

, six real degrees of free-
dom in the graviton and the four real degrees of
freedom in the top component of Hµ, for a to-
tal of 12 off-shell bosons. For the fermions, we
have only the gravitino. It has 16 − 4 = 12 off-
shell degrees of freedom. This is the old minimal
multiplet of supergravity [38–40]. This is in ac-
cordance with the 12 degrees of freedom in the
FZ-multiplet.

A simple consistency check is to verify the lead-
ing couplings of the graviton and gravitino to
matter. Recalling the formula for Jαα̇ (61) we
find

L ∼ hµνT
µν , (105)

as expected. Similarly, for the coupling of the
gravitino to matter we get

L ∼ ǫαβ (Ψµ + σµσ̄
ρΨρ)α

(
Sµ + 1

3σ
µσ̄ρSρ

)
β

= ΨµαS
αµ . (106)

The last ingredient is the kinetic term for the
graviton and gravitino. We begin by constructing
a real superfield EFZ

αα̇ by covariantly differentiat-
ing Hαα̇

EFZ
αβ̇

= D̄τ̇D
2D̄τ̇Hαβ̇ + D̄τ̇D

2D̄β̇H
τ̇
α

+DγD̄2DαHγβ̇ − 2∂αβ̇∂
γτ̇Hγτ̇ . (107)

The reader can easily check that this expression
is real. It is equivalent to a different-looking ex-
pression in [41]. The gauge transformations (97)
act as

E′FZ
αβ̇

= EFZ
αβ̇

+[Dα, D̄β̇]
(
D2D̄α̇L̄

α̇ + D̄2DβLβ

)
.

(108)

We see that EFZ
αβ̇

is invariant if (99) is imposed.

The superfield EFZ
αβ̇

satisfies another important

algebraic equation

D̄β̇EFZ
αβ̇

= Dα

(
D̄2[Dγ , D̄τ̇ ]Hγτ̇

)
. (109)

Here, the expression in parenthesis is chiral. Note
the similarity of the equation above to the defin-
ing property of the FZ-multiplet itself (60). The
fact that EFZ is invariant and satisfies an equa-
tion identical to the supercurrent superfield guar-
antees that the Lagrangian

Lkin ∼M2
P

∫
d4θHµEFZ

µ (110)

is invariant. This contains in components the
linearized Einstein and Rarita-Schwinger terms.
The six additional supergauge-invariant bosons,
∂µHµ

∣∣
θ2

, Hµ

∣∣
θ4

are auxiliary fields which are eas-

ily integrated out yielding ∂µHµ

∣∣
θ2

∼ ix, Hµ

∣∣
θ4

∼
jµ where x and jµ are the matter operators in the
supercurrent multiplet.

We conclude that theories which have a well-
defined FZ-multiplet can be coupled to super-
gravity in this fashion. The coupling to super-
gravity adds to the original theory a propagat-
ing graviton and gravitino. No other propagating
fields are present in theory other than the orig-
inal ones and the graviton and gravitino. This
is important to remember in order to appreciate
the point we will make soon. Note that if the
FZ multiplet is not well defined (for example if
it is not gauge invariant or if it is not globally
well defined) the procedure above of constructing
minimal supergravity cannot be carried out.16

7.2. Supergravity from the S-Multiplet
We emphasized in the previous sections that

various supersymmetric field theories do not have

16If there is no FZ-multiplet but there is an R-symmetry,
we can construct the R-multiplet and couple it to super-
gravity. For example, a free supersymmetric U(1) theory
with an FI-term can be coupled to supergravity in this
fashion. For more comments on this case see also [42,43].
This procedure, however, gives rise to a supergravity the-
ory with a continuous global R-symmetry.
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an FZ-multiplet and the energy-momentum ten-
sor and the supersymmetry current must be em-
bedded in a larger multiplet Sαα̇. In such a case
the construction of the previous subsection can-
not be accomplished and the only possible su-
pergravity theory is the one in which the Sαα̇ is
gauged.

In this section we analyze this theory and as
in the previous subsection, we limit ourselves to
the analysis of the linearized theory. Since we
have already understood how to do such things in
the previous sections, we will be somewhat briefer
now.

We begin from the coupling to matter

∫
d4θ Sαα̇H

αα̇ . (111)

For this to be invariant under (97), we need to
impose the constraints

D̄2DαLα = 0 , D̄α̇D
2L̄α̇ = DαD̄

2Lα . (112)

The first of them already appeared in the gaug-
ing of the FZ-multiplet but the second one is new.
Since Lα is more constrained here than in the pre-
vious subsection, we will find more gauge invari-
ant degrees of freedom. Some of them will even
propagate.

Using an arbitrary Lα subject to these con-
straints we can choose the Wess-Zumino gauge

Hµ

∣∣ = Hµ

∣∣
θ

= Hµ

∣∣
θ̄

= 0 . (113)

The residual gauge transformations allow us to
transform Hµ

∣∣
θ2

by any divergence-less vector
so we remain with one complex gauge invariant
operator ∂µHµ

∣∣
θ2

. Another important residual
transformation is

δHµ

∣∣
θσν θ̄

+ δHν

∣∣
θσµθ̄

= ∂µξν + ∂νξµ , (114)

with ∂νξν = 0. This means that the trace part of
this symmetric tensor is invariant under the resid-
ual symmetries and therefore, the θθ̄ component
contains the usual graviton but also an additional
invariant scalar. The antisymmetric piece enjoys
the usual gauge transformation of a two-form

δBµν = ∂νων − ∂νωµ . (115)

We also note that the top component of Hµ is
invariant. Thus, we see that we have 16 off-shell
bosonic degrees of freedom. The fermion is in the
θ2θ̄ component (and its complex conjugate). It
has residual gauge symmetry

δΨµα = i∂µωα , σµ
αα̇∂µω̄

α̇ = 0 . (116)

Since ωα satisfies the Dirac equation it cannot
be used to set any further components to zero.
Therefore, our theory includes a gravitino as well
as an additional Weyl fermion. Thus, we have 16
off-shell fermionic degrees of freedom.

We conclude that the theory has 16+16 fields.
This is in accord with the 16 + 16 operators in
the multiplet Sαα̇. This supergravity multiplet
has been recognized in the supergravity litera-
ture [44–46].

It is easy to construct a kinetic term; in fact
EFZ

αβ̇
defined in (107) is still invariant because

the set of transformations here is smaller than
when the FZ-multiplet is gauged. However, this
theory has another invariant. It is easy to see

that [Dβ , D̄β̇]Hββ̇ is invariant. We can use this
observation to write an invariant kinetic term
∫
d4θ

(
[D, D̄]H

)2
, (117)

in addition to the one we have already included
in the discussion of the FZ-multiplet.

To summarize, we find that this theory admits
two independent kinetic terms. Thus there is one
free real parameter r, and the most general ki-
netic term is
∫
d4θ

(
Hαα̇EFZ

αα̇

+
1

2r
Hαα̇[Dα, D̄α̇][Dβ , D̄β̇ ]Hββ̇

)
. (118)

Our goal now is to identify the on-shell degrees
of freedom in this theory and study their cou-
plings to matter fields. There are many ways to
do this, here we will choose a somewhat pecu-
liar way that will make some very important facts
transparent. We enlarge the gauge symmetry, re-
laxing either one of the two constraints (112) or
both, and add compensator fields.
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In order to contrast the situation with that in
the previous subsection we choose to keep the first
constraint in (112) and relax the second one by
adding a chiral compensator field λα which trans-
forms as

δλα =
3

2
D̄2Lα . (119)

First, the non-invariance of the coupling to mat-
ter

∫
d4θ Hαα̇Sαα̇ can be corrected by a adding

to the Lagrangian the term − 1
6

∫
d2θ λαχα +c.c..

Next, we move to the kinetic terms (118). The
first term is invariant, but the second term is not.
This is easily fixed by adding more terms to the
Lagrangian. We end up with the invariant La-
grangian

L =

∫
d4θ

(
Hαα̇EFZ

αα̇ +
1

2r
Hαα̇[Dα, D̄α̇]

(
[D, D̄]H

)

+Hαα̇Sαα̇

)
−

(1

6

∫
d2θλαχα + c.c.

)

− 1

r

∫
d4θ

((
Dγλγ + D̄γ̇λ̄

γ̇
)
[D, D̄]H

− 1

2

(
Dγλγ + D̄γ̇λ̄

γ̇
)2

)
.

(120)

The first term in the second line corrects the non-
invariance of the coupling to matter and the other
two terms fix the transformations of the kinetic
terms.

In order to read out the spectrum we denote
G = Dγλγ + D̄γ̇λ̄

γ̇ which is a real linear super-
field (i.e. it satisfies D2G = 0). We also express
χα = − 3

2D̄
2DαU , with a real U . We should re-

member that this U might not be well-defined;
e.g. it might not be globally well-defined or might
not be gauge invariant. In fact, the need of gaug-
ing the S-multiplet arises precisely when this U is
not well-defined. The Lagrangian above becomes

L =
∫
d4θ

(
Hαα̇EFZ

αα̇ + 1
2rH

αα̇[Dα, D̄α̇][D, D̄]H

+Hαα̇Sαα̇

)

− 1
r

∫
d4θ

(
G

(
[D, D̄]H − rU

)
− 1

2G
2

)
. (121)

Now we can dualize G. This is done by view-
ing it as an arbitrary real superfield and imposing

the constraint D2G = 0 by a Lagrange multiplier
term

∫
d4θ

(
Φ + Φ̄

)
G where Φ is a chiral super-

field. This makes it easy to integrate out G using
its equation of motion G = r2

(
Φ + Φ̄

)
+ r2U +

[D, D̄]H to find the Lagrangian

L =
∫
d4θ

(
Hαα̇EFZ

αα̇ +
(
Φ + Φ̄ + U

)
[D, D̄]H

− r
2

(
Φ + Φ̄ + U

)2
+Hαα̇Sαα̇

)
. (122)

In this presentation the theory looks like a
standard supergravity theory based on the FZ-
multiplet which is coupled to a matter system
which includes the original matter as well as the
chiral superfield Φ. This is consistent with the
counting of degrees of freedom (4 + 4 degrees of
freedom in addition to ordinary supergravity) and
with the identification of the 16/16 supergravity
as an ordinary supergravity coupled to a chiral
superfield. Note that even though the new super-
field Φ originated from the gravity multiplet, its
couplings are not completely determined. At the
linear order we have freedom in the dimensionless
parameter r and we expect additional freedom at
higher orders.

The linear multiplet G, or equivalently the chi-
ral superfield Φ, are easily recognized as the dila-
ton multiplet in string theory. There the graviton
and the gravitino are accompanied by a dilaton,
a two-form field and a fermion (dilatino). These
are the degrees of freedom in G. After a duality
transformation this multiplet turns into a chiral
superfield Φ. Furthermore, as in string models,
the second term in (122) mixes the dilaton and
the trace of the linearized graviton hµ

µ. Both this
term and the term quadratic in Φ lead to the dila-
ton kinetic term.

As we mentioned above, the need for the mul-
tiplet Sαα̇ arises when the operator U is not a
good operator in the theory. In this case the cur-
rent Jαα̇ does not exist. The couplings in (122)
explain how the chiral field Φ fixes this prob-
lem. Even though U is not a good operator,
Û = Φ + Φ̄ + U is a good operator. If U is
not gauge invariant, Φ transforms under gauge
transformations such that Û is gauge invariant.
And if U is not globally well-defined because it
undergoes Kähler transformations, Φ has simi-
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lar Kähler transformations such that Û is well-
defined.

The result of this discussion can be presented
in two different ways. First, as we did here,
we started with a rigid theory without an FZ-
multiplet and we had to gauge the S-multiplet.
This has led us to the Lagrangian (122). Alterna-
tively, we could add the chiral superfield Φ to the
original rigid theory such that the combined the-
ory does have an FZ-multiplet. Then, this new
rigid theory can be coupled to standard super-
gravity by gauging the FZ-multiplet.

Our discussion makes it clear that if we want to
couple the theory to supergravity, the additional
chiral superfield Φ is not an option – it must be
added, and it is propagating.

7.3. Summary and Constraints on Moduli
Of particular interest to us in this section was

the coupling of theories without an FZ-multiplet
to supergravity. Here we have limited ourselves to
supersymmetric field theories in which all dimen-
sionful parameters are fixed and we have studied
the limit Mp → ∞. We have not studied theo-
ries in which the matter couplings depend on Mp.
These have been recently discussed in [47–51] but
we will not elaborate on such “intrinsically grav-
itational” theories here.

In case where the FZ-multiplet does not exist,
we have to gauge the S-multiplet. The upshot of
the analysis of this gauging is the following. We
add to the rigid theory a chiral superfield Φ whose
couplings are such that the combined system in-
cluding Φ has an FZ-multiplet. This determines
some but not all of the couplings of Φ to the mat-
ter fields. In the case of the FI-term Φ Higgses
the symmetry and in the case of nontrivial tar-
get space geometry of the rigid theory it creates
a larger total space in which the topology is sim-
pler. Now that we have an FZ-multiplet we can
simply gauge it using standard supergravity tech-
niques. In particular, at the linearized level the
couplings of Φ depend on only one free parameter:
the normalization of its kinetic term.

Our results fit nicely with the many known ex-
amples of string vacua. We see that the ubiquity
of moduli in string theory is a result of low energy
consistency conditions in supergravity. As we em-

phasized above, the chiral superfield Φ is similar
to the dilaton superfield in four dimensional su-
persymmetric string vacua. We often have field
theory limits without an FZ-multiplet. For ex-
ample, we can have a theory on a brane with an
FI-term. The field theory limit does not have
an FZ-multiplet and correspondingly, U ∼ ξV
is not gauge invariant. This problem is fixed,
as in (122), by coupling the matter theory to
Φ which is not gauge invariant (note the simi-
larity to the way this is realized in string the-
ory [52]). Similarly, we often consider field the-
ory limits with a target space whose Kähler form
is not exact. This happens, for instance, on D3-
branes at a point in a Calabi-Yau manifold. If the
latter is non-compact we find a supersymmetric
field theory on the brane which typically does not
have an FZ-multiplet because U is not globally
well-defined. Coupling this system to supergrav-
ity corresponds to making Mp finite. In this case
this is achieved by making the Calabi-Yau com-
pact. Then in addition to the graviton, various
moduli of the Calabi-Yau space become dynami-
cal. They include fields like our Φ which couple
as in (122), thus avoiding the problems with the
FZ-multiplet and making the supergravity theory
consistent.

This discussion has direct implications for mod-
uli stabilization. It is often desirable to stabilize
some moduli at energies above the supersymme-
try breaking scale. In this case we have to make
sure that the resulting supergravity theory is still
consistent. In particular, it is impossible to stabi-
lize Φ in a supersymmetric way and be left with
a low energy theory without an FZ-multiplet.

For example, if the low energy theory includes a
U(1) gauge field with an FI-term, this term must
be Φ dependent. Furthermore, if the mass of Φ
is above the scale of supersymmetry breaking, it
must be the same as the mass of the gauge field
it Higgses. Consequently, there is no regime in
which it is meaningful to say that there is an FI-
term. Similar comments hold for theories with a
compact target space. It is impossible to stabilize
the Kähler moduli while allowing moduli for the
positions of branes to remain massless without
supersymmetry breaking.

The comments above have applications to
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many popular string constructions including D-
inflation, flux compactifications, and sequester-
ing.
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The moduli space of SL2 flat connections on a punctured Riemann surface Σ with the fixed conjugacy classes of

the monodromies around the punctures is endowed with a system of holomorphic Darboux coordinates, in which

the generating function of the variety of SL2-opers is identified with the universal part of the effective twisted

superpotential of the Gaiotto type four dimensional N = 2 supersymmetric theory subject to the two-dimensional

Ω-deformation. This allows to give a definition of the Yang-Yang functionals for the quantum Hitchin system in

terms of the classical geometry of the moduli space of local systems for the dual gauge group, and connect it to

the instanton counting of the four dimensional gauge theories, in the rank one case.

1. Introduction

The exact relation between the microscopic def-

inition of a quantum field theory and its low en-

ergy behavior is the major research subject. In

the context of the supersymmetric gauge theories

in four and two dimensions this relation touches

upon some unexpected domains of the mathemat-

ical physics, such as the theory of classical and

quantum integrable systems, and, in particular,

the celebrated Bethe ansatz.

1.1. Bethe ansatz

Bethe ansatz is a useful technique for finding

the spectra of the quantum integrable systems,

∗On leave of absence
†On leave of absence
‡IHES Louis Michel Chair

such as the spin chains or the many-body sys-

tems, or even the 1+1 dimensional quantum field

theories, see [1].

Generally speaking, the ansatz consists in find-

ing a set of states Ψ(λ1, . . . , λN ) which are char-

acterized using some algebraic structure, or in

terms of some functional equations, or other-

wise. The physical meaning of the parameters

λ1, . . . , λN may differ from context to context, yet

often they are the quasi-momenta of the quasi-

free constituents.

The condition that Ψ(λ1, . . . , λN ) actually be-

longs to the (Hilbert) space of states of the model,

and it is the joint eigenstate of all the commuting

Hamiltonians translates to the set of N equations

on the quasimomenta λ1, . . . , λN which, remark-
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ably, have the potential:

∂Y (λ)

∂λk

= 2πink, k = 1, . . . N (1)

The function Y (λ) is often analytic multi-

valued. We call it the Yang-Yang function, since

C.N Yang and C.P. Yang used it for the analysis

of the non-linear Schrödinger model [2] (see also

[3]).

As an illustration, consider the simplest spin

chain, the SU(2) Heisenberg magnet, with L spin

sites. It can be solved with the help of the alge-

braic Bethe ansatz, where the eigenstate of all the

commuting Hamiltonians is found in the form of

the N ”quasiparticles”

B(λ1)B(λ2) . . . B(λN )|vac〉 (2)

where the quasimomenta λk solve the equation

(1) with the function

Y (λ) =

N∑

i=1

L̟ 1

2

(λi) +

N∑

i<j

̟1(λi − λj) (3)

where ̟s(λ) is a certain special function whose

explicit form is known:

̟s(λ) =

(λ+ is) log (λ+ is)− (λ− is) log (λ− is) (4)

and B(λ) is the creation operator (see [4] for de-

tails) of the quasiparticle of quasimomentum λ.

The eigenvalues of all the commuting Hamiltoni-

ans are written in terms of the solutions to (1). In

addition, the function Y (λ), its derivatives with

respect to the parameters, or its Hessian enter

in the explicit expressions for the norms of the

Bethe vectors (2), the correlation functions of lo-

cal operators (see e. g. [5] and the references

there). Thus the function Y (λ) plays a central

role in the concise formulation of the solution of

the quantum system.

The universality of (1) is so far an experimental

fact about the world of the quantum integrability.

It has been a somewhat puzzling (and therefore

for a long time abandonded) question as to what

is the meaning of the function Y (λ), why is the

spectrum of the quantum problem described by

what looks like a classical equation (1)? why does

the function Y (λ) look like a classical action of

some classical mechanical system?

The goal of this paper is to elucidate this point.

We shall show (in the restricted class of integrable

systems) that one can indeed associate to the

quantum integrable system a classical mechani-

cal model, i.e. a symplectic manifold and a La-

grangian submanifold, and that the function Y (λ)

is identified with the generating function of this

submanifold, in the appropriate Darboux coordi-

nates. Thus we give a geometric definition of the

Yang-Yang function for a large class of quantum

integrable systems.

1.2. Gauge theories and quantum integra-

bility

It turns out that quantum gauge theories are

the way to understand the correspondence be-

tween the quantum integrability and classical

symplectic geometry.

In [6] a connection between a quantum inte-

grable system, the N -particle sector of the non-

linear Schrödinger theory, and a topologically

twisted two dimensional gauge theory, was ob-

served. The coupling constant of the quantum

integrable system maps to the equivariant pa-

rameter, the twisted mass of the gauge theory,

i.e. to the bulk coupling. In [7], [8] this sub-

ject was revived, by showing that the observation

of [6] can be interpreted as the statement that

the 2-observable [9] of the topological gauge the-

ory of [6] descends from the Yang-Yang function

[2] of the system of N non-relativistic particles

on a circle with the δ-function pairwise potential

(equivalent to the N -particle sector of the non-

linear Schrödinger system). Together with the

earlier work on the relation between the quantum

integrable many-body and spin systems of the

Calogero-Moser-Sutherland type, harmonic anal-

ysis, and the topological gauge theories in various

spacetime dimensions [10], [11], [12], [13] (where

the strength of the interaction on the quantum

system side corresponds to the parameters of the

line defects on the gauge theory side) this strongly

suggested that the connection between the gauge

theory, the representation theory, and the quan-

tum integrable systems is universal.
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In all these cases the spectrum of the observ-

ables in gauge theory maps to the spectrum of

quantum Hamiltonians on the integrable theory

side.

Eventually in [14], [15], [16] the precise form

of the Bethe/Gauge correspondence was formu-

lated:

The supersymmetric vacua of the gauge the-
ories with the two dimensional N = 2 super-
Poincare invariance, with the generic twisted
masses and the superpotential, are the stationary
states (the common eigenstates of the commuting
Hamiltonians) of some quantum integrable sys-
tem. The commuting Hamiltonians are the gen-
erators of the twisted chiral ring of the gauge
theory. The quasimomenta of Bethe particles
are the special coordinates on quasiclassical mod-
uli space of vacua (the genericity assumption on
the masses and superpotential implies this is a
Coulomb branch). The Yang-Yang functional,
generating the Bethe equations of the quantum
system, is the effective twisted superpotential of
the gauge theory. Thus, Bethe equations single
out the supersymmetric vacua of the gauge the-
ory.

This correspondence was checked for a large

class of spin systems including the XXX, XXZ,

XYZ spin chains for all spin groups and impuri-

ties, and for some quantum algebraic integrable

systems as the elliptic Calogero-Moser, its rela-

tivistic version and limits such as the periodic

Toda chain.

The gauge theories with the two dimensional

super-Poincare invariance need not be two di-

mensional. In fact, in [17] the four dimensional

theories with four dimensional super-Poincare in-

variance subject to the Ω-deformation in two di-

mensions were studied, leading to the quantum

integrable systems whose classical limits are the

Seiberg-Witten integrable systems [18], [19], [20],

[21] describing the moduli space of vacua of the

original four dimensional N = 2 supersymmet-

ric theory. The Ω-background in quantum field

theory was introduced in [22], the idea is based

on the earlier work [23], [24]. Its partition func-

tion, Z-function, plays an important role in what

follows.

1.3. Gauge theories from six dimensions

This paper will study a limited set of four di-

mensional N = 2 gauge theories, namely those

which can be engineered by taking the six dimen-

sional (0,2) superconformal theory (discovered in

[25], [26]) and compactifying it with a partial

twist on a Riemann surface.

The resulting theory can be analyzed in several

ways. One the one hand, by assuming the size of

Σ negligible one deals with the four dimensional

superconformal theory with N = 2 supersymme-

try. The enhancement of the N = 2 supersym-

metry to the superconformal symmetry is clear

from the superconformal symmetry of the six di-

mensional (0, 2) theory.

Indeed, consider first the compactification of

the six dimensional theory on a finite size Rie-

mann surface Σ, with the metric g2. Let the met-

ric on the four dimensional spacetime X4 be g4.
The Lagrangian of the theory on X4 depends on

g2.
If the six dimensional theory were a gauge the-

ory to begin with, then the resulting four di-

mensional theory would have had the gauge cou-

pling g6 depending on the symplectic, i.e. Kähler,

moduli of Σ, e.g. g−2
4 = g−2

6 AreaΣ, where

AreaΣ =

∫

Σ

√
det(g2) (5)

However the (0, 2) theory in six dimensions is not

a gauge theory, and the relation between the cou-

plings in four dimensions and the geometry of Σ is

subtle. To begin with, one gets not one, but sev-

eral gauge group factors, depending on the topol-

ogy of Σ, and their couplings remain finite even

when AreaΣ → 0. The couplings are determined

by the complex structure of Σ, determined by the

conformal class [g2] of g2.
The conformal transformation of the four di-

mensional metric on X4

g4 7→ l2g4 (6)

lifts to the conformal transformation of the six

dimensional metric

g6 = g2 ⊕ g4 7→ l2g6 = l2g2 ⊕ l2g4 (7)

on Σ×X4. If Σ has a finite size metric, then the

resulting six dimensional metric in the right hand
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side of (7) gives rise to a different metric on Σ.

However, in the limit of vanishing area of Σ the

difference is negligible, hence the theory, in this

limit, becomes conformal in the four dimensional

sense.

It is not trivial to identify what this theory is, in

four dimensional terms, e.g. describe the matter

content and the Lagrangian.

When Σ is a two-torus, one can use the string

duality dictionary to conclude that this theory is

the N = 4 super-Yang-Mills theory, whose gauge

group is determined by the type of the six dimen-

sional superconformal theory we started with. In

particular, for the A1 theory in six dimensions we

get the SU(2) theory in four dimensions. When

Σ is a genus g Riemann surface, Gaiotto argues

[27] one gets the N = 2 super-Yang-Mills with the

gauge group SU(2)3g−3 with 2g − 2 hypermulti-

plets transforming in the tri-fundamental repre-

sentations of some triples of SU(2)’s out of the

total 3g − 3 factors. The precise assignment of

these triplets is not unique, it is encoded in the

trivalent graph describing the maximal degenera-

tion of the complex structure of Σ. In particular,

the complexified gauge couplings of the SU(2)

groups are identified with the usual asymptotic

complex structure moduli corresponding to the

pinched handles on the degenerate Riemann sur-

face. In [27] more general theories, correspond-

ing to the genus g complex curves with n punc-

tures and some local data, assigning a complex

number νk to the puncture zk, were proposed.

In particular, the celebrated N = 2 SU(2) the-

ory with Nf = 4 fundamental hypermultiplets

corresponds to the genus 0 curve, a sphere, with

4 punctures. The one-dimensional moduli space

M0,4 ≈ CP1 of complex structures of the 4-

punctured sphere parametrizes the gauge cou-

pling of the SU(2) gauge group. Remarkably, this

theory already exhibits the non-trivial S-duality

of the N = 2 theory. There are three points of

the maximal degeneration in M0,4. In the neigh-

borhood of each point one identifies the gauge

theory with the SU(2) theory with four funda-

mental hypers, however, the relation between the

gauge couplings and the matter multiplet masses

in the three respective weak coupling regions is

nontrivial – these are not the same gauge groups

and not the same matter multiplets, as has been

already observed in [28] at the level of the Seiberg-

Witten curves. In particular, the triality exchang-

ing the representations of the global SO(8) sym-

metry group is identified in [27] with the modular

group of M0,4.

1.4. The Ω-background

Any N = 2 supersymmetric theory in four di-

mensions can be subject to the Ω-deformation.

This is achieved in three steps: i) given the

four dimensional theory T4 find a six dimensional

N = 1 supersymmetric gauge theory T6, whose

dimensional reduction yields T4; ii) compactify

T6 on a manifold X6 which is an R4 vector bun-

dle over the two-torus T2, of area r2 with a flat

Spin(4) = SU(2)+ × SU(2)− connection, whose

holonomies around the two non-contractible

cycles are (e
ir
2

Re(ε1+ε2)σ3 , e
ir
2

Re(ε1−ε2)σ3) and

(e
ir
2

Im(ε1+ε2)σ3 , e
ir
2

Im(ε1−ε2)σ3), respectively. In

addition, embed the SU(2)+ part of the flat con-

nection into the R-symmetry SU(2) of the six di-

mensional theory; iii) take the limit r → 0 while

keeping the complex numbers ε1, ε2 finite. In this

way we get the Ω-deformed theory on R4. The

parameters ε1, ε2 first appeared as the equivari-

ant parameters in the integrals over the instanton

and D-brane moduli spaces in [6], [29].

The embedding of SU(2)+ into the R-

symmetry group is not unique when there are

matter multiplets, as one can also embed SU(2)+
in the global symmetry group. In other words,

the masses of the four dimensional matter multi-

plets can be shifted by the multiples of ε1 + ε2.
Also, one can formulate the Ω-deformed the-

ories on more general four-manifolds X4, it suf-

fices to have a U(1), or U(1) × U(1) isometry (it

should also be possible to extend this definition

to the manifolds with U(1)-invariant conformal

structure, but we shall not discuss this here). The

idea is to use the X4 bundle over T2 at the step

ii.) of the procedure above, twisted by the ele-

ments of the symmetry group of X4, which tend

to identity as r → 0.

In technical terms, this procedure amounts to

replacing the adjoint scalar σ in the N = 2 four
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dimensional vector multiplet by the operator:

σ 7→ σ + ε1∇ϕ1
+ ε2∇ϕ2

(8)

where ∂ϕ1
and ∂ϕ2

are the two vector fields on

X4 generating the U(1) × U(1) action.

In this paper, as in [17], we shall be interested

in a particular case of the Ω-deformation, where

ε2 = 0. In this case the four dimensional N = 2

super-Poincare invariance is reduced to the two

dimensional N = 2 super-Poincare. The param-

eter ε1 = h̄ is identified, in the spirit of [14],

[16] with the Planck constant of a quantum in-

tegrable system, obtained by the quantization of

the Seiberg-Witten integrable system correspond-

ing to T4.

One can think about this correspondence as a

simplified version of the M-theory/string theory

correspondence [30], in a sense that the Planck

constant of one theory is mapped to the geometric

parameter of the other.

1.5. Two dimensional flat connections and

higher dimensional gauge theory

The moduli space Mg,n;ν of flat connections

(or, which is the same, local systems) with the

gauge group G, on a genus g Riemann surface Σ

with a finite number n of punctures, with the pre-

scribed conjugacy classes ν of the monodromies

around the punctures, is a frequent player in the

studies of two, and three dimensional gauge theo-

ries, such as the Yang-Mills theory in two dimen-

sions [31], [9], and the Chern-Simons theory in

three dimensions [32]. In this context the case of

a compact group G is the most natural.

In the attempts to describe the two [33], [34],

[35], [36] or three [37] dimensional quantum grav-

ity using the formalism of vierbeins and spin con-

nections the non-compact gauge groups, such as

SL(2,R) or SL(2,C), become important.

Despite some progress [38], [39] along these

lines the satisfactory gauge theory construction of

the quantum gravity theory is still missing [40].

Recently, the moduli spaces of flat connections

Mg,n;ν on a Riemann surface Σ, with or with-

out punctures, with the complex gauge groups,

such as SL(2,C) or PGL(2,C) became ubiqui-

tous in the study of the four dimensional N = 2

supersymmetric gauge theories, obtained by the

compactification of the six dimensional (0, 2)-

superconformal theory of the A1 type, on a Rie-

mann surface Σ. In what follows we shall often

use a shorter notation Mloc
Σ or Mloc for Mg,n;ν .

A simple way of seeing the role of Mloc
Σ is to

compactify the theory on a circle S1
Ra

, of radius

Ra. On the one hand, the analysis of [41] shows

that the effective description of the resulting the-

ory is the three dimensional N = 4 supersym-

metric sigma model on a manifold Mtot which

is the total space of the Seiberg-Witten fibration

over the moduli space of vacua of the four di-

mensional theory, in other words, the complex

phase space of the Seiberg-Witten integrable sys-

tem. On the other hand, remembering the six di-

mensional (0,2) origin of the theory in four dimen-

sions, changing the order of compactification on Σ

and S1
R we arrive at the picture where the five di-

mensional maximally supersymmetric Yang-Mills

theory with the gauge group SU(2) (for the gen-

eral A,D,E type (0,2) theory one gets the A,D,E

type Lie group as the gauge group), and the five

dimensional coupling

g2
5 = Ra

(so that the Yang-Mills instantons, which are the

solitons of the 4 + 1 dimensional theory, could be

identified with the Kaluza-Klein modes of the six

dimensional theory), is further compactified with

a partial twist on Σ. The partial twist makes two

out of five adjoint scalars in the vector multiplet

a one-form on Σ valued in the adjoint bundle.

In the limit of vanishing size of Σ we arrive

at the three dimensional theory which is clearly

the sigma model on the moduli space of the min-

imal energy configurations, which are the com-

plex connections, A = A + iφ, which are flat,

F = dA + A ∧ A = 0, which are also D-flat,

D∗
Aφ = 0, considered modulo gauge transforma-

tions. The D-flatness condition and the compact

gauge transformations together can be traded for

the invariance under the complex gauge transfor-

mations. Thus, we end up with the sigma model

on the moduli space Mloc
Σ of complex flat connec-

tions on Σ, also known as the GC-local systems.

The kinetic term of this sigma model is propor-

tional to 1
g
2

5

= 1
Ra

, thus we are led to the conclu-

sion, as in [41], that the Kähler class of the metric
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on M as seen by the effective action is propor-

tional to 1
Ra

. The arguments of [41] involve the

electric-magnetic duality, and this is the way to

relate the two points of view we just reviewed.

1.6. The hyperkähler structure

The two descriptions of the effective target

space above are consistent. They just exhibit dif-

ferent complex structures on the same manifold.

The target space of the N = 4 sigma model in

three dimensions has to be a hyperkähler mani-

fold. For the theories we consider this manifold

is the moduli space MH of solutions of Hitchin’s

equations [42]:

Dzφz̄ = 0, Dz̄φz = 0,
Fzz̄ + [φz, φz̄] = 0

(9)

which is indeed hyperkähler (see [43] for the de-

tailed review of its properties). In the complex

structure (which is conventionally denoted by I)
where the components Az̄, φz of the gauge field

and the twisted scalar are holomorphic, the space

MH has the structure of the algebraic integrable

system [44], with the base being the space of holo-

morphic differentials of degrees d1, d2, . . . , dr, for

r = rk(G), Pi(φz) ∈ H0(Σ,Kdi

Σ ) for the degree

di invariant polynomials on Lie(G), and the fiber

being a (complement to a divisor in a) Jacobian

of the spectral curve C ⊂ T ∗Σ, defined by the

equation (for G = SU(N), for other Lie groups

see the review [45])

Det(φz − λ) = 0

In the complex structure J , where the holomor-

phic coordinates are the components

Az = Az + iφz, Az̄ = Az̄ + iφz̄,

MH is identified (up to the usual stability is-

sues) with the moduli space of the complex GC-

flat connections. Finally, K = IJ , and the K-

holomorphic coordinates are

Az + φz, Az̄ − φz̄

The complex structure J is natural, if one thinks

of the three dimensional theory as coming from

the compactification of the six dimensional N = 1

gauge theory on a three manifold Σ × S1
r′ , in the

limit r′ → ∞.

To say that MH is hyperkähler means that

there exists the whole two-sphere of complex

structures,

I = aI + bJ + cK, I2 = −1,

for any (a, b, c), s.t. a2 + b2 + c2 = 1, and the

two-sphere of the corresponding Kähler forms,

ωI = aωI + bωJ + cωK (10)

where

ωI =

∫

Σ

tr (δA ∧ δA− δφ ∧ δφ) (11)

ωJ =

∫

Σ

tr (δA ∧ ∗δφ) (12)

ωK =

∫

Σ

tr (δA ∧ δφ) (13)

For the compact Σ the form ωI realizes a non-

trivial cohomology class of MH , while ωJ and

ωK are cohomologically trivial. We shall normal-

ize the forms (10) in such a way that ωI realizes

the integral cohomology class, the restriction of

ωI onto the subvariety BunG where φ = 0 is, up

to the (2πi) multiple, the curvature of the canoni-

cal Hermitian connection on the determinant line

bundle L over BunG:

[ωI ]

∣∣∣∣
BunG

= c1 (L) (14)

If the Riemann surface Σ has n > 0 punctures,

then all three symplectic forms ωI,J,K on the

moduli space of the solutions to Hitchin’s equa-

tions with the sources are, in general, cohomolog-

ically non-trivial.

1.7. From N = 2 4d gauge theory to 2d

N = (4, 4) sigma model

We can further compactify the theory on a cir-

cle S1
Rb

. On the one hand, this gives a two dimen-

sional N = (4, 4) sigma model with the same tar-

get space MH , whose Kähler class is proportional

to Rb/Ra. More generally, if we start with the

(0, 2) theory and compactify it on Eρ ×Σ, where
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Eρ is the elliptic curve with the complex modulus

ρ, we would get the two dimensional sigma model

on MH with the complexified Kähler class

[̟] = ρ[ωI ] (15)

The two dimensional N = 2 sigma model can be

topologically twisted to define an A model, which

depends on the symplectic structure of the target

space, or to define a B model, which depends on

the complex structure of the target space. The

N = (2, 2) theory can be twisted in an asymmet-

ric manner, so that the left- and the right- chiral-

ity worldsheet one-form fermions would transform

into the ∂̄-derivatives of the worldsheet bosons

which are holomorphic in the target space in two

different complex structures (I+, I−) (there are

also the generalizations involving the generalized

complex structures but we shall not need them,

see the discussion and the references in [43]).

1.8. Ω-deformation as the boundary condi-

tion

In topology, the G-equivariant cohomology of a

space Y with the free G-action is the ordinary co-

homology of the quotient space Y/G. As a mod-

ule over H∗(BG) (which is a polynomial ring)

this is a pure torsion, and so, upon localization

becomes trivial.

Similarly, the Ω-deformation of the gauge the-

ory living on a spacetime X4 with the free acting

U(1)×U(1) isometry is can be undone by a field

redefinition, and a redefinition of the couplings,

as explained, for X4 = T 2 × B2, in [46]. On

the other hand, as we reviewed in the previous

section, the four dimensional gauge theory com-

pactified on T 2, reduces, at low energy, to the

sigma model on the total space of the Seiberg-

Witten fibration. The relation (15) gets modified,

as the effective Kähler parameter ρ and the effec-

tive complex structure parameter τ (the asymp-

totic gauge coupling) get mixed with the param-

eters ε1, ε2 of the Ω-deformation.

If U(1) × U(1) acts on the four-manifold X4

with the fixed points, then the transformation

mapping the gauge theory to the sigma model

is valid approximately, outside the fixed locus.

We can view the worldsheet B2 = X4/T 2 of the

sigma model as a two-manifold with corners, per-

haps non-compact, and replace the effects of the

Ω-deformation, which cannot be removed near

the boundary ∂B2, by some boundary conditions,

i.e. the branes in the sigma model.

It is argued in [46] that at the smooth con-

nected component of the boundary ∂B2 the corre-

sponding brane can be interpreted as a (A,B,A)

brane, which, depending on the duality frame,

is either the so-called canonical coisotropic brane

(the cc-brane Bcc, for short), or a particular com-

plex (in the complex structure J) Lagrangian

(with respect to ωI and ωK) brane, known as

the brane of opers BOτ
, in the case of the SU(2)

Hitchin moduli space MH . This brane depends

on the complex structure τ of the Riemann sur-

face Σ, while the topological field theory, in which

it is BRST invariant, does not.

The components at infinity ∂B2
∞ = B

2\B2 also

come with some boundary conditions, both in the

gauge theory, and in the effective sigma model. It

was argued in [46] that the corresponding branes

B∞
γ also correspond to the middle-dimensional

complex Lagrangians Lγ of the (A,B,A)-type,

which, unlike Oτ , are defined in topological terms

(i.e. these do not depend on the complex struc-

ture of Σ), yet may depend on some combinatorial

data γ.
From now on we shall be discussing the Gaiotto

theories of A1 type. To describe the branes

Bcc,BOτ
,B∞

γ in more detail we need to discuss

the geometry of the moduli space of flat connec-

tions.

1.9. Two two dimensional theories

Suppose we study the four dimensional theory

on the manifold X4 = C2 ×S1 ×R1, where C2 is

topologically a disk, with the cigar metric:

ds2C2 = dr2 + f(r)dϕ2
1 (16)

Where f(r) ∼ r2 for r → 0 and f(r) ∼ R2, for

r → ∞, for some constant R. Let ϕ2 be the angu-

lar coordinate on the second S1. The base B2 is,

in this case, the half-plane R+ × R. Suppose we

turn on the Ω-deformation corresponding to the

isometry rotating C2, i.e. the isometry generated

by ∂/∂ϕ1.

On the one hand, we can relate this theory to

the sigma model with the worldsheet B2, as in
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[46]. The sigma model brane corresponding to

the boundary r = 0 is Bcc or its T-dual BOτ
.

The other ”boundary”, at r → ∞, leads to some

asymptotic boundary condition, which we view as

the brane B∞, or B∞
γ if we want to specify the

type γ of the boundary conditions. We shall call

this viewpoint the theory Trt

On the other hand, we can view this theory as

a two dimensional N = (2, 2) gauge theory with

the worldsheet S1×R1, with an infinite number of

fields, as in [17]. The Ω-deformation corresponds,

in this two dimensional language, to turning on

the twisted mass ε, corresponding to the global

symmetry U(1), which is the rotation of C2. We

shall call this two dimensional theory the theory

T2t.

The two dimensional theory has at low energies

(in the sense of the theory on S1 ×R1) a descrip-

tion of the sigma model on the complexified Car-

tan subalgebra tC of the gauge group, with the

effective twisted superpotential W̃eff(σ; τ ;m, ε).
Here σ denotes the flat coordinates on tC, τ
denotes the four dimensional complexified gauge

couplings, which are identified, for the Gaiotto

A1 theories, with the complex moduli of Σ in a

suitable parametrization, m denotes the masses

of the matter multiplets in four dimensions, and

finally ε is the parameter of the Ω-background

which is viewed as the two dimensional twisted

mass. This superpotential can be split as a sum

of two contributions: a contribution of the fixed

point in C2 and a contribution of the boundary

at infinity:

W̃eff(σ, τ,m, ε, γ) =

ε (WOτ
(σ/ε,m/ε) −W∞(σ/ε,m/ε, γ))

(17)

The contribution WOτ
(σ/ε;m/ε) of the fixed

point is computed from the asymptotics of the

Z-function as follows [17]:

WOτ
(α, ν) =

1

ε
Limε2→0 ε2logZ(αε, τ, νε; ε, ε2)

(18)

The left hand side is independent of ε, as follows

from the asymptotic conformal invariance of the

gauge theory under consideration.

The contribution of the region at infinity

W∞(α; ν, γ) is independent of τ . This is demon-

strated by observing [22] that the gauge the-

ory subject to the Ω-deformation is extremely

weakly coupled far away from the fixed points

of the action of the isometry involved in the Ω-

background. So we do not expect anything inter-

esting to come from the bulk, however, if we cut

the cigar C2 at some finite value of r to have an

infrared regulator, then we may expect some ef-

fective three dimensional supersymmetric gauge

theory to live on the product of the circle at in-

finity S1
∞ and the cylinder S1 × R1, in analogy

with the analysis of [47], [48]. Compared to the

situation studied there we have half the super-

symmetry, so the three dimensional theory has

only four supercharges, and upon compactifica-

tion on S1
∞ generates a twisted superpotential, of

the form studied in [14],[15]

W∞(α; ν, γ) ∼
∑

ℓ

Li2(e
ℓ(α,ν)) (19)

where the sum is over the charged matter fields,

and ℓ is the linear function of the gauge multiplet

scalar vevs and the masses. The degrees of free-

dom living at S1
∞ depend on some combinatorial

data γ which we shall make more explicit later,

but we shall not attempt to identify the bound-

ary theory and the corresponding superpotential

more precisely. Instead, we focus on WOτ
.

1.10. Twisted superpotential as the gener-

ating function

Our main conjecture is as follows:

The effective twisted superpotential of the the-
ory on S1 ×R1 obtained by localizing at the fixed
point in C2 is essentially the difference of the gen-
erating functions of the Lagrangian subvarieties
Oτ and Lγ in Mloc, defined with respect to the
appropriate Darboux coordinate system on Mloc.
The supersymmetric vacua of the theory T2t cor-
respond to the intersection points v ∈ Oτ ∩ Lγ ,
which are also the vacua of the theory Trt subject
to the appropriate D-brane boundary conditions.

This statement can be viewed as the improve-

ment on the result of A. Beilinson and V. Drin-
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feld. They show in [49] that upon the holomor-

phic quantization of the Hitchin system for the

group G the spectrum (in the sense of commuta-

tive algebra) of twisted differential operators, e.g.

the abstract quantum commuting Hamiltonians,

identifies canonically with Oτ for the dual group
LG. In this paper we will concentrate on

G = PGL(2, C), LG = SL(2, C) .

Our point is that in the Darboux coordinate sys-

tem (α, β) the generating function WOτ
(α, ν) of

the variety of opers,

β =
∂WOτ

(α, ν)

∂α
(20)

is essentially the Yang-Yang function of the

quantum Hitchin system. More precisely, the

Yang-Yang function Y(α, ν, τ, γ) of the quantum

Hitchin system depends on the complex structure

τ of Σ (as does the Hitchin’s integrable system)

and on the choice of the ”real slice”, which defines

the space of states Hγ . Our claim is:

Y(α, ν, τ ; γ) = WOτ
(α, ν) −Wγ(α, ν) (21)

i.e. up to a τ -independent piece the twisted su-

perpotential WOτ
(α, ν) computed by the four di-

mensional instanton calculus (18) is the Yang-

Yang function. Indeed, the coordinates (α, β) are

defined up to 2πiZ, so the Bethe equation

∂Y(α, ν, τ, γ)

∂αk

= 2πink, nk ∈ Z (22)

determines the spectrum

Ek(~n) =
∂Y(α, ν, τ, γ)

∂τk
(23)

of the quantum Hitchin system. Let us clar-

ify the meaning of (23). The classical Hamil-

tonians of the A1 type Hitchin system are the

quadratic differentials with the second order poles

at the punctures, with the prescribed leading

singularity. More precisely, given a basis µz
(k)z̄,

k = 1, . . . , 3g−3+n, of the Beltrami differentials

which correspond to the variations of the complex

structure of the punctured Σ,

µz
(k)z̄ ↔ ∂

∂τk
(24)

we compute:

Hk =

∫

Σ

µz
(k)z̄Trφ2

z (25)

Upon the deformation quantization Hk become

the elements of the noncommutative ring (one has

to talk about the sheaf of D-modules to actu-

ally see the noncommutative algebras, since the

globally defined objects form a commutative sub-

algebra, [49]), whose spectrum we wish to de-

termine. One has to specify the space of states

on which we represent both the noncommutative

algebra and its commutative subalgebra of the

quantum integrals of motion. This is done (indi-

rectly) by picking up a Lagrangian submanifold

Lγ . At the moment it is hard to make this con-

struction explicit, since it involves the T-duality

along the fibers of the Hitchin fibration. See

[50],[46] for more details. The formula (23) ac-

tually makes sense even without specifying the

space of states. It reflects the canonical identifica-

tion [49] of the spectrum of the commutative alge-

bra of the quantized Hitchin’s Hamiltonians (the

twisted differential operators on BunG) with the

variety of opers. Indeed, Oτ is a Lagrangian sub-

manifold in Mloc. As we vary the complex struc-

ture τ infinitesimally, the corresponding variation

of the Lagrangian submanifold is described by a

closed one-form defined on Oτ , i.e. a holomor-

phic function, since the variety of opers is simply-

connected. This function can be computed locally

using the Hamilton-Jacobi equation which gives

(23) in the ”static gauge” where to view the de-

formation of Oτ while keeping α, the ”Lagrangian

half of the monodromy data”, fixed.

Let us conclude with a few comments. In the

context of the quantum integrable systems the

Yang-Yang function is defined as a potential for

Bethe equations, which is unique up to a con-

stant which could be function of the parameters

of the system, such as the complex structure pa-

rameters τ in our case. This ambiguity can be

partly fixed by requiring that the derivatives of

the Yang-Yang function with respect to the pa-

rameters τk correspond to the suitably normal-

ized operators Φk, forming a basis in the space of

quantum integrals of motion.

The eigenvalue Ek(~n) in (23) is calculated on
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the solutions of (22) and depends on the discrete

parameters ~n. Obviously, the ambiguity we re-

ferred to above does not affect the differences

Ek(~n) − Ek(~n′) of levels.

We would like to stress that both Eqs. (22),

(23) make sense for any choice of the Darboux

coordinates on Mloc, as they express in coordi-

nates two geometric facts: i) The eigenstates of

the quantum system correspond to the intersec-

tion points v of two Lagrangian submanifolds in

Mloc; ii) the eigenvalues of the quantum Hamil-

tonians are the functions on the variety of opers

which generate its deformations corresponding to

the variations of the complex structure of Σ, eval-

uated at the intersection points v. In this sense

the equations Eqs. (22), (23) (which for the genus

zero case were formally written in [51]) do not de-

termine the Yang-Yang function Y(α, τ, ν, γ).
However, once both α and β coordinates are

fixed, the Yang-Yang function is determined by

the Lagrangian submanifolds Oτ and Lγ , and

the claim that the τ -dependent piece coincides

with the localized four dimensional gauge theory

twisted superpotential (18) becomes quite non-

trivial. It would not be true if instead of our

(α, β) coordinates one took, e.g., Fock-Goncharov

coordinates [52], which are used in [53] with much

success.

2. Geometry of the moduli space of flat

connections

Recall that we use the notations Mg,n;ν , Mloc
Σ

or Mloc interchangeably.

2.1. Moduli of flat connections: explicit

description

The moduli space Mg,n;ν of flat connections

is the space of equivalence classes of the homo-

morphisms of the fundamental group of the n-

punctured genus g surface to the gauge group G,

with the condition that the conjugacy class [gk]

of the image of the simple loop gk surrounding

the k’th puncture lands in a particular conju-

gacy class in G, which we label by νk. In case

G = SL(2,C) we view νk as a complex number

modulo the action of the affine Weyl group which

flips the sign of νk and shifts it by an integer. The

invariant is the trace mk ∈ C of the monodromy

gk around the puncture zk:

mk = 2 cos(2πνk) = tr(gk) (26)

To be more precise we shall study the mod-

uli space of flat G connections on a surface

Σ with n small disks removed. This moduli

space can be identified, very simply, with the

space of (2g + n)-tuples of the elements of G,

(a1,b1, . . . ,ag,bg; g1, . . . , gn), obeying:

gngn−1 . . . g2g1

g∏

l=1

albla
−1
l b−1

l = 1 (27)

considered up to a simultaneous conjugation:

(a1,b1, . . . ,ag,bg; g1, . . . , gn) ∼ (28)

(h−1a1h, h
−1b1h, . . . , h

−1agh, h
−1bgh;

h−1g1h, . . . , h
−1gnh),

for any h ∈ G, and with the fixed conjugacy

classes, which for G = SL(2,C) reads as tr(gk) =

2 cos(2πνk).

This identification depends upon the choice of

the generators of the fundamental group of the

complement Σ\{z1, . . . , zn}, as in the Fig. 1:

From now we assume (ν1, . . . , νn) which allows

us to think of the space of functions on Mg,n;ν as

of the polynomial ring generated by the traces of

monodromies around the noncontractible loops.

This could be viewed as a definition of the Mg,n;ν

as of an affine variery.

Alternatively, one could choose a subset of sta-

ble points. This choice depends, in turn, on the

n-tuple of real numbers r1, . . . , rn. To implement

this procedure properly one needs to use the full

set of Hitchin’s equations [42] with the delta func-

tion sources (see, e.g. [12], [54], [55], [56], [57],

[58]). We shall not discuss this any further.

2.2. The symplectic form

The moduli space of flat connections on a com-

pact Riemann surface is a symplectic manifold

[31], with the symplectic form written on the

space of all connections as:

Ω =

∫

Σ

Tr δA ∧ δA (29)
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Figure 1. Generators of π1

(
S2\{z1, . . . , zn}

)

When one studies the moduli of flat connections

on a surface with boundaries, one may use the

Poisson description. Also, in the finite dimen-

sional description of the moduli space, e.g. as

in (27) one can realize the Poisson structure on

the moduli space as descending from that on the

space of graph connections, [59],[60], [61]. Al-

ternatively, one may use the formalism of [52] to

describe the symplectic form and some set of Dar-

boux coordinates (which are different from the co-

ordinates (α, β) which we introduce below!) asso-

ciated with the triangulations of Σ with marked

points (this formalism works if there is at least

one puncture). See also [62], [63], [64], [65].

Using any of the formalisms above, or even

the basic formula (29) which defines the Pois-

son structure on the space of all connections one

deduces that the Poisson bracket of the Wilson

loops in the fundamental representation is given

by the ”skein-relations” [63], [64]:

{
trP exp

∮

γ1

A, trP exp

∮

γ2

A
}

=

(30)

1

2

∑

x∈γ1∩γ2

(
trP exp

∮

γ
+

x,1,2

A− trP exp

∮

γ
−

x,1,2

A
)

Figure 2. The intersecting loops γ1, γ2 and the

simple loops γ±x,1,2

where the loops γ±x,1,2 are obtained by removing

a small neighborhood of the intersection point x
and replacing it by two arcs making a single loop,

as in the Fig.2:

2.2.1. The case of a sphere with four punc-

tures

Let us study first the case of g = 0, n = 4 in

some detail. Let ν = (ν1, ν2, ν3, ν4). The moduli

space M0,4;ν has the complex dimension two:

M0,4;ν =

{
(g1, g2, g3) ∈ G×3

∣∣∣∣
tr(gi) = mi, i = 1, 2, 3

tr(g3g2g1) = m4

}/
G

(31)

where G acts by simultaneous conjugation

(g1, g2, g3) 7→
(
h−1g1h, h

−1g2h, h
−1g3h

)
. The

generators of the coordinate ring of M0,4;ν can

be taken to be:

A = m12 = tr(g1g2),

B = m23 = tr(g2g3),

C = m13 = tr(g1g3)

(32)
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Figure 3. The A and B loops

with one polynomial relation (which is easy to

verify)

W0,4(A,B,C) = 0,

W0,4 = ABC +A2 +B2 + C2 − 4

−A(m3m4 +m1m2)

−B(m1m4 +m2m3)

−C(m1m3 +m2m4)

+m2
1 +m2

2 +m2
3 +m2

4 +m1m2m3m4

(33)

The application of the rule (30) to the loops

drawn around the pairs of points z1, z2 and z2, z3,
respectively, as in the Fig.3: gives rise to the dif-

ference of two loops,

{A,B} = C+ − C−

drawn on Fig. 4, which can be expressed via A,B,

and C as follows:

C+ = tr(g−1
2 g1g2g3) = (34)

−C −AB +m1m3 +m2m4,

C− = C

and also as the derivative of W0,4:

{A,B} =
∂W0,4

∂C
(35)

In arriving at (34) we used the following identity

Figure 4. The C+ and C− loops

for the SL(2) matrices:

tr(g)tr(h) = tr(gh) + tr(gh−1) (36)

which can also be expressed graphically: for any

x ∈ γ1 ∩ γ2:

trP exp

∮

γ1

A× trP exp

∮

γ2

A =

trP exp

∮

γ
+

x12

A + trP exp

∮

γ
−

x12

A

We can parametrize A,B,C with the help of

the Darboux coordinates on M0,4;ν , (α, β), i.e.

{α, β} = 1,

A = eα + e−α ,

B(A2 − 4) + 2(m2m3 +m1m4) −A(m1m3 +m2m4)

= (eβ + e−β)
√
c12(A)c34(A) ,

(2C +AB −m1m3 −m2m4)
(
eα − e−α

)
=

=
(
eβ − e−β

)√
c12(A)c34(A)

(37)

where

cij(A) = A2 +m2
i +m2

j −Amimj − 4

2.2.2. The case of a torus with one punc-

ture

Now consider the case g = 1, n = 1. The

moduli space is:

M1,1;ν =
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{
(g,h) ∈ G×2

∣∣∣∣ tr(ghg−1h−1) = m

}/
G (38)

and it can be coordinatized by

A = tr(g), B = tr(h), C = tr(gh), (39)

which obey the relation

W1,1(A,B,C) = 0

W1,1 = A2 +B2 + C2 −ABC −m− 2
(40)

and the Poisson bracket of, e.g. A and B is easily

computed to be

{A,B} = C − 1

2
AB (41)

Now the local coordinates α, β, on M1,1;ν , s.t.

A = eα + e−α ,

B =
(
eβ/2 + e−β/2

)√A2 −m− 2

A2 − 4

C =
(
eα+β/2 + e−α−β/2

)√A2 −m− 2

A2 − 4

(42)

are the Darboux coordinates for (41). Inciden-

tally, the coordinates α, β in (42) are the coor-

dinate and momentum in the two-body relativis-

tic Calogero-Moser system with the coupling con-

stant ν, the so-called Rujsenaars-Schneider sys-

tem, whose Hamiltonian is B, see [11].

2.2.3. The braid and modular group ac-

tions

The set of generators A,B,C, . . . of the ring

of polynomial functions on Mloc depends on the

choice of the generators of the fundamental group

of the (punctured) surface Σ, and so do the coor-

dinates α, β defined by (37), (42). For example,

in the genus one case, the monodromies (g,h) are

defined with respect to some choice of the A and

B cycles. An equally good choice is, e.g. (g,hgn),

for any n ∈ Z. The corresponding (α, β) coordi-

nates transform to (α, β ± 2nα). There are anal-

ogous formulae in the genus zero case. We shall

discuss them below.

3. The Darboux coordinates

In this section we describe the coordinate sys-

tem on the moduli space Mg,n;ν of flat SL2(C)

connections on the punctured Riemann surface

with the fixed conjugacy classes of the mon-

odromies around the punctures.

3.1. The coordinate charts from the pant

decomposition

We cover Mg,n;ν by the coordinate charts UΓ

labelled by the points Γ ∈ Mg,n in the Deligne-

Mumford moduli stack of stable curves of genus

g with n punctures, corresponding to the maxi-

mally degenerate Riemann surfaces. These points

are in one-to-one correspondence with the tri-

valent graphs Γ with b1(Γ) = g with n tails. Such

a graph has 3g − 3 + n internal edges (the edge

is called internal if neither of its endpoints is a

tail), and 2g − 2 + n internal (i.e. trivalent) ver-

tices. This data is equivalent to a choice of the

pant decomposition of Σ.

To each internal edge e we assign a pair (αe, βe)

of complex numbers, with some discrete identifi-

cations. The edge e corresponds to a simple loop

γe on Σ which gets contracted at the degenera-

tion of the complex structure, corresponding to

Γ. The holonomy around this loop determines αe

(up to the obvious indeterminancy):

trP exp

∮

γe

A = eαe + e−αe (43)

The rule of computing the dual coordinate βe is

the following. There are two situations: the two

endpoints of the edge e are disctinct, in which

case we call e the genus 0 edge, or the two end-

points coincide, in which case we call e the genus
1 edge. Each of the two endpoints of the genus

0 edge e has two other edges emanating, some of

them could be tails, some of them could be iden-

tical, see the Figs. 5. By cutting open the simple

loops on Σ corresponding to the edges emanating

out of the two end-points of e, we get a sphere

with four holes, which is cut out of Σ. Let us

enumerate these holes, so that the two holes on

the one end are 1 and 2, and the other two are 3

and 4. The flat connection on Σ restricts to the

flat connection on the four-holed sphere, and de-

fines the invariant functions, A, B, C, as in (32).

Then, α and β defined by (37) are the αe and βe,

corresponding to the edge e. We could have mis-

labeled the two edges emanating from one end of
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Figure 5. The genus 0 edges

Figure 6. The genus 1 edges

e. This would have replaced βe by βe ± αe.

For the genus 1 edge the situation is similar,

except that there is only one simple loop to cut,

which extracts out of Σ a one-holed torus. The re-

striction of flat connection onto this torus defines

the invariant functions A,B and C as in (39).

Then, using (42) we define the (αe, βe) pair for

the local genus 1 edge.

3.1.1. A little bit of geometry

In this section we shall review some stan-

dard facts about the geometry of symplectic sur-

faces, the complexification of the Euclidean and

Lobachevsky geometries, and the spaces of poly-

gons.

We shall construct a complex version of the

spherical and hyperbolic geometry of polygons in

M3 = S3 or M3 = H3. It turns out that the Dar-

boux coordinates α and β of the previous consid-

erations can be viewed as describing the geometry

of quadrangles in the M3
C
≈ G. The justification

for the somewhat involved analysis of the simple

geometry is that the generalization of the Dar-

boux coordinates for n > 4 turns out to describe

the n-gons in G.

Let us view the group G as the affine hypersur-

face in the four dimensional complex vector space

V = C4 = Mat2(C) of the 2×2 complex matrices.

We endow V with the complex metric:

〈X,Y 〉 =
1

2
(tr(XY ) − trXtrY ) (44)

which is clearly invariant under the action of the

group G×G:

X 7→ (gL, gR) ·X = gLXg
−1
R (45)

The group G is realized as a hypersurface:

〈g, g〉 = 1 ⇔ g ∈ G (46)

The metric (44) induces a complex metric on G:

ds2G =
1

2
trdg2− 1

2
(trdg)2 = −1

2
tr
(
g−1dg

)2
(47)

where we used the identity in G ⊂ Mat2×2(C):

g + g−1 = trg · 1 (48)
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The volume form dg11dg12dg21dg22 on V induces

the volume form volG = 1
8π2 tr

(
g−1dg

)3
on G

which is normalized so as to have a period 1 on

the compact three-cycle S3 ⊂ G.

Given four elements g1, g2, g3, g4 ∈ G, which

obey g4g3g2g1 = 1, we construct the complexi-

fied analogue of the hyperbolic tetrahedron ∆ (see

the Figure) . The vertices of ∆ are the points:

(v1 = 1, v2 = g1, v3 = g2g1, v4 = g3g2g1). Let us

introduce the Gram matrix of ∆:

C = ‖cij‖i,j=1...4, cij = cji = 〈vi, vj〉 (49)

We shall assume this matrix non-degenerate,

Det(C) 6= 0. This implies that the vectors

v1, . . . , v4 are linearly independent. In particular,

since 〈vi, vi〉 = 1 for any i, we have that cij 6= ±1

for any i 6= j. Let us introduce the (hyperbolic)

angle αij , via

cosh(αij) = cij (50)

The choice of αij given cij is of course not

unique, even up to a shift by 2πiZ. To fix the

choice of αij as a unique element in C/2πiZ, one

can pick sij = sinh(αij) in addition to cij . The

edge eij connecting the vertices vi and vj is the

intersection of the two dimensional complex plane

Eij = Span(vi, vj) ⊂ V and G:

eij = Eij ∩G =

{t1vi+t2vj | t21+t22+2t1t2cij = 1, t1, t2 ∈ C } (51)

We can identify eij with a copy of C×, using the

explicit parametrization: for z ∈ C×,

t1 =
e2αij − z2

z(e2αij − 1)
(52)

t2 =
eαij (z2 − 1)

z(e2αij − 1)

The metric (47) restricts to eij , as

ds2eij
= −

(
dz

z

)2

. (53)

Thus, on eij , the complex metric (53) is a square

of a (1, 0)-differential ds = idz/z. The ”length” of

the edge lij is the period of ds along the one-chain

connecting the vertices vi and vj , which in the z-
coordinate is a path Cij connecting the points 1

and eαij .
∫

Cij

ds = αij mod 2πiZ (54)

The face fijk of the the tetrahedron, with

the vertices vi, vj , vk, is the intersection of the

three complex dimensional vector space Fijk =

Span(vi, vj , vk) ⊂ V and G:

fijk = Fijk ∩G =

{ t1vi + t2vj + t3vk | t1, t2, t3 ∈ C, (55)

t21 + t22 + t23 + 2t1t2cij + 2t1t3cik + 2t2t3cjk = 1 }
The manifold fijk is diffeomorphic to T ∗S2.

Given two faces, fijk and fjkl, with the common

edge ljk, we define the angle βil between them, as

the angle between the planes Fijk and Fjkl. The

latter is defined as the angle between the normal

lines, nijk and njkl, once a coorientation of the

faces fijk and fjkl is picked. Let us explain what

it is.

The normal line n to a three-dimensional vector

subspace F ⊂ V is defined as the one-dimensional

complex line in V , n ⊂ V , orthogonal, in the sense

of the metric (44), to F : for any f ∈ F , 〈f, n〉 = 0.

There are two vectors of unit norm in n, which

differ by a sign. A choice of one of these two unit

norm vectors is the choice of the coorientation of

F in V . We shall denote the unit norm vector in

n by the same letter n.
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Once the coorientation is fixed, the angle is de-

fined via:

cosh(βil) = 〈nijk, njkl〉 (56)

A change of coorientation of one of the two planes

changes the angle β to πi− β. This ambiguity is

in addition to the ambiguity β 7→ −β, and β 7→
β + 2πik, k ∈ Z.

Let us now make the following useful obser-

vation (cf. [66]): Let LC be the matrix of the

hyperbolic cosines of the dihedral angles βij :

LC = ‖cosh(βij)‖4
i,j=1 (57)

Then:

LC =
1√
C∨

d

C∨ 1√
C∨

d

(58)

where C∨ = Det(C)C−1 is the matrix of the mi-

nors of C, and C∨
d is its diagonal part, e.g.

cosh(βij) =
C∨

ij√
C∨

iiC∨
jj

(59)

The coorientation ambiguity in the definition of

the β angles is the reason for the square root am-

biguity in (59). To demonstrate (59) let us note

that the vectors

v∨i =

4∑

j=1

C∨
ijvj (60)

obey

〈v∨i , vk〉 = Det(C)δik (61)

and

〈v∨i , v∨j 〉 = Det(C)C∨
ij (62)

Therefore, we can choose the normal vectors to

be

nijk = εijkl

v∨l√
Det(C)C∨

ll

(63)

from which (59) follows immediately.

We can interpret the matrix LC as the Gram

matrix of the dual tetrahedron

L∆ ⊂ LG = PGL(2,C)

whose vertices are the normals to the faces of ∆

up to a choice of orientation. Now let us return

to the study of the moduli space M0,4;~ν . We as-

sign to every point in a finite cover of M0,4;ν a

tetrahedron (perhaps, degenerate) in G, up to the

action of the group G×G of the isometries of the

metric (44). The vertices of the tetrahedron can

be chosen to be:

(v1, v2, v3, v4) = (1, g1, g2g1, g3g2g1) (64)

The corresponding Gram matrix is readily com-

puted:

C =
1

2




2 m1 A m4

m1 2 m2 B
A m2 2 m3

m4 B m3 2


 (65)

which gives

−4C∨
22 = c34(A), −4C∨

44 = c12(A),

8C∨
24 = B(A2 − 4)−A(m1m3 +m2m4) (66)

+2(m2m3 +m1m4)

3.1.2. The Darboux coordinates for M0,4;ν

We are now in position to state the definition

of our coordinates in the case of the 4-punctured

sphere. There are three points of the maximal

degeneration of the complex structure which cor-

respond to the s, t, and u channel tree scattering

graphs. These degenerations collide the points

1− 2, 3− 4, the points 1− 4, 2− 3 and the points

1−3, 2−4, respectively, see the Fig. 7. We cover

the moduli space of flat connections by three co-

ordinate charts. Each chart Ui has the coordi-

nates (αi, βi), where i = s, t, u. The relation of

(αs, βs), and (αt, βt) coordinates to the flat con-

nection on the 4-punctured sphere with the basic

holonomies g1,2,3 is depicted in the Fig. 8. The

coordinates (αu, βu) are obtained by applying the

modular group action:

(g1, g2, g3) 7→
(
g2, g2g1g

−1
2 , g3

)
(67)

which maps the tetrahedron with the vertices

(1, g1, g2g1, g3g2g1) to the tetrahedron with the

vertices (1, g2, g2g1, g3g2g1).
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Figure 7. The degeneration points in M0,4

Figure 8. The (αs, βs) and (αt, βt) coordinates

Figure 9. From the tree graph to the polygon

triangulated by the diagonals

3.1.3. The Darboux coordinates for M0,n;ν

are defined analogously, and can be given

a geometric interpretation in terms of the

geometry of a polygon with the vertices

(1, g1, g2g1, . . . , gn−1gn−2 . . . g2g1) which is cut by

n − 3 diagonals onto n − 2 (complexified hyper-

bolic or spherical) triangles. The coordinate αi,

i = 1, . . . , n−3 is the hyperbolic length of the di-

agonal di, while the coordinate βi is the dihedral

angle between the two adjacent triangles, which

share the common edge di, see Fig. 9 for the case

of n = 7.

3.1.4. The coordinate transformations

It is interesting to look at the coordinate trans-

formations which glue our coordinate systems on

the overlaps UΓ ∩ UΓ′ . It suffices to discuss the

overlaps where the two graphs Γ and Γ′ differ in

exactly one genus 0 edge, or in exactly one genus

1 edge. In the first case the basic transformation

is (αs, βs) 7→ (αt, βt) in the case of M0,4;ν . Re-

call that the canonical transformations, i.e. the

transformations preserving the symplectic form,

are generated by a function, the so-called gener-

ating function: S0,4(αs, αt;~ν), such that:

βs =
∂S0,4

∂αs

, βt =
∂S0,4

∂αt

(68)

Using the formulae of [67] one can easily de-

rive that S0,4(αs, αt, ν1, ν2, ν3, ν4) is the hyper-

bolic volume of the tetrahedron L∆, which is dual

to the tetrahedron ∆ (Fig. 8) whose edges have

the lengths

αs, αt, µ1, µ2, µ3, µ4 .
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where µk = 2πiνk. The explicit formula can be

derived using [66] (see also [67], [68], [69], [70]):

Let

V1 = αs + µ1 + µ2

V2 = αs + µ3 + µ4

V3 = αt + µ1 + µ4

V4 = αt + µ2 + µ3

H1 = µ1 + µ2 + µ3 + µ4

H2 = αs + αt + µ1 + µ3

H3 = αs + αt + µ2 + µ4

H4 = 0

Then:

S0,4(αs, αt, ~ν) =

4∑

a=1

[
Li2

(
w+e

Va
)
− Li2

(
w−e

Va
)

−Li2
(
w+e

Ha
)

+ Li2
(
w−e

Ha
)]

(69)

where w± are the two different roots of the

(quadratic in w) equation:

4∏

a=1

(1 − weVa) =

4∏

a=1

(1 − weHa) (70)

For the genus 1 edge the formalism is similar and

we shall not present it here.

3.1.5. The Hamiltonian flows and bending

Fix Γ and consider the Hamiltonian flows gen-

erated by the Poisson-commuting functions Ae =

eαe + e−αe , for all edges e. These flows generate

a complexified integrable system. Its real slices

include the Fenchel-Nielsen twistings on the Te-

ichmüller space and Goldman flows [65] on the

moduli space of SU(2) flat connections.

In our coordinates the flow generated by αe acts

very simply: βe is shifted while αe′ ’s and βe′ for

e′ 6= e are unchanged. It is amusing to see the

action of this flow on the monodromy data of a

flat connection A. We shall do it for the g =

0, n = 4 case.

Thus, let us take α as a Hamiltonian, and let

us try to find out what is the Hamiltonian flow

Ut generated by it. Of course, in the (α, β) co-

ordinates this is trivial: Ut : (α, β) 7→ (α, β +

t). Let us calculate the effect of this trans-

formation on the flat connection A, which we

parametrize by the gauge equivalence class of the

triple (g1, g2, g3, g4), with g4g3g2g1 = 1. We

claim:

Ut : (g1, g2, g3, g4) 7→ (g1, g2, e
−tJg3e

tJ , e−tJg4e
tJ )

(71)

where we have introduced a normalized Lie al-

gebra element J , a traceless 2 × 2 matrix with

the eigenvalues ± 1
2 , trJ = 0, trJ2 = 1

2 , such

that:

g2g1 = e2αJ . (72)

Indeed, let

Bt = tr(g2e
−tJg3e

tJ ) (73)

Using the identity for the SL2 matrices:

e2tαJ =
sinh (1 − t)α

sinhα
+

sinh tα

sinhα
e2αJ .

we can easily compute:

Bt(A
2 − 4) + 2 (m2m3 +m1m4)−

A (m1m3 +m2m4) =

2 cosh(β + t)
√
c12(A)c34(A)

which establishes (71).

In the general g = 0 case, the Hamiltonian flow

generated by αe corresponding to the edge e, and

the corresponding diagonal de (as in the Fig. 9),

has a very simple geometric interpretation (mod-

ulo the complexification): one simply bends the

hyperbolic n-gon along the diagonal de. The an-

gle of bending corresponding to Ut is equal to t.
This is a complexified version of the constructions

in [63], [71], [72], [73].

4. The brane of opers

In this section we study briefly the so-called

brane of opers in the sigma model with the tar-

get space Mloc
Σ . This is a (A,B,A) type D-brane
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BOτ
, which corresponds to the J-complex ΩJ -

Lagrangian submanifold Oτ ⊂ Mloc
Σ , described

in [74]. In fact, locally Mloc is foliated by the

varieties of SL2-opers for different complex struc-

tures on Σ, as expressed by the local identification

of the moduli space of flat SL2-connections with

the moduli space of projective structures [75], see

also [36], [76].

Roughly speaking, a flat connection A =

Azdz + Az̄dz̄ is a G-oper, if the gauge equiva-

lence class of Ā = Az̄dz̄ defines a particular holo-

morphic G-bundle on Σ, which is determined by

the complex structure of Σ. For G = SL2(C)

this bundle is such that the associated rank two

vector bundle is the (unique up to isomorphism)

nontrivial extension of the bundleK
−1/2
Σ byK

1/2
Σ .

Locally an SL2-oper is a second order (mero-

morphic) differential operator D = −∂2 + T (z)
which acts on the (− 1

2 )-differentials.

If we fix for convenience some reference com-

plex structure on Σ, with the local coordinates

(w, w̄), and describe the generic complex struc-

ture with the help of the Beltrami differential

µ = µw
w̄dw̄∂w, then

Aw̄−µAw =

(
− 1

2∂µ 0

− 1
2∂

2µ 1
2∂µ

)
, Aw =

(
0 1

T̃ 0

)

(74)

where T̃ obeys the following compatibility condi-

tion

(
∂̄ − µ∂ − 2∂µ

)
T̃ = −1

2
∂3µ (75)

The notion of a G-oper was in general given for a

Riemann surface with punctures, where the opers

may develop certain poles [74]. In this paper we

study only the case of regular singularities. It

means at any puncture, T has at most the second

order pole.

In the case of G = SL2(C) the space of opers

for varying complex structure of Σ is the open

subset in the moduli space of flat G-connections

[75].

4.1. The SL2-opers in genus zero

In the case of the genus zero surface with n
marked points the SL2-oper can be identified

with the second order differential operator (the

projective connection) of the form:

D = −∂2
z + T (z)

T (z) =

n∑

a=1

∆a

(z − xa)2
+

ǫa
z − xa

(76)

where the accessory parameters ǫa obey

n∑

a=1

ǫa = 0

n∑

a=1

(xaǫa + ∆a) = 0

n∑

a=1

(
x2

aǫa + 2xa∆a

)
= 0

(77)

in order for (76) be non-singular at z = ∞. Ac-

tually, an open set in the space of all SL2-flat

connections on the n-punctured sphere can be

parametrized by the space of n-tuples (xa, ǫa)n
a=1

obeying (77) modulo the diagonal PGL2-action

(xa, ǫa)
n
a=1 7→

(
Axa +B

Cxa +D
, ǫa(Cxa +D)2 + 2C(Cxa +D)∆a

)n

a=1

The oper (76) defines a point in M0,n;ν when

∆a = νa(νa − 1) , a = 1, . . . n (78)

The correspondence (24,25) ∂τk
↔ Hk between

the variations of the complex moduli of Σ and the

functions on the variety of opers Oτ is provided,

in this case, by the one-form

δ =
∑

a

ǫadxa (79)

Once a global coordinate z on the sphere is fixed,

e.g. by requiring three out of n punctures to be

at 0, 1,∞, the one-form δ becomes well-defined in

the tangent space to M0,n.

4.2. The SL2-opers in genus one

We can also describe quite explicitly the space

of opers on an elliptic curve Eτ with regular sin-

gularities at the points x1, . . . , xn ∈ Eτ :

D = −∂2
z + T (z)

T (z) = u+

n∑

a=1

∆a℘(z − xa) + ǫaζ(z − xa)
(80)
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where
∑

a ǫa = 0, u is a constant, and we used

the Weierstrass ζ and ℘ = ζ ′ functions. The cor-

respondence ∂τk
↔ Hk is now represented by the

one-form

δ =
∑

a

ǫadxa + udτ (81)

4.3. The opers on degenerate curves

For practical purposes it is useful to study

the regular opers on a smooth curve with punc-

tures whose complex structure approaches that

of a maximally degenerate stable curve. As we

discussed above, such maximal degeneration can

be encoded in a trivalent graph Γ with n tails

and g loops. Each internal vertex corresponds

to a three-holed sphere, each internal edge corre-

sponds to a double point (a pinched handle). A

complex structure close to the maximally degen-

erate one, corresponding to Γ, is parametrized by

assigning the complex numbers qe, |qe| ≪ 1 to the

internal edges.

The oper D on Σ which is close to Γ can be

approximated by the following data: the hyper-

geometric oper on every trivalent vertex:

T (zv) =
∆1

z2
v

+
∆2

(zv − 1)2
+

∆3 − ∆1 − ∆2

zv(zv − 1)
(82)

where zv is a coordinate on the three-punctured

sphere corresponding to the vertex v; and the

glueing of the local coordinates across the edges:

zv1(e)zv2(e) = qe (83)

where we assume that on the two spheres v1(e)
and v2(e) the double point corresponding to e is

at the points z = 0 on each component. Given

the internal vertex v let e1, e2, e3 be the three em-

anating edges. Let them correspond to the points

zv = 0, zv = 1, zv = ∞, respectively. Then,

∆k = ηk (ηk − 1) (84)

where ηk =
αek

2πi
+ δk if ek is an internal edge, and

ηk = νi if ek is the i’th tail, δ1,3 = 1
2 , δ2 = 0.

This shift is due to the fact that D acts on the

(−1/2)-differentials

Ψv = ψ(zv)dz
− 1

2

v

4.4. Comparison with the four dimensional

gauge theory

In the perturbative limit, where the Riemann

surface Σ approaches one of the maximally degen-

erate complex structures τ → τ∗ the Z-function

simplifies, and (18) can be calculated rather ex-

plicitly [81]:

WOτ
(α, ν) =

∑

e

(τe
2
α2

e + Υ(2αe)
)

−
∑

v

Υ(
∑

e∋v

±αe)
(85)

where Υ is a special function, whose derivative

gives the logarithm of the Γ-function:

Υ′(x) = log

(
Γ (x+ ε)

Γ (−x+ ε)

)

Υ(x) =
d

ds

∣∣∣∣∣
s=0

µs

Γ(s)

∫ ∞

0

dt

t2
ts

1 − e−tε
e−tx

(86)

In order to compare this gauge theory result with

the generating function of the variety of opers cor-

responding to our system of Darboux coordinates

(α, β) we approximate the oper on the nearly de-

generate curve by the collection of the hyperge-

ometric opers on the three-holed spheres corre-

sponding to the internal vertices v of the degen-

eration graph Γ, insert the transition matrices

(
qαe
e 0

0 q−αe
e

)
(87)

at the double points, which correspond to the

edges e, and use the standard transition matrices

for the solutions of the hypergeometric equation,

to compute the monodromy matrices g1, g2, g3, g4

for each genus zero edge, and the matrices g,h for

each genus one edge.

One can also include the e2πiτe -corrections by

the usual quantum mechanical perturbation the-

ory and verify the agreement with the instanton

calculations on the gauge theory side. We have

performed these checks for low instanton numbers

for the two basic cases: SU(2) Nf = 4 theory

(which corresponds to M0,4) and for the SU(2)

N = 2∗ theory (which corresponds to M1,1).
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4.5. The topological brane

The study of the separation of variables (pro-

posed by E. Sklyanin [82]) for the quantum

Gaudin system, which is essentially the genus zero

case of the Hitchin system, suggests the following

definition of this second brane. We assume that

the νk parameters are generic (and definitely not

half-integral, as in [83]).

Then we define a subvariety Lγ for any pair

γ = (Γ, or) which consists of the degeneration

graph Γ together with the choice of orientation

or. For the oriented edge e we define the source

s(e) and the target t(e) vertices in the obvious

way.

The definition of Lγ is the following: For ev-
ery internal genus zero egde e we require αe to
be equal to the sum of ±αe’s or ±νk’s (the sign
depends on the orientation) corresponding to the
two other edges which enter s(e)

αe =
∑

e′,t(e′)=s(e)

ηe′ −
∑

e′,s(e′)=s(e)

ηe′

where, as before ηe = αe ± δe if e is an internal

edge, and ηe = νk if e is the k’th tail.

In the coordinate patch UΓ′ the variety Lγ is

described by the generating function, which is a

sum of dilogarithms, as follows from (69).

5. Further directions and discussion

In this paper we have introduced a system

of holomorphic Darboux coordinates α, β on the

moduli space Mloc
Σ of flat SL2(C)-connections on

a punctured Riemann surface with fixed conju-

gacy classes of the monodromies around the punc-

tures. The main claim about this coordinate sys-

tem is the identification of the generating function

of the variety Oτ of SL2-opers with the effective

twisted superpotential of the four dimensional A1

type Gaiotto theory corresponding to Σ, subject

to the two dimensional Ω-deformation.

We also expressed the Yang-Yang function of

the quantum Hitchin system, using our coordi-

nate system, as a difference of the generating

functions of the variety of opers Oτ , and the

second Lagrangian submanifold Lγ , which deter-

mines the space of states of the quantum Hitchin

system. We presented a proposal for the construc-

tion of Lγ in the genus zero case. We would like to

stress that the Yang-Yang function we are talk-

ing about here is different from the Yang-Yang

functions of the finite dimensional Gaudin model

or spin chains, which can be derived by taking a

critical level limit of the free field representation

of the current algebra conformal blocks [77], [78],

[79], [80], as explained in [14], [15], [16].

The generating function WOτ
also has other

applications. For example, it can be identified

with the classical conformal block of the Liouville

theory [84], which makes the relation to the four

dimensional gauge theory natural in view of the

conjecture [85]. It also provides the ”holomorphic

part” of the classical Liouville action, which is

discussed in [33], [34], [86], [36], [87].

Since the variety of opers is well-understood

for all Lie groups G, it is urgent to generalize

our Darboux coordinates for the case of general

G. This would allow us to compute the effec-

tive twisted superpotentials of the exotic theo-

ries which do not have a Lagrangian description

(a general A,D,E type (0, 2) theory compacti-

fied on a Riemann surface and subject to the Ω-

deformation).

In order to characterize the conformal blocks

of Liouville and Toda conformal theories, using

the [85] relation, we need to turn on the generic

Ω-deformation, with both ε1, ε2 non-vanishing.

It was argued that this would effectively quan-

tize the algebras of holomorphic functions on

Mloc
Σ (G) and Mloc

Σ (LG), with the deformation

quantization parameters h̄ = ε2/ε1 and 1/h̄ =

ε1/ε2, respectively. The Z-function is then a vec-

tor in the representation of Ah̄
G × A1/h̄

LG
, which

corresponds, quasiclassically, to Oτ . To find this

vector seems like an extremely important prob-

lem. For the recent discussion of related problems

see [38], [88], [51], [46].
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Time-dependent AdS/CFT correspondence and the Quark-Gluon plasma
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Experiments on high-energy heavy-ion collisions reveal the formation and some intriguing properties of the
Quark-Gluon Plasma (QGP), a new phase of matter predicted by Quantum Chromodynamics (QCD), the quan-
tum field theory of strong interactions. The phenomenological success of relativistic hydrodynamic simulations
with remarkably weak shear viscosity, modeling QGP as an almost perfect fluid, are in favor of the occurrence
of a strongly-coupled QGP expanding and cooling during the reaction. A derivation of these features in QCD at
strong coupling is still lacking and represents a very intricate theoretical challenge. As a quite unique modern tool
to relate these dynamical features to a microscopic gauge field theory at strong coupling, time-dependent real-
izations of the AdS/CFT correspondence provide a fruitful way to study these properties in a realistic kinematic
configuration. Relating a 4-dimensional Yang-Mills gauge theory with four supersymmetries (which is a conformal
field theory, CFT4) with gravity in Anti-de Sitter space in five dimensions (AdS5), the AdS/CFT correspondence
provides a useful “laboratory” to study yet unknown strong coupling properties of QCD. Besides the interest of
revealing new aspects of the AdS/CFT correspondence in a dynamical set-up, the application to plasma formation
leads to non trivial theoretical properties, as we will discuss in the lectures. The highlights of the present lectures
are:

1. Emergence of an (almost) perfect hydrodynamic fluid at late proper-times after the collision.
2. Duality between an expanding 4-dimensional plasma and a black hole moving radially in the bulk.
3. Intimate link between conformal hydrodynamics and Einstein’s equations in the asymptotically AdS5 space.
4. Possibility of studying the far-from-equilibrium stage of a gauge field theory at early collisional proper-times.

1. Heavy-Ion reactions and the QGP

One of the most striking lessons one may draw
[1,2] from experiments on heavy-ion collisions at
high energy (e.g. at the RHIC accelerator) is that
fluid hydrodynamics seems to be relevant for un-
derstanding the dynamics of the reaction (see, for
instance, the reviews [2]). Indeed, the elliptic flow
[3] describing the anisotropy of the low transverse
momentum particles produced in a collision at
non zero impact parameter implies the existence
of a collective flow of particles. It agrees with
the picture of an hydrodynamical pressure gra-
dient due to the initial eccentricity in the colli-
sion3. Moreover, the hydrodynamic simulations

∗Aspirant FWO; Alice.Bernamonti@vub.ac.be
†robi.peschanski@cea.fr
3Note that a preliminary analysis of recent LHC data on
the elliptic flow at the Alice detector seems to confirm the

which are successful to describe this elliptic flow
are consistent with an almost “perfect fluid” be-
havior, i.e. a small viscosity over entropy ratio η/s
[5]. This ratio is particularly interesting since it
depends mainly on fundamental features of the
fluid, being in particular independent of the par-
ticle density (see later, eq.(1)).

The validity of an hydrodynamical description
assuming a quasi-perfect fluid behavior has been
nicely anticipated by Bjorken4 in Ref.[8]. The so-
called Bjorken flow is based on the approxima-

validity of the hydrodynamic approach [4].
4The introduction of hydrodynamics in the description of
high-energy hadronic collisions has been originally pro-
posed by Landau [6], assuming “full stopping” initial con-
ditions which result in a non boost-invariant solution or
Landau flow (see [7] for a unified description of Bjorken
and Landau flows). However “full stopping” initial condi-
tions do not seem to agree with present day data.
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Figure 1. Description of QGP formation in heavy

ion collisions. The kinematic landscape is defined
by τ =

p
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The coordinates along the light-cone are x0 ± x1, the
transverse ones are {x2, x3} and τ is the proper time,
while η is called the “space-time rapidity”.

tion of an intermediate stage of the reaction pro-
cess consisting in a boost-invariant quark-gluon
plasma (QGP) behaving as a relativistically ex-
panding fluid. It is formed after a (strikingly
rapid) thermalization period and finally decays
into hadrons. A schematic description of the pro-
cess in light-cone kinematics is shown in Fig.1.
Boost-invariance can be justified in the central
region of the collision since the observed distribu-
tion of particles is flat, in agreement with the pre-
diction of hydrodynamic boost-invariance, where
(space-time) fluid and (energy-momentum) parti-
cle rapidities are proven to be equal [8] (see later
the discussion in section 3).

The Bjorken flow was instrumental for deriving
and predicting many qualitative and even semi-
quantitative features of the quark-gluon plasma
formation in heavy-ion reactions. It was later
confirmed and developed through numerical sim-
ulations where various effects have been included,
up to the full 4-dimensional structure of the hy-
drodynamic flow. However, since hydrodynamics
is an effective mean-field approach, it says only
little on the relation with the microscopic gauge
field theory, i.e., in the present case, Quantum
Chromodynamics (QCD). Some important ques-
tions remain unsolved, such as the reason why the
fluid behaves like a (almost) perfect fluid, what is
the small amount of viscosity it may require, why
and how fast thermalization proceeds, etc...

The problem is made even more difficult by the
strong coupling regime of QCD, which is very
probably required, since a perturbative descrip-
tion leads in general to high η/s ratio. In fact,
large collision cross-sections with transversally
cut-off momenta are required in order to explain a
small macroscopic shear viscosity. The mean free
path and the average transverse momentum in-
duced by the gauge field medium should be small,
in order to damp the nearby force transversal to
the flow measuring shear viscosity. In a classical
physics context, one may write

η

s
=

ρpart × λfree × p̄av

ρpart × kB

[
≥ 1

4π

~

kB

]
, (1)

where ρpart, (resp. p̄av) is the particle density,
(resp. average transverse momentum) and λfree

the mean free-path. Both small mean free-path
and low average transverse momentum are ex-
pected in the non-perturbative regime of QCD
and more generally from a gauge theory at strong
coupling. We also quote in formula (1) the
AdS/CFT value [9] 1/4π in terms of the funda-
mental constants’ ratio ~/kB, corresponding to
the large coupling limit of the conformal field
theory. This AdS/CFT ratio appears to be very
small compared to all known non-relativistic flu-
ids, as suggested by the inequality between square
brackets. Indeed, the AdS/CFT value has been
proposed as an absolute theoretical lower bound
[10]. A discussion is in progress to fully con-
firm this statement or to find counter-examples
in microscopic theories (see [11] and references
therein).

In any case, a very small phenomenological vis-
cosity ratio is confirmed; not meaning that vis-
cosity effects should be neglected . Observations
on the elliptic flow primarily, and other observ-
ables, allow one to give estimates of η/s which
are within range of the AdS/CFT value (see, e.g.
[4,5]).

It is thus interesting to use our modern (while
still in progress) knowledge of non-perturbative
methods in quantum field theory to fill the gap
between the macroscopic and microscopic de-
scriptions of the quark-gluon plasma produced in
heavy-ion collisions. Lattice gauge theory meth-
ods are very useful to analyze the static proper-
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ties of the quark-gluon plasma, but they are still
unable to describe the plasma in collision.

Hence we are led to rely upon the new tools of-
fered by the Gauge/Gravity correspondence and
in particular on the most studied and well-known
of its realizations, namely the AdS/CFT duality
[12] between N = 4 supersymmetric Yang-Mills
theory and type IIB superstring in the large Nc

approximation. The properties of the gauge the-
ory in (physical) Minkowski space in 3+1 dimen-
sions are in one-to-one relation with properties
of the bulk theory, in the 10D target space of
strings. For our applications, strong coupling fea-
tures will be related by duality to the geomet-
ric structure of the 5D metric with Minkowski
boundary, which is built on top of vacuum AdS.
At weak coupling, the physical space corresponds
to the world-volume of a stack of infinitely many
(Nc→∞) joint D3-branes. Note that the overall
consistency of the correspondence scheme will be
required, even if only geometrical properties will
be used in practice.

One should be aware, when using AdS/CFT
tools, that there does not yet exist a gravity
dual construction for QCD. Also, the relation
between perturbative (weak-coupling) and non-
perturbative (strong-coupling) aspects of QCD
are left over in the correspondence, which con-
veniently describes the strong coupling regime of
gauge theories uniquely. However, the nice fea-
ture of the quark-gluon plasma is that it is a de-
confined phase of QCD, characterized by collec-
tive degrees of freedom. Thus one may expect to
get useful information from AdS/CFT. This has
already been proved in the description of static
geometries, by the evaluation of η/s [9]. Other
aspects of the QGP can be studied via the dual-
ity, in a static plasma configuration at fixed tem-
perature.

Our specific aim and the subject of the present
lectures is the investigation of the Gauge/Gravity
duality in a dynamical time-dependent setting us-
ing the AdS/CFT correspondence. The goal is to
describe a collision process in a strongly coupled
gauge theory, including in particular the cool-
ing of temperature accompanying the proper-time
evolution of the fluid.

In section 2, we introduce the theoretical tool

of holographic renormalization and apply it, as
a warm-up exercise, to a static uniform plasma.
Sections 3 and 4 present, respectively, the late
and early proper-time analysis of the plasma
evolution, with particular emphasis on boost-
invariant flows.

2. AdS/CFT and strong gauge interactions

In the previous section, we mentioned the ubiq-
uity of hydrodynamic methods in the description
of QGP produced at RHIC. Yet, despite their suc-
cess in describing the data, we have to keep in
mind that they are used as a phenomenological
model, without a real derivation from gauge the-
ory. This is understandable, since almost perfect
fluid hydrodynamics is intrinsically a strong cou-
pling phenomenon, for which one lacks a purely
gauge theoretical method.5

On the other hand, there exists a wide class
of gauge theories, which can be studied analyti-
cally at strong coupling. These are superconfor-
mal field theories with gravity duals. In the unify-
ing context of string theory, using the AdS/CFT
correspondence, one is able to map gauge the-
ory dynamics (CFT) at strong coupling and large
number of colors into solving Einstein’s equations
in asymptotically anti-de Sitter space (AdS). The
theories with gravity duals can differ substantially
from real world QCD at zero temperature. The
best known example of such theories - N = 4 su-
per Yang-Mills (SYM) - is a superconformal field
theory with matter in the adjoint representation
of the gauge group SU(Nc). Because of the con-
formal symmetry at the quantum level this theory
does not exhibit confinement. On the other hand,
differences between N = 4 SYM and QCD are
less significant above QCD’s critical temperature,
when quarks and gluons are in the deconfined
phase. Moreover, it was observed on the lattice
that QCD exhibits a quasi-conformal trend [14]
in a range of temperatures T > 300 MeV. There
the equation of state is reasonably approximated
by the conformal relation ǫ = 3p, correspond-
ing to a traceless energy-momentum tensor. The

5Lattice QCD methods do not work well here, as this
would require analytical continuation to Minkowski sig-
nature which is nontrivial in this context [13].
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above observations, together with experimental
results suggesting that QGP is a strongly coupled
medium, are an incentive to use the AdS/CFT
correspondence as a tool to get insight into non-
perturbative dynamics.

2.1. AdS/CFT correspondence

We will now describe how to set up an
AdS/CFT computation for determining the
space-time behavior of the gauge field plasma
corresponding to a Bjorken boost-invariant flow.
The problem is formulated in terms of the proper-
time evolution of the matter energy-momentum
tensor on the CFT boundary [15]. This method
does not make any underlying assumption about
local equilibrium or hydrodynamical behavior.
We will indeed obtain the hydrodynamic expan-
sion as a generic consequence of the late time
behavior of the expanding and strongly coupled
plasma.

Suppose we consider some macroscopic state of
the plasma characterized by a space-time profile
of the energy-momentum tensor

Tµν(xρ) , µ, ν, ρ = {0, · · · , 3} . (2)

Then, since the AdS/CFT correspondence asserts
an exact equivalence between gauge and string
theories, such a state should have its counterpart
on the gravity side of the correspondence. Typi-
cally, it will be given by a modification of the ge-
ometry of the original AdS5×S5 metric. This fol-
lows from the fact that operators in the gauge the-
ory correspond to fields in supergravity (or string
theory). When we consider a state with a nonzero
expectation value of an operator, the dual grav-
ity background will have the corresponding field
modified from its ‘vacuum’ value. In the case of
the energy-momentum tensor, the corresponding
field is just the 5D metric. One then has to as-
sume that the geometry is well defined, i.e. it is
free from naked singularities - singularities not
hidden by an event horizon -. This principle se-
lects the allowed physical space-time profiles of
the gauge theory energy-momentum tensor. Thus
this becomes the main dynamical mechanism for
selecting the appropriate strongly coupled gauge
theory from the dual Einstein equations. In prac-
tice, the geometry will be obtained from a “holo-

graphic renormalization” procedure starting from
the boundary. The boundary conditions serve as
initial conditions for the construction of the bulk
features, the fifth dimension acting as a renor-
malization scale. Let us describe in detail this
construction.

2.2. Holographic renormalization

The Gauge/Gravity duality can be described
as an “holographic” correspondence between the
4-dimensional physical space where the gauge
theory lives and the 5-dimensional space where
the supergravity (weak curvature) approximation
of the 10-dimensional string theory is valid. It
means qualitatively that the whole information
should be the same on both sides of the corre-
spondence, despite the difference in dimensional-
ity. In practice, this notion of “holography” has
a precise realization in terms of the “holographic
renormalization” program [16]. Let us illustrate
the holographic renormalization by simple exam-
ples, which will in fact be sufficient for the appli-
cations we have in mind.

Suppose that, when considering the presence of
matter on the 4-dimensional physical space, our
corresponding 5-dimensional geometry is param-
eterized by

ds2 =
gµν(xρ, z)dxµdxν + dz2

z2
≡ g5D

αβ dxαdxβ , (3)

where we adopt the Fefferman-Graham definition
[17] of the 5D metric. The flat case gµν = ηµν

parametrizes AdS5 in Poincaré coordinates. The
conformal boundary of space-time is at z=0.

Considering the general metric (3) from the
point-of-view of the AdS/CFT correspondence,
the following questions are in order:

i) What are the constraints imposed on
gµν(xρ, z)?

ii) What is the corresponding energy-
momentum profile 〈Tµν(xρ)〉?

The metric (3) has to be a solution of 5D Ein-
stein’s equation with negative cosmological con-
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stant6

Rαβ =
1

2
gαβ (R − 12) . (4)

The expectation value of the energy momentum
tensor may be recovered by expanding the metric
near the boundary z=0. The “holographic renor-
malization” procedure [16], for a Minkowskian
boundary metric, gives7

gµν(xρ, z) = ηµν + z4g(4)
µν (xρ) + . . . , (5)

and

〈Tµν(xρ)〉 =
N2

c

2π2
· g(4)

µν (xρ) . (6)

The relations (5,6) can be used in two ways.
Firstly, given a solution of Einstein’s equations,
we may read off the corresponding gauge theoret-
ical energy-momentum tensor. Secondly, given a
traceless and conserved energy-momentum pro-
file, one may integrate Einstein’s equations into
the bulk in order to obtain the dual geometry8.
Then the criterion of non singularity of the geom-
etry will determine the allowed space-time evolu-
tion of the plasma. Let us note that this formula-
tion is in fact quite far from a conventional initial
value problem.

2.3. Example: static uniform plasma

Before moving to the case of an expanding
plasma, it is convenient to consider the simple
situation of a static uniform plasma with a con-
stant energy-momentum tensor. This will provide
a useful exercise introducing the main tools for
further applications.

6One can show that such solutions lift to 10D solutions
of ten dimensional type IIB supergravity. The effective
5D negative cosmological constant comes from the 5-form
field in 10D supergravity.
7In principle, in (5) also additional logarithmic terms ap-
pear (see [16]). They are absent in all the cases we are
going to examine.
8This can be done order by order in z2, which is a near-
boundary expansion. However potential singularities are
hidden deep in the bulk, thus this power series needs to
be resummed.

Starting from a constant diagonal energy-
momentum tensor

Tµν =




ǫ 0 0 0
0 p‖ 0 0
0 0 p⊥ 0
0 0 0 p⊥


 , (7)

with p‖ = p⊥ and energy density and pressure re-
lated by ǫ = 3p, one has to solve the 5D Einstein’s
equations for an Ansatz

ds2 =
−ea(z)dt2 + eb(z)d~x2 + dz2

z2
(8)

obeying the above-mentioned boundary condi-
tions (5,6). Inserting (8) into the Einstein’s
equations (4) and splitting them into compo-
nents, one gets

R11 ⇒ −8a′ + za′2 − 6b′ + 3za′b′ + 2za′′ = 0 ,
R55 ⇒ −2a′+za′2−6b′+3zb′2+2z(a′′+3b′′) = 0 ,
R22 ⇒ −2a′ − 12b′ + za′b′ + 3zb′2 + 2zb′′ = 0 .

Then

R11 − R55 ⇒ a′ =
zb′2 + 2zb′′

zb′ − 2
, (9)

while combining it with the expression from R22

for a′ gives

−3b′2 + zb′2 + zb′′ = 0 . (10)

From those last two equations, it is easy to ob-
tain independent equations for a(z) and b(z) and
their solutions. With appropriate normalizations
at z=0, one gets

b ≡ log

(
1 +

z4

z4
0

)

a ≡ 2 log

(
1 − z4

z4
0

)
− log

(
1 +

z4

z4
0

)
, (11)

where z0 is the integration constant. Hence, Ein-
stein’s equations can be exactly solved analyti-
cally in this case and we find [15] that the exact
dual geometry of such a system is

ds2 = −

(
1− z4

z4

0

)2

(
1+ z4

z4

0

) dt2

z2
+

(
1+

z4

z4
0

)
d~x2

z2
+

dz2

z2
. (12)
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This metric may look at first glance unfamiliar,
but a change of coordinates

z̃ ≡ z√
1 + z4

z4

0

(13)

transforms it to the standard metric form of the
AdS-Schwarzschild static black hole9

z̃2ds2 = −
(

1 − z̃4

z̃4
0

)
dt2+ d~x2+

1

1 − z̃4

z̃4

0

dz̃2, (14)

with z̃0 = z0/
√

2 being the location of the hori-
zon. Before we proceed further, let us note here
one crucial thing: the fact that the dual geome-
try of a gauge theory system with constant energy
density is a black hole was not an assumption, but
rather an outcome of a computation.

The Hawking temperature

T =
1

πz̃0
≡

√
2

πz0
(15)

is then identified with the gauge theory tem-
perature, and the entropy with the Bekenstein-
Hawking black hole entropy

S =
N2

c

2πz̃3
0

=
π2

2
N2

c T 3 (16)

which is 3/4 of the entropy at zero coupling. This
identification between the black hole characteris-
tics and the equilibrium thermodynamics of the
plasma reveals a striking correspondence between
the near-horizon and boundary properties of the
gauge/gravity system.

To finish our discussion of the static black hole,
we note that the Fefferman-Graham coordinates
cover only the part of space-time lying outside
of the horizon. It will appear useful to introduce
different coordinates allowing one to go inside the
horizon, such as the Eddington-Finkelstein’s co-
ordinate system. Through the time coordinate
redefinition

u ≡ t − 1

4
z̃0

(
2 arctan

z̃

z̃0
+ log

z̃0 + z̃

z̃0 − z̃

)
, (17)

9The identification of the metric (12) as the dual of a static
fluid at fixed temperature has previously been made in [18]
using the approach ‘from bulk to boundary’. This is the
reverse way w.r.t. holographic renormalization which pro-
ceeds ‘from boundary to bulk’. The interest of holographic
renormalization is that it allows a construction of the dual
geometry starting only from 4-dimensional physical data.

the metric (14) becomes:

z̃2ds2 = −
(

1 − z̃4

z̃4
0

)
du2 + d~x2 + 2dudz̃ . (18)

Now the metric is well defined at z̃ = z̃0 and
the horizon can be smoothly crossed. Note that
the time coordinate gets an infinite shift near the
horizon, here being harmless, but which reveals
to be quite subtle for the time-dependent back-
grounds we will consider now.

3. AdS/CFT and late time quark-gluon

plasma flow

In this part, we describe applications of the
methods introduced in section 2 to the analysis of
plasma dynamics in strongly coupled gauge the-
ories. The time dependence of the system intro-
duces considerable computational difficulties and
it is in general a hard task to achieve a detailed
quantitative description of the plasma evolution.
Nevertheless, significant information on the dy-
namics can be extracted working in simplified and
symmetric, but realistic setups. We shall consider
specific regimes of the problem in exam, but some
general lessons can still be drawn about the highly
nonlinear regime of the plasma expansion.

Throughout the next sections we will model
the products of heavy-ion collisions with a N =4
SYM plasma at finite temperature. We mainly fo-
cus on the results obtained in Ref. [15] concerning
the late proper-time behavior of the quark-gluon
plasma. Recent and detailed reviews on the sub-
ject are also Refs. [19] and [20] .

The structure of the sections is organized in the
following way. In section 3.1 we review briefly the
“Bjorken flow” description of the central rapid-
ity region of heavy-ion collisions. This serves as
an introduction to section 3.2, where we present
the gauge theory setup which has been used in
[15] to model the products of heavy-ion reac-
tions. The description is in fact inspired by the
hydrodynamic description of heavy-ion collisions
by Bjorken [8] and based on the central assump-
tion of boost invariance. This hypothesis seems
experimentally to be valid in the central rapidity
region of the heavy-ion collision process. In sec-
tion 3.3, we review the computation of the holo-
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graphic dual geometry of the plasma system in
the asymptotic limit of large proper-time. The
properties of this class of time-dependent space-
times are investigated in section 3.4. The require-
ment of the absence of naked singularities in the
bulk selects uniquely the gravity dual of a perfect
fluid. This non-singular solution can be inter-
preted as a black hole moving off from the AdS
boundary in the radial direction, as a function
of proper-time. We conclude with sections 3.5
and 3.6, where we present attempts of going be-
yond the assumptions of perfect hydrodynamics
and boost invariance.

3.1. Hydrodynamic Bjorken flow

The introduction of relativistic hydrodynam-
ics in the description of high-energy hadronic re-
actions is due to Landau in a remarkable pre-
monitory paper [6]. However, the experimental
evidence of a connection between heavy-ion col-
lisions and relativistic hydrodynamics has been
first modeled by Bjorken in [8]. In this descrip-
tion, boost-invariance of the plasma arises as an
outcome of the assumption of hydrodynamics, in
a semi-classical approximation where the fluid fol-
lows ballistic trajectories or, in other terms, the
momentum-space rapidity is equal to the space-
time one (see Fig.2). The model is therefore well
suited to parametrize the central region of ultra-
relativistic collisions, for which the particle dis-
tribution is nearly flat as a function of rapidity.

In this section, we review a number of aspects
of this picture. The summary is intended to be
useful in the follow-up to motivate the assump-
tions of the AdS/CFT models we discuss and to
interpret the physical results we obtain.

For the discussion that follows, it is convenient
to parametrize flat four-dimensional space-time
of coordinates (t, x1, x⊥), where x⊥ = (x2, x3), in
terms of the light-cone coordinates (x+, x−, x⊥).
The latter are defined by x± ≡ t ± x1, in which
the flat space-time metric reads

ds2 = −dx+dx− + dx2
⊥ . (19)

The proper-time τ and space-time rapidity η of
the fluid are related to the light-cone coordinates
by x± ≡ τ e±η.

Figure 2. Semi-classical fluid trajectories: the In-
Out cascade. The rapidity y is equal to the space-

time rapidity η = 1
2 log x+

x− .

In the first stages of the collision, a rather dense
interacting medium is created and the individual
partonic or hadronic degrees of freedom can be
neglected to a good approximation. This obser-
vation justifies the treatment of the medium as
a fluid and, moreover, allows the assumption of
local equilibrium. In the simplest perfect fluid ap-
proximation, the energy-momentum tensor reads

T µν = (ǫ + p)uµuν − p ηµν , (20)

where ǫ, p and uµ are the energy density, pressure
and 4-velocity of the fluid, respectively; while ηµν

is the flat metric of expression (19). We further
assume an equation of state of the form

ǫ = g p , (21)

where 1/
√

g is the sound velocity of the liquid. In
the case of a conformal theory, the traceless con-
dition T µ

µ = 0 implies g = 3 in four dimensions.
The continuity equation ∂µT µν = 0 for a perfect
fluid of energy density and pressure related by
(21) reduces to two equations
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g∂+(ln p) =− (1 + g)2

2
∂+p − g2−1

2
e−2y∂−y

g∂−(ln p) =
(1 + g)2

2
∂−p − g2−1

2
e2y∂+y (22)

for the pressure and the rapidity

y ≡ 1

2
ln

(
ǫ + p

ǫ − p

)
(23)

of the fluid. The other thermodynamical quanti-
ties can be derived from the equation of state (21)
and the standard thermodynamical identities

p + ǫ = Ts , dǫ = Tds , (24)

where T and s are the temperature and entropy
density of the fluid and we have assumed, for sim-
plicity, vanishing chemical potential.

The result is

p =
ǫ

g
= p0 T g+1 , s = s0 T g ∝ p

g
g+1 , (25)

for constant p0 and s0.
The key observation is that the expansion of

the fluid can be described by a semi-classical pic-
ture. In fact, the high occupation numbers of
the system allow to assume that the fluid compo-
nents follow quasi-classical trajectories in space-
time, here straight-line trajectories starting at the
origin (see Fig.2), and given by

y = η . (26)

Plugging the Ansatz (26) into (22), one obtains

g∂+(ln p) = −1 + g

2x+
, g∂−(ln p) = −1 + g

2x−
, (27)

from which it easily follows

ln
p

p0
=

1+g

2
log x+x− ⇒ p(τ) =

p0

τ
1+g

g

. (28)

The simple Ansatz (26) thus leads to a boost-
invariant system. Such a physical description is
suitable to model the central rapidity region of
highly relativistic heavy-ion collisions, where a
central plateau in the distribution of particles is
detected.

Specifically, in the perfect fluid four-
dimensional case, the behavior is

p(τ) =
ǫ(τ)

3
=

p0

τ
4

3

∼ T 4(τ) , s ∼ T 3(τ) . (29)

Note that the entropy density verifies s = s0τ
−1.

Hence the total entropy S per unit of rapidity
(and transverse area) is constant [8] (as expected
from a perfect fluid) since

dS ≡
∫

s d3x = sτ

∫
d2x⊥dy . (30)

3.2. Boost-invariant flow

Inspired by Bjorken’s analysis, the methods
provided by the AdS/CFT correspondence have
been applied to study the dynamics of boost-
invariant strongly interacting gauge theory mat-
ter in [15]. There are technical reasons for mak-
ing this symmetry assumption, due to the com-
plication of the Einstein’s equations in the grav-
ity dual. On a more theoretical level, using the
N = 4 SYM theory as a substitute to QCD
seems at first sight highly problematic. More-
over, experimentally the assumption of boost in-
variance is not optimal, since the observed mul-
tiplicity distribution of particles in heavy-ion col-
lisions is rapidity-flat only in the central region.
In terms of the hydrodynamic modelization, this
means that the entropy is rapidity-independent,
and thus obeying boost-invariance, only in the
same region.

All these warning remarks have to be certainly
taken into account, when using the AdS/CFT
correspondence in a physical context. However,
there are convincing arguments to show that for
appropriate observables and by using AdS/CFT
methods, one obtains a first fruitful approach to
the behavior of QCD at strong coupling. From a
phenomenological point-of-view, boost-invariance
is widely used in modeling the relativistic heavy-
ion collisions at RHIC in the central region of ra-
pidity, where the hydrodynamic approach seems
successful in describing the data and the occur-
rence of the quark-gluon plasma. Moreover, this
plasma is a non-confining phase of QCD for which
no specific hadronic scale seems to be relevant. In
a more theoretical language, in this regime QCD
appears to be nearly conformal. The above argu-
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ments suggest that it is reasonable to apply boost-
invariance, at least in a first approximation, and
to study the dynamics of the N = 4 SYM plasma
under consideration.

In a boost-invariant setup, it is natural to
parametrize the flat four-dimensional boundary
in terms of the coordinates (τ, η, x⊥), where τ is
the proper-time, η the space-time rapidity and
x⊥ = (x2, x3) denotes the transverse directions.
We already introduced these coordinates in the
previous section, but it is worth being more ex-
plicit here. In terms of the Minkowski coordinates
(t, x1, x⊥), the definition of τ and η reads

t = τ cosh η , x1 = τ sinh η , (31)

and the metric has the form

ds2 = −dτ2 + τ2dη2 + dx2
⊥ . (32)

For simplicity, further assume independence on
the transverse coordinates x⊥, corresponding to
the limit of infinitely large nuclei colliding.

The energy-momentum tensor Tµν of the gauge
theory can then be written in diagonal form and
has only three non-vanishing components: Tττ ,
Tηη and Tx2x2

= Tx3x3
, which depend on proper-

time. The conservation condition DνT µν = 0
and, since we are dealing with a conformal theory,
the tracelessness condition T µ

µ = 0 further restrict
the form of the energy-momentum tensor. It can
be shown that all components can be expressed
in terms of a single function ǫ = ǫ(τ):

Tµν = diag

(
ǫ,−τ2(τǫ′+ǫ), ǫ+

τǫ′

2
, ǫ+

τǫ′

2

)
. (33)

The function ǫ(τ) can be interpreted as the en-
ergy density of the plasma at mid-rapidity (i.e.
at x1 = 0) as a function of proper-time. The last
kinematic constraint on the stress-energy tensor
is the positive energy condition. For any time-
like vector tµ, the energy density in the reference
frame whose time-like direction is specified by tµ

should be non-negative

Tµνtµtν ≥ 0 . (34)

For the Ansatz (33), it implies

ǫ(τ) ≥ 0 , ǫ′(τ) ≤ 0 , τǫ′(τ) ≥ −4 ǫ(τ) . (35)

The explicit expression of ǫ specifies the dynam-
ics of the theory and it is the information we aim
to determine through the AdS/CFT correspon-
dence.

In the following, we restrict the analysis to the
class of gauge theories whose late proper-time
evolution is specified by a power-law parameter
s, such that

ǫ(τ) ∝ 1

τs
. (36)

The positive energy condition (34) fixes the range
of possible powers s to 0 ≤ s ≤ 4.

Notice that the family of gauge theories de-
scribed by (36), includes a number of cases of
physical interest. If the longitudinal pressure Tηη

vanishes, see (33), the plasma is in a free stream-

ing phase which is expected to be well suited to
the case of a weakly coupled plasma [21]. Solv-
ing for ǫ in (33) leads to ǫ(τ) ∝ τ−1. If the
gauge theory plasma behaves, instead, as a per-
fect fluid, the energy-momentum tensor has to
be of the form (20) with ǫ = 3 p. Under the as-
sumption of boost invariance, uµ = (1, 0, 0, 0) and
the comparison with (33) leads to the Bjorken
solution of section 3.1: ǫ(τ) ∝ τ−4/3. The case
ǫ(τ) ∝ τ0 is also of interest, it describes a fully
anisotropic medium with negative longitudinal
pressure p‖ ≡ Tηη/τ2 = −ǫ = −p⊥ that might be
relevant for the early times dynamics at strong
coupling, as advocated in [22]. As we shall see in
section 4, the status of early times dynamics in
the AdS/CFT correspondence seems to be more
complex.

While we will deal in detail with the dual de-
scription of the early-time flow in the following,
in the present part we restrict the analysis to the
range 0 < s < 4. In what follows, we will de-
termine which, if any, of the above behaviors is
relevant for the description of the large proper-
time evolution.

3.3. Large proper-time behavior of the

gravity dual

In this section, following the procedure of holo-
graphic renormalization introduced in section 2.2,
we repeat the construction of [15] of the dual ge-
ometries to the boost invariant gauge theories
with energy densities of the form (36). Since
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the bulk metric shares the same symmetries of
the plasma system, the most general Ansatz in
Fefferman-Graham coordinates reads

z2ds2 = −ea(τ,z)dτ2 + τ2eb(τ,z)dη2

+ ec(τ,z)dx2
⊥ + dz2 . (37)

According to the holographic dictionary, to deter-
mine the metric components a(τ, z), b(τ, z) and
c(τ, z), Recalling Einstein equations with a nega-
tive cosmological constant

Rαβ =
1

2
gαβ(R − 12) (38)

one has to solve them in a power series expansion
in the radial coordinate z. The indices α, β in (38)
denote the bulk coordinates (τ, z, η, x⊥) and the
metric components are subject to the boundary
conditions

a(τ, z) = −z4ǫ(τ) + z6a6(τ) + z8a8(τ) + . . . (39)

around z = 0 and similar ones for b(τ, z) and
c(τ, z). By studying the explicit form of the
Fefferman-Graham expansion, it can be shown
that the large τ asymptotics of the exact solu-
tions can be obtained analytically (see [15] for the
details of the computation). In fact, introducing
the scaling variable

v =
z

τ
s
4

, (40)

the exact solutions have an expansion of the form

a(τ, z) = a(v) + O
(

1

τα

)
, (41)

for some positive power α. The asymptotic equa-
tions, obtained from (38) taking the limit τ → ∞,
while keeping v fixed, can then be solved exactly.
The solution is

a(v) = A(v) − 2m(v)

b(v) = A(v) + (2s − 2)m(v) (42)

c(v) = A(v) + (2 − s)m(v)

where

A(v) =
1

2
ln
(
1 − ∆2(s)v8

)

m(v) =
1

4∆(s)
ln

1 + ∆(s)v4

1 − ∆(s)v4
(43)

∆(s) =

√
3 s2 − 8s + 8

24
.

3.4. Selection of the perfect fluid

Let us now examine in more detail the geome-
try we obtained. The dual asymptotic metric of
the boost-invariant plasma has a potential singu-
larity for v = ∆−1/4(s), where the argument of
the logarithm in (43) vanishes.

As usual, to distinguish a physical singularity
from a coordinate one, it is sufficient to construct
a scalar invariant formed out of the Riemann
tensor which diverges at the singularity location.
While the curvature scalar is everywhere regular,
the simplest non-trivial scalar that can be con-
sidered is the square of the Riemann tensor (or
Kretschmann scalar)

R
2 ≡ RαβγδRαβγδ . (44)

In the asymptotic limit τ → ∞ with v fixed, the
general structure of this expression becomes

R
2 =

N(v, s)

(1 − ∆2(s)v8)
4 + O

(
1

τβ

)
, (45)

for a positive β. The explicit expression of the nu-
merator N(v, s) is quite complicated and can be
found in [15]. For generic s, the above asymptotic
expression for R

2 diverges at v = ∆−1/4(s) and
the singularity is a physical naked one. It turns
out that only for s = 4/3 the fourth order pole
of the denominator gets cancelled by an identical
contribution in the numerator leaving a bounded
scalar invariant. Only the physical singularity in
the dual geometry of a perfect fluid (which will
be found at z = ∞, see later on) can be hidden
behind an event horizon.

The above analysis suggests a criterion to se-
lect the profile ǫ(τ) in (33). The proposal of [15] is
that a physical boundary energy-momentum ten-
sor has to be dual to a geometry satisfying the
cosmic censorship. It then turns out that the re-
quirement of the absence of naked singularity in
the bulk uniquely selects perfect hydrodynamics
as the large proper-time dynamics of the strongly
coupled plasma.

The scaling variable (40) and the energy den-
sity for a perfect relativistic fluid are

v =
z

τ
1

3

, ǫ(τ) =
e0

τ
4

3

, (46)

where we have reinstated a dimensionful param-
eter e0 in ǫ. In this case, the metric coefficients
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simplify considerably and the asymptotic geom-
etry can be written in the compact Fefferman-
Graham form

z2ds2 = −

(
1 − e0

3
z4

τ4/3

)2

1+ e0

3
z4

τ4/3

dτ2 + dz2 (47)

+

(
1 +

e0

3

z4

τ4/3

)(
τ2dy2 + dx2

⊥

)
.

This geometry is analogous to the static AdS
black brane solution of section 2.2 and thus the
potential singularity is indeed a coordinate one.
Here, however, the horizon position depends on
proper-time

z0 =

(
3

e0

) 1

4

τ
1

3 . (48)

Although a precise notion of temperature and en-
tropy still lacks in a dynamical setup, in order to
obtain a qualitative estimate one could naively
generalize the static formula to infer

T =

√
2

πz0
=
(e0

3

) 1

4

√
2

πτ
1

3

(49)

for the temperature and the total entropy S ∝
sτ = const., see (30). Observe that these esti-
mates are in agreement with the “Bjorken flow”
expressions of equation (29). Since the tempera-
ture of the black hole coincides with the one of the
plasma, the gravity dual of the plasma cooling off
during expansion is in terms of a black hole which
moves off in the radial direction of the bulk, from
the boundary towards the interior. A similar pic-
ture had already been qualitatively proposed in
[23].

3.5. In-flow viscosity and relaxation time

It should be stressed that the results of section
3.4 were obtained in the scaling limit. The grav-
ity dual selects perfect hydrodynamics only in the
strict asymptotic limit of infinite proper-time. In-
deed, as shown for instance in [19] and [20], it is
straightforward to repeat the computation of the
square of the Riemann tensor up to the first sub-
leading corrections in the metric and check that
it is always singular for perfect fluid dynamics.
The evaluation of R

2 leads to

R
2 = R0(v) +

1

τ
4

3

R2(v) , (50)

where R0(v) is finite, but R2(v) develops a 4th

order singularity. From the gravity side, it is
then clear that the energy density in (46) needs to
be corrected. It turns out that these corrections
are due to viscous hydrodynamics, but it is in-
structive to see how the result arises using purely
AdS/CFT methods. Assume that

ǫ(τ) =
1

τ
4

3

(
1 − 2η0

τr

)
(51)

for a generic positive exponent r. Solving Ein-
stein’s equations with this boundary condition
and computing the Kretschmann scalar yields a
result of the form

R
2 = R0(v) +

1

τr
R1(v) +

1

τ2r
R̃2(v)

+
1

τ
4

3

R2(v) , (52)

where the last two terms are always singular. To
obtain a bounded Kretschmann scalar, the only
possibility is to make those two terms propor-
tional to each other and therefore to set r = 2/3.
This is exactly the scaling of a viscosity correc-
tion to Bjorken hydrodynamics with shear viscos-
ity η = η0/τ (which follows from η ∝ T 3 in the
N = 4 SYM case). Moreover, in [24] it has been
shown that, to implement the cancellation of the
potentially singular terms, the coefficient η0 has
to be tuned to η0 = 2−1/23−3/4. This specific
value corresponds to a shear viscosity to entropy
ratio

η

s
=

1

4π
. (53)

It is remarkable that the above result, obtained in
a non-linear and dynamical setup coincides with
the shear viscosity value obtained in [9], studying
the response of a static plasma at fixed tempera-
ture to small perturbations.

The procedure can be further generalized to
higher orders to compute the other hydrodynam-
ics coefficients. In general, the metric components
a(τ, z), b(τ, z) and c(τ, z) in (37) have an expan-
sion of the form

a(τ, z) =
∑

n

an(v)
1

τ
2n
3

, (54)
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while the one of the curvature invariant is

R
2 =

∑

n

Rn
1

τ
4n
3

. (55)

The 2nd order formalism is obtained truncating
the sums above at n = 3 and has been worked
out in [25] (with a correction given in Ref.[26],
see further on). It results into a relaxation time

τr =
2 − ln 2

2πT
, (56)

which is about thirty times shorter than the one
estimated on the basis of Boltzmann’s kinetic the-
ory. The value (56) has been corrected by match-
ing the results for the Bjorken flow of Ref.[25]
with the full second-order formalism for hydrody-
namics in conformal field theories at finite tem-
perature derived in [26].

Surprisingly, at this order, a new feature arises,
namely the presence of a leftover logarithmic sin-
gularity in the expansion of R

2. In [25], it has
been argued that such a divergence could be cured
considering the coupling of a dilaton to the bulk
metric. A non vanishing dilaton profile turns on,
on the gauge theory side, a non-zero expectation
value of TrF 2, meaning that electric and mag-
netic modes are no longer equilibrated. The tun-
ing of the dilaton field to achieve a non-singular
Kretschmann scalar, leads to a negative expec-
tation value 〈TrF 2〉 < 0, implying that electric
modes dominate.

However, the logarithmic divergences that arise
at NNLO in the energy density expansion, have
been considered more extensively in [27] and [28]
(see also [29] and [30]). The conclusion is that the
logarithmic singularity origins in a pathology of
the Fefferman-Graham coordinates. There exists
in fact a singular transformation to Eddington-
Finkelstein coordinates, which yields a regular
and smooth metric from the boundary up to the
standard black brane singularity. In this coor-
dinate system, the late proper-time expansions
of curvature invariants is regular at the horizon.
In order to proceed to higher orders, one would
then have to perform the analysis in Eddington-
Finkelstein coordinates.

3.6. Duality beyond boost-invariance

The efficacy of the approach that we presented
in the previous sections resides in that no assump-
tion about the dynamics of the plasma has to be
made. It is the gravity dual analysis alone that
selects the physically relevant evolution. How-
ever, in order to solve the full system of Einstein’s
equations one is in general constrained to work in
highly symmetric setups and in specific regimes of
interest. In particular, it is very hard to relax the
assumption of boost invariance of the gauge the-
ory matter. Significant progress in this direction
has been achieved through a different approach
in [31], where it has been shown in general how
hydrodynamics arises from the gravity side.

The starting point of the analysis is the five-
dimensional static AdS black brane which is dual
to a strongly coupled plasma at rest (i.e. with flow
vector uµ = (1, 0, 0, 0)) and at temperature T . In
incoming Eddington-Finkelstein coordinates, the
metric reads

ds2 = −r2

[
1 −

(
T

πr

)4
]

dv2 + 2 dvdr

+r2ηij dxidxj , (57)

where the coordinate r is related to the radial
coordinate z by r = 1/z. The conformal bound-
ary of space-time is at r = ∞ and the horizon
at r = T/π. This choice of the coordinate sys-
tem is consistent with the comments of the end
of section 3.5; these coordinates are well defined
on the horizon and extend all the way from the
boundary to the black brane singularity.

By performing a boost, one can obtain the dual
geometry to a uniformly moving plasma with 4-
velocity uµ

ds2 = −r2

[
1 −

(
T

πr

)4
]

uµuν dxµdxν (58)

−2uµ dxµdr + r2(ηµν + uµuν)dxµdxν .

The main idea of [31] is to promote T and uµ

to be slowly varying functions of the boundary
Minkowski coordinates. In this way, the geometry
ceases to be an exact solution of Einstein’s equa-
tions because of the appearance of gradients of
the temperature and of the velocity. The metric
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(58) can be corrected order by order in a deriva-
tive expansion. The integration constants that
arise at each order can be fixed requiring regu-
larity of the metric at the horizon. The energy-
momentum tensor of the plasma can then be read
off from the corrected geometry and it is ex-
pressed, as the metric itself, in terms of T , uµ

and their derivatives. Explicit results have been
worked out up to second order and read

T µν =
1

16πG5

[
(πT )4(ηµν + 4uµuν) (59)

−2(πT )3σµν + (πT 2)

(
log 2 T µν

2a

+(2−log 2)

(
1

3
T µν

2c +T µν
2d +T µν

2e

))]
,

where G5 is the five dimensional Newton’s con-
stant and the rather lengthy expressions of the
quantities σµν , T µν

2a , etc. can be found in the orig-
inal paper [31]. The first term in T µν is simply the
perfect fluid energy-momentum tensor, the sec-
ond term involves the shear viscosity, while the
third is the contribution of second order hydro-
dynamics.

The conservation equation ∂µT µν = 0 is equiv-
alent, by definition, to the relativistic Navier-
Stokes equation. Therefore, the dual geometry
of every solution of the hydrodynamic equations
is given by (58) plus correction terms up to the
same order in the gradient expansion.

We should note, however, that this construc-
tion is adequate exclusively for near the equilib-
rium setups. Starting from the boosted black
brane metric, in fact, one implicitly assumes
the existence of a hydrodynamical description, in
terms of flow velocity and energy density. As we
explain in section 4, when dealing with processes
that do not admit such a description, as the early
stages of heavy-ion collisions, one has to recur to
different methods.

4. AdS/CFT and early time quark-gluon

plasma flow

One of the main theoretical challenges of the
physics of quark-gluon plasma is to describe its

thermalization process.
The plasma is created in the initial stages of

heavy-ion collisions, during which the system is
certainly out-of-equilibrium. However, simula-
tions based on the RHIC data suggest that an
hydrodynamical description becomes reliable at
times < 1 fm/c after the collision event [32–34].
Perturbative QCD calculations [33,35,36] lead to
a much longer thermalization time τtherm & 2.5
fm/c, pointing in the direction of a strongly cou-
pled scenario. As we saw, holographic methods
are, up to now, one of the few tools of investi-
gation available in this context, as well as a very
promising one.

In this section, we describe some steps for-
wards towards a description of the thermaliza-
tion process of QGP, modeled by a strongly cou-
pled N = 4 SYM plasma at finite temperature.
Since it is a developing subject on a settled theo-
retical question dealing with far-from-equilibrium
dynamics at strong coupling, we will discuss three
different approaches.

i) In section 4.1, we presents estimates of the
thermalization response-time computed through
the quasi-normal modes of small perturbations
away from the thermal background. This explores
the information one can get on thermalization
and isotropization from linearized solutions, cou-
pling non-hydrodynamic perturbations to a mov-
ing black hole background.

ii) Section 4.2 is devoted to the discussion
of the fully non-linear thermalization dynamics
of a boost-invariant plasma, evolving from an
anisotropic out-of-equilibrium early stage towards
the hydrodynamic regime. The results point
towards a dependence on initial conditions but
also to the indication of a fast (if not complete)
isotropization as characteristic of strongly cou-
pled dynamics.

iii) In section 4.3 we mention the results ob-
tained in modeling the Lorentz-contracted rela-
tivistic nuclei of a heavy-ion collision through ini-
tial shock waves and look for a solution of the dual
gravitational field after the collision. This pro-
vides a realistic scenario, at least from the kine-
matic point of view.

A warning is to remind the following unsolved
problem. The preferred phenomenological sce-
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nario for the QGP formation starts from ini-
tial conditions which may be dominated by weak
QCD coupling, due to the high density of par-
tons in a fast boosted nucleus. Hence the prob-
lem remains open to describe on a microscopic
basis the transition from a far-from-equilibrium
weakly coupled system towards a hydrodynamic
one at strong coupling. At least the AdS/CFT
correspondence allows to make a few first (and
quite unique at present) steps on the understand-
ing of strongly coupled dynamics.

4.1. Thermalization response-time

4.1.1. Quasi-normal modes

The quasi-normal modes of a black hole de-
scribe the response of the system after a small
perturbation. Since the field that sources the per-
turbation can fall into the black hole or radiate
to infinity, the modes of oscillations decay, their
frequencies being complex. The geometry there-
fore undergoes damped oscillations that produce
an exponential decay of the perturbation. The
frequencies and damping of these oscillations are
entirely fixed by the black hole, and are indepen-
dent of the initial perturbation. For black holes in
asymptotically flat space-times, the exponential
decay of the quasi-normal modes is followed by
a power-law decrease [37]. The decay is instead
purely exponential in the case of black holes in
AdS [38].

In the AdS/CFT framework, perturbing a
static black hole in AdS corresponds to perturb-
ing the approximately thermal dual state, and the
decay of the perturbations describes relaxation
back to thermal equilibrium. Computing the
quasi-normal modes of the equations of motion
linearized around the background allows there-
fore to estimate the thermalization response-time
of the strongly coupled dual gauge theory after a
small deviation from equilibrium.

The behavior of quasi-normal modes should
be contrasted with the one of hydrodynamical
excitations that go to zero at small transverse
momentum and have a slower power-law de-
cay. In the static case, for instance, both quasi-
normal modes and viscosity calculation corre-
spond to poles of specific retarded propagators,
respectively for a scalar and metric deformation,

through Fourier transform in the time variable.
However, in the limit of zero transverse momen-
tum, the poles corresponding to the viscosity case
vanish. The “non-hydrodynamic” nature of the
scalar quasi-normal modes allows instead to ob-
tain a finite thermalization response-time in this
limit.

The quasi-normal modes analysis has been car-
ried out in [39] for black holes in four, five and
seven dimensional global AdS and perturbations
produced by a minimally coupled scalar field ex-
citation. See also [40–42] for later developments.
In asymptotically AdS space times, quasi-normal
modes are defined as solutions of the wave equa-
tion that are purely ingoing near the horizon and
vanish at the boundary. For a minimally coupled
scalar perturbation, they are obtained solving the
wave equation for a massless scalar field ∇2Φ = 0
in the gravitational background, with absorbing
boundary conditions at the horizon z = z0 and
Dirichlet conditions at the boundary z = 0. One
writes

∇2Φ ≡ 1√−g
∂α

(√−ggαβ∂βΦ
)

= 0 (60)

for the standard covariant coupling of the scalar
field Φ to the background metric gαβ of determi-
nant g.

4.1.2. Static black hole

Since the main example throughout the notes
is N = 4 SYM in four-dimensional Minkowski
space, in the following we refer the results ob-
tained in the case of a static planar black hole
in AdS5. To facilitate the comparison with the
results of [43] discussed later in the section, we
work in Fefferman-Graham coordinates.

Recall that in these coordinates, see (12), the
metric of a five-dimensional black brane reads

ds2 = −

(
1− z4

z4

0

)2

(
1+ z4

z4

0

) dt2

z2
+

(
1+

z4

z4
0

)
d~x2

z2
+

dz2

z2
. (61)

where (t, ~x) are the boundary coordinates, z is
the AdS radius and z0 is the location of the event
horizon in the bulk.

In the case of the static metric (61), Eq.(60)
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writes

− 1

z3

(
1 − z4

z4

0

)2

1 + z4

z4

0

∂2
t Φ(t, z)

+ ∂z

[
1

z3

(
1 − z8

z8
0

)
∂zΦ(t, z)

]
= 0 . (62)

Using the separation of variables

Φ(t, z) = eiωt φ(z) , (63)

the wave equation (62) leads to a Heun equation
in the bulk variable [40]

φ′′ +
1 − z̃2

z̃(1 − z̃)(2 − z̃)
φ′

+
(z0ω)2

8z̃(1 − z̃)(2 − z̃)
φ = 0

(64)

where z̃ ≡ (1 − (z/z0)
2)2/(1 + (z/z0)

4), z0 =√
2(πT )−1, cf. (15), and the prime denotes the

derivative with respect to z̃.
The quasi-normal modes analysis then pro-

ceeds through a combination of analytic and nu-
merical methods (see [39] for details). Note that
quasi-normal modes appear also as poles in the
complex frequency plane of the Fourier transform
in time t of the retarded Green’s function (see e.g.
[44]).

Interestingly enough, for a homogeneous scalar
excitation, the dominant decay mode at large
time is given by a quasi-normal mode whose fre-
quency acquires a non zero imaginary part and
thus corresponds to a minimal exponential decay
mode with temperature. Technically, by match-
ing Eq.(64) with a Shrödinger equation

∂2
z∗φ(z∗) +

√
8 e12z∗

sinh3/2(8z∗)

( ω

πT

)2

φ(z∗) = 0 (65)

through the change of variable

z → z∗ ≡ 1

4
[tanh−1(z4/z4

0)]
4,

one gets quantized “energy states”. The dom-
inant exponential decay mode, corresponds to
the state with minimal energy in the Shrödinger

equation (65). Denoting ωk the eigenvalues of Eq.
(65), one finds

ωk

πT
= ak−ibk , (66)

and

· · · > bk > · · · > b1 = 2.74667 , (67)

where T denotes both the plasma and black
brane temperature. The corresponding response
timescale is thus given by the first eigenvalue ω1

and leads to τresp = 1/ℑmω1 ∼ 0.116/T .

4.1.3. Moving black hole

A similar analysis was carried out in [43] for
a black hole moving away in the radial bulk di-
rection. This geometry was discussed in section
3.4 and is the gravity dual of a boost-invariant
expanding perfect fluid in N = 4 SYM at large
proper-time. Knowledge of the quasi-normal
modes of this black hole gives an estimate of the
thermalization response-time of the strongly cou-
pled gauge theory, that is the relaxation time af-
ter a perturbation of the local thermal equilib-
rium due to the coupling to a scalar field.

The background geometry describing a black
hole moving off from the boundary in the z di-
rection was given in (48). In terms of the scaling
variable v = zτ−1/3, it writes

z2ds2 = − (1 − v4)2

(1 + v4)
dτ2 +

+(1 + v4)(τ2dy2 + dx2
⊥) + dz2 . (68)

Consider now the wave equation of a canonically
coupled scalar field Φ in the boost-invariant set-
ting. In the scaling limit v =const and τ → ∞,
the corresponding Klein-Gordon equation (60) is
now expressed in terms of the two variables τ
and z. Through the change of variables (τ, z) →
(τ, v), so that

∂z → τ− 1

3 ∂v , ∂τ → ∂τ − 1

3
τ− 4

3 ∂v , (69)

and neglecting the non diagonal terms in the large
τ expansion, one gets

− 1

v3

(1 + v4)2

1 − v4
∂2

τΦ(τ, v)

+ τ− 2

3 ∂v

(
1

v3
(1 − v8)∂vΦ(τ, v)

)
= 0 , (70)
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which is similar to (62) but with a τ -dependent
coefficient. Performing the separation of variables

Φ(τ, z) = f(τ)φ(v) , (71)

it reduces to two decoupled equations

∂2
τf(τ) + ω̂2τ− 2

3 f(τ) = 0 (72)

∂v

[
(1−v8)

v3
∂vφ(v)

]
+ ω̂2 (1 − v4)2

v3(1+v4)
φ(v) = 0 .

(73)

where we introduced an a priori arbitrary param-
eter ω̂, whose allowed values will be fixed by the
(quantized) solutions of (73).

Equation (72) is solved by linear combinations
of the Bessel functions

√
τJ± 3

4

(
3

2
ω̂τ

2

3

)
, (74)

with relevant large τ behavior

f(τ) ∼ τ
1

6 e
3

2
i(ω̂1)τ

2

3 (75)

where ℑm ω̂1 = 2.74667 is the same as in (67).
Indeed, the equation in the v variable (73) is for-
mally identical to the Heun equation (64) of the
static black hole and therefore leads to the same
numerical values for the quasi-normal modes and
frequencies. However, the variables v and τ of
(71) are different from the variables z and t rele-
vant in the static case. Moreover, the proper-time
dependence (75) has a non trivial scaling com-
pared to the plane wave dependence of the static
solution.

Noting that the moving horizon is at z0 =(
3
e0

) 1

4

τ
1

3 =
√

2
πT , cf. (48,49), it was suggested in

[43], that this result could be understood in terms
of an adiabatic approximation of the expanding
case, with locally fixed temperature. Indeed,

|f(τ)| ∼ e−
3

2
ℑm(ω̂1) τ

2

3 ∼ e−πb1Tτ , (76)

where ω1 = πT (a1 − ib1) is the dominant decay
mode in the static case (67).

Plugging in the numerical value of the domi-
nant decay mode (67) in (75) leads to a damping
factor of the form

exp

(
−3

2
· 2.7466 · τ 2

3

)
∼ e−8.3Tτ . (77)

The above results were extended in [41] to include
also vector and tensor quasi-normal modes.

In the limits to which this analysis can be con-
sidered quantitatively relevant for the thermaliza-
tion in heavy-ion reactions, the fast decay modes
of frequency (67) damp out to 1/e of their original
amplitude in a time no greater than

τresp

∣∣∣
T=Tpeak

=
0.116

T

∣∣∣
T=Tpeak

≈ 0.08 fm/c , (78)

for a typical initial peak gauge theory tempera-
ture Tpeak ≈ 300 MeV, which is commonly con-
sidered as reasonable in phenomenology. Given
the highly anisotropic momentum space distri-
bution expected in the early stages of a RHIC
collision, one tentatively estimates a certain fi-
nite number n of e-foldings of the “response ther-
malization process” have to elapse before hydro-
dynamic approximations can be used. The esti-
mated thermalization time becomes

τtherm ∼ n × τresp

∣∣∣
T=Tpeak

, (79)

leading to τtherm ≈ 0.3 fm/c following the guess
of [41] of about n = 4 iterations. The above es-
timate compares in order of magnitude with the
simulations predictions on real experiments. Nev-
ertheless, it should be clear that it is extrapolated
from the quasi-normal modes analysis, that, by
definition, only applies to the late-time stages of
the whole thermalization process. Moreover, the
thermalization response time has been obtained
in a linearized approximation around the black
hole background through AdS/CFT methods.

As a final remark on this response time stud-
ies, it is worth noting that the same properties
are valid for quasi-normal modes dominating the
transverse space diagonalization of the metric af-
ter a non diagonal perturbation. Let us indeed
introduce a non diagonal transverse component
gx1,x2

using its contravariant expression

gx1

x2
(z, τ) ≡ z2

1 + v4
gx1x2

. (80)

It verifies (with gx1

x2
(z, τ) = f(τ) gx1

x2
(v)) the same

equations (72,73); such as

∂v

(
1

v3
(1 − v8)∂vgx1

x2
(v)

)
+

ω̂2

v3

(1 + v4)2

1 − v4
gx1

x2
(v)

= 0 . (81)
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In some sense, isotropization and thermaliza-
tion response-times are equal at large proper-
times. We now will turn to the study of the non-
linear problem of isotropization and thermaliza-
tion when starting from far-from-equilibrium ini-
tial conditions.

4.2. Thermalization of boost-invariant

plasma

In the present section we describe three differ-
ent approaches to the study of the thermaliza-
tion process of a strongly coupled boost-invariant
plasma. The analysis are to be intended as com-
plementary and point towards a fast isotropiza-
tion/thermalization. However, as we shall dis-
cuss, this represents only an early stage for a full
understanding of far-from-equilibrium dynamics
leading to the QGP formation.

4.2.1. Solution with “full anisotropy”

One of the first holographic estimates of the
isotropization/thermalization time of the quark-
gluon plasma appeared in [22]. The setup of this
analysis is similar to the one considered in [15],
but with differences which we will comment at
the end of this subsection.

The starting proposal of the paper is that
Bjorken hydrodynamics at late times can be sin-
gled out, in the holographic renormalization pro-
gram, relaxing the assumptions to only require
that the metric tensor is a real and single-valued
function of the coordinates everywhere in the
bulk, without imposing any constraint on the
curvature invariants. Applying the same strat-
egy to early time dynamics [22] leads to infer
the existence of a solution corresponding to the
fully anisotropic case with constant energy den-
sity ǫ. In the notation of section 3.2, it corre-
sponds to the solution with s = 0 in equation
(36), and thus to “full anisotropy” at initial time,
namely ε = p⊥ = −p‖. The system is initially
anisotropic, with negative longitudinal pressure,
and is expected to evolve at late times to ideal
Bjorken hydrodynamics, with longitudinal and
transverse pressure components equal and posi-
tive. Isotropization must take place at some in-
termediate proper-time.

Assuming a smooth transition between full

anisotropy and full isotropy, the isotropization
time τiso can be estimated matching the small
and large proper-time regimes. In [22], this
proper-time was defined as the crossing value of
the branch-point singularities of the two regimes,
leading to

τiso =

(
3N2

c

2π2e0

) 3

8

. (82)

Here e0 is the same dimensionfull parameter that
appeared in (46) in the late proper-time behavior
ǫ(τ) = e0τ

−4/3.
Phenomenologically, to obtain a rough estimate

of the isotropization time (82), one can extrapo-
late the realistic evaluations of RHIC to the su-
persymmetric case under consideration. The hy-
drodynamical simulations for central Au+Au col-
lisions with

√
s = 200 GeV yield the energy den-

sity ǫ = 15 GeV/fm3 at the proper-time τ = 0.6
fm/c. Plugging in the corresponding value of e0

in (82) and setting N =3, in [22] it was obtained
τiso ≈ 0.3 fm/c.

Ref.[22] thus points towards a small value of the
thermalization time. However, the analysis relies
on the assumption of a rapid and smooth inter-
polation between the initial fluid conditions and
the late time regime. A full solution of that tran-
sition remains necessary, as we shall discuss now,
either by starting from given initial conditions or
by a general study of the non-linear gravitational
solution in the bulk of the AdS space.

4.2.2. Far-from-equilibrium forcing dy-

namics

A way to prepare an out-of-equilibrium state
is to turn on, in the ground state of a system, a
time-dependent perturbation of the background
fields. For instance, one can introduce a time-
dependent deformation of the boundary geome-
try with compact support. From an holographic
perspective, this acts as a source of gravitational
radiation in the bulk, leading to gravitational col-
lapse and inevitably to black hole formation. Af-
ter the perturbation is turned off, the geometry
relaxes to a smooth and slowly varying form. In
the dual theory, the latter process describes re-
laxation of the non-hydrodynamic degrees of free-
dom towards perfect fluid-dynamics.
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This approach has been taken in [45] (follow-
ing previous analysis [46]) to study the thermal-
ization process of a boost-invariant N = 4 SYM
plasma.

The familiar Ansatz of two-dimensional spa-
tial homogeneity, O(2) rotational invariance in
the transverse plane (defined by x⊥) and boost-
invariance in the longitudinal direction (x‖ = x1)
has been considered in [45]. This setup has the
advantage of allowing the comparison with the
late proper-time results of [15]. Since the late hy-
drodynamic evolution is nearly isotropic, it is es-
pecially interesting to generate a high anisotropy
in the initial non-equilibrium state.

To get some intuition on the process, we borrow
Fig.3 from [45]. The figure depicts a space-time
diagram of the field theory evolution. The sys-
tem starts out at proper-time τ = 0 in the ground
state. At τ = τi, the four-dimensional boundary
geometry starts to deform in the vicinity of x‖ = 0
and the perturbation acts until time τf , propa-
gating in the ±x‖ directions at speeds asymptot-
ically approaching the speed of light. The rele-
vant space-time region is I in red. At τ = τf , the
field theory is out-of-equilibrium and significantly
anisotropic. It relaxes towards local equilibrium
and hydrodynamics in region II in yellow. After
time τ∗, region III in green, the system is well ap-
proximated by a perfect fluid behavior. Deriving
the thermalization time of the plasma amounts
to the computation of the proper-time τ∗ in the
diagram.

In [45], the deformation of the boundary ge-
ometry was taken to be produced by a time-
dependent shear

ds2 = −dτ2 + eγ(τ)d~x⊥ + τ2e−2γ(τ)dy2 . (83)

Here

γ(τ) = c Θ [δ(τ)] δ(τ)6e−
1

δ(τ) , (84)

with

δ(τ) = 1 − (τ − τ0)
2

∆2
; (85)

c is a constant characterizing the amplitude of the
perturbation and Θ is the unit step function. The
deformation acts during the time interval (τi, τf ),
with endpoints τi ≡ τ0 − ∆ and τf ≡ τ0 + ∆.

Figure 3. Space-time diagram of the field the-
ory plasma evolution. The metric deformation
is turned on in the time interval (τi, τf ). At τ∗
hydrodynamics sets in. Figure from [45].

Choosing τ0 ≡ 5/4 ∆, the geometry is flat at τ =
0. All quantities will be measured in units where
∆ = 1, so that τi = 1/4 and τf = 9/4.

The most general bulk Ansatz consistent with
diffeomorphism and spatial 3D translational in-
variance, together with O(2) rotation invariance,
is

ds2 = −Adτ2 + Σ2
[
eBd~x2

⊥ + e−2Bdy2
]

+ 2drdτ , (86)

where A, B and Σ are all functions of the bulk
radial coordinates r and τ only. The coordinate
r is related to the previously used z, by r = 1/z.
Notice that here τ and r are generalized infalling
Eddington-Finkelstein coordinates.

Einstein’s equations, subject to the boundary
conditions that the boundary metric gµν(x) coin-
cides with (83), can be solved numerically. The
boundary stress-energy tensor can be computed
through

T µν(x) =
2√

−g(x)

δSG

δgµν
, (87)

where SG denotes the gravitational action. The
time-dependence of the energy density, longitu-
dinal and transverse pressures then follows from
(see [16])

T µ
ν =

N2
c

2π2
diag(−ǫ, p‖, p⊥, p⊥) . (88)
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Figure 4. Energy density (blue top curve), trans-
verse pressure (green middle line) and longitudi-
nal pressure (red bottom), divided by N2

c /2π2,
as a function of time for c = 1/4, c = 1 and
c = 3/2. The dashed black lines show the sec-
ond order viscous hydrodynamic approximation
to the different stress tensor components.

The numerical solution explicitly shows the for-
mation of an event and apparent horizon, which
build up in the bulk and merge at late times. At
asymptotically late times, the metric settles down
to the moving black hole dual of the perfect fluid
(48).

The transition from the far-from-equilibrium
behavior to near-local-equilibrium hydrodynam-
ics is found to be regulated by the relative
importance of the exponentially decaying non-
hydrodynamic degrees of freedom in comparison
to the slowly relaxing hydrodynamic modes. This
is in contrast with the naive expectation that hy-
drodynamic should set in at the time at which
higher order terms in the hydrodynamic expan-
sion become comparable to lower order terms.

A quantification of the results is provided in
figure Fig.4, which was presented in [45]. The
energy density (ǫ), transverse and longitudinal
pressures (p⊥ and p‖) are plotted for different
values of c, as a function of time, starting at
τ = τf . On top of the numerical data are rep-
resented the hydrodynamic approximations. The
plots show a significant anisotropy, even at late
times, where hydrodynamics applies. For all val-
ues of c, the transverse pressure approaches the
longitudinal pressure from above. This statement
can be checked by perturbative computations of

the first order viscous corrections. As the value
of c increases, the system gets closer to equilib-
rium at τf . Indeed, for larger c, the perturbation
does more work on the geometry and the system
reaches a higher temperature. In a conformal the-
ory, as N = 4 SYM is, the relaxation time of the
non-hydrodynamic degrees of freedom must scale
inversely with the temperature. For c → ∞, the
system will always be close to local equilibrium
and isotropic already at τf .

The thermalization time τ∗ was defined in
[45] as the time beyond which the stress ten-
sor agrees with the hydrodynamic approximation
within 10%. In all the analyzed cases, the relevant
dynamics, from the production of the plasma to
his relaxation to near to local equilibrium, takes
place over a time τ∗ − τi . 2/T∗, where T∗ de-
notes the local temperature at the onset of the
hydrodynamic regime.

4.2.3. General approach to the early-time

flow

In this section we discuss the results obtained
in [47], where an analysis of the early time expan-
sion of the boost-invariant flow has been carried
out on the lines of [15]. We refer the reader back
to section 3.2 for the setup and the basic assump-
tions.

The idea of the approach is the same as for
the large proper-time regime discussed in sections
3.3 and 3.4. In the following, we describe how to
holographically reconstruct the dual geometry to
a plasma configuration with stress-energy tensor
(33) at early proper-times. This is accomplished
solving Einstein’s equations in a power series ex-
pansion starting from the conformal boundary of
space-time and subject to the appropriate bound-
ary conditions.

In the late times case, the structure of Ein-
stein’s equations naturally led to the introduction
of a scaling variable and to a remarkable simpli-
fication of the computations. It turns out that
it is not possible in general to apply the same
procedure to the small τ regime. In what follows
we schematically reproduce the main steps of the
computation and point out the complications en-
countered in [47].

We recall that the most general Ansatz for the
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bulk metric consistent with the plasma symme-
tries is

z2ds2 = −ea(τ,z)dτ2 + τ2eb(τ,z)dy2

+ ec(τ,z)d~x2
⊥ + dz2 . (89)

Solving Einstein’s equations (38)

Rαβ =
1

2
gαβ(R − 12) (90)

in a power series expansion in the bulk coordinate
z, together with the boundary conditions (39)

a(τ, z) = −z4ǫ(τ) + z6a6(τ) + z8a8(τ) + . . . (91)

allows to fix the metric components a(τ, z), b(τ, z)
and c(τ, z) order by order in the z expansion.

Analyzing the structure of the early-time ex-
pansion of the equations, in [47] it was concluded
that a scaling variable does not exist in general
in the τ → 0 limit. As we shall see, the solution
of [22] is not unique. One has to analyze the full
solution at τ ∼ 0.

From a physical point of view, it is natural to
expect that the initial conditions should play a
crucial role at early times. On the gauge the-
ory side, the initial state can be prepared in a
multitude of ways and therefore its early-time be-
havior cannot be expected to be universal. This
contrasts the late time dynamics which, under
the specific symmetry assumptions under con-
sideration, is governed by a single temperature
scale. The dissipative effects which act during
the plasma evolution wash out the differences due
to the initial conditions leading to a hierarchy of
terms and to a single scale governing the large
time expansion of the energy density.

In the absence of a scaling argument, one can
still determine the small τ behavior of the energy
density ǫ(τ) assuming that at τ = 0 the initial
condition is regular. This assumption does not
need to be a priori relevant for realistic heavy-ion
collisions, but it is in any case an interesting anal-
ysis in its own. It implies in fact a finite limit of
ǫ(τ) as τ → 0, consistent with the s = 0 behavior
found in [22]. Moreover, it restricts the expansion
of the energy density to be only in even powers
of the proper-time

ǫ(τ) = ǫ0 + ǫ2τ
2 + ǫ4τ

4 + . . . (92)

The coefficients ǫ2n are uniquely determined,
through Einstein’s equations, in terms of the co-
efficients of the initial condition for the metric

a0(z) ≡ a(τ = 0, z) (93)

and similarly for the other components.
The admissible initial conditions are given by

the constraint equations contained in the full set
of Einstein’s equations. These imply a0(z) =
b0(z). Defining

v(z2) ≡ 1

4z
a′
0(z) =

1

4z
b′0(z) (94)

w(z2) ≡ 1

4z
c′0(z) , (95)

the remaining constraint reads

v′ + w′ + v2 + w2 = 0 , (96)

where the prime denotes the z2-derivative. It is
easy to see that there does not exist an anywhere
bounded solution of the constraint equation. In-
tegration of (96) gives

0 =

∫ ∞

0

(v′ + w′)dz2 +

∫ ∞

0

(v2 + w2)dz2

=

∫ ∞

0

(v2 + w2)dz2 , (97)

since the first integral vanishes because of the
boundary conditions. The only regular solution
is vacuum AdS5 with v = w = 0. Therefore, at
any time, including τ = 0, the metrics of interest
are singular.

The requirement imposed in [47] of the absence
of curvature singularities (other than the one at
z = ∞) is thus a very powerful tool to select the
allowed initial conditions. The coordinate singu-
larity that is then left at all times in the bulk
might signal the presence of a dynamical horizon,
although this interesting statement requires fur-
ther investigation.

A bonus that follows from the simplicity of (96)
is that it can be solved analytically. One neat ex-
ample of a solution to the initial value constraint,
satisfying the non-singularity requirement, reads

a0(z) = b0(z) = 2 ln cos az2 ,

c0(z) = 2 ln coshaz2 , (98)
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Figure 5. Padé approximation of the effective
power seff (τ) in the energy density for expan-
sions up to order τ64 (dotted line), τ80 (dashed
line), τ96 (solid line) and initial conditions (98).
The two horizontal lines denote s = 1 (free
streaming scenario) and s = 4/3 (perfect fluid
case).

for a generic constant a. The details of a larger
number of allowed initial conditions can be found
in [47]. Some of them are also mentioned in the
following.

Given the class of acceptable initial conditions,
one then needs to solve Einstein’s equations with
these initial data to obtain the profile ǫ(τ). In the
absence of a scaling variable, the solution has to
be exact and the ideal treatment of the equations
should be numerical. This analysis is in progress
[48].

In a primary exam, an analytic analysis was
pursued in [47] where the equations were solved
in a power series in z and τ for specific initial
conditions. The limit of this approach is that the
power series for the energy density has a finite
radius of convergence necessitating the use of as
a resummation scheme, such as Padé approxima-
tion.

The system evolves from an early time dynam-
ics governed by the initial conditions to an hy-
drodynamical regime at late times. One way to
quantify this transition is through the exam of the
effective exponent of the power-law dependence of
the energy density

seff (τ) ≡ −τ
d

dτ
ln ǫ(τ) . (99)

Figure 6. Padé resumed profiles for ǫ(τ) for the
initial conditions v + w = tanh(z2) − tan(z2),
v + w = tanh(z2 + z8/6) − tan(z2) and v + w =
2/3z6(1 + z2/2)/(z2 − 1), respectively.

In Fig.5, this effective power is plotted as a func-
tion of τ for the initial conditions (98). The plot
is taken from [47]. The different curves corre-
spond to different cuts in the Padé approxima-
tion. All profiles start out at zero, clearly cross
the line s = 1 denoting the free streaming sce-
nario, and move upwards towards s = 4/3, which
corresponds to the perfect fluid flow. However, to
be sure that the profile indeed reaches s = 4/3, a
numerical solutions is required.

One can also perform the Padé approximation
assuming the late time exponent s = 4/3. The
profiles of ǫ(τ) obtained in this way are plotted
in Fig.6 for a set of initial conditions (plots taken
from [47]). The energy densities differ in the ini-
tial stages of the evolution, whereas in the late-
time regime they seem to approach local equilib-
rium.

Recall that the positivity condition Tµνtµtν ≥
0 implied −4ǫ/τ ≤ ǫ′ ≤ 0 (see eq. (35)). In
the third plot of Fig.6, a temporary violation of
the positive energy condition is observed. Such
a transient behavior may appear for a quantum-
driven process (see e.g. the discussion in [49],
quoting field-theoretical results [50].).

An alternative way to describe the transition to
hydrodynamics is through the relative difference
between the longitudinal and transverse pressures
defined as

∆p(τ) = 1 − p‖(τ)

p⊥(τ)
. (100)

When the quantity ∆p(τ) approaches zero, it sig-
nals isotropization indicating local equilibrium,
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Figure 7. Relative difference in pressures
∆p(τ) = 1 − p‖/p⊥ for the initial conditions
v+w = tanh(z2)−tan(z2) and v+w = tanh(z2+
z8/6)− tan(z2), respectively. The profiles exhibit
a rapid fall-off at τ ∼ O(1), but the first profile
does not reach yet complete isotropization.

while a value of order one indicates a situation
close to a free streaming scenario. Fig.7 appears
in [47] and shows the relative difference of pres-
sures (100) for a couple of initial conditions. It is
interesting to observe that both profiles exhibit
a rapid fall-off on a scale τ ∼ O(1). In the
first profile however, isotropization remains in-
complete until τ ∼ O(5). It is interesting to note
that figures 6 and 7 are consistent with the full
anisotropy solution at very small proper-times
but show a variety of behavior in the whole of
the early proper-time region.

These results point towards a fast isotropiza-
tion, which could however remain incomplete for
some time. The convergence to the hydrodynamic
regime remains an open problem. In the coming
more systematic numerical study [48] the stabil-
ity of the Padé approximation has been shown
reliable to a larger proper-time interval through
non trivial reparametrization of the metric. A
more general proof of the transition to the hy-
drodynamic regime, filling the gap between early-
time and late-time behavior is still lacking. Some
progress has been made, as we shall see now,
starting from specific shock wave initial condi-
tions mimicking the initial ultra-relativistic col-
liding heavy-ions.

4.3. Shock wave initial conditions

An interesting way to model ultra-
relativistically boosted large nuclei is through
gauge theory shock waves. In this context, by

shock wave we mean a plane shell of matter mov-
ing at the speed of light. The gravity dual of a
boundary shock wave has been first constructed
in [15] and later applied to various analysis,
such as in attempts to describe holographically
deep inelastic scattering or heavy-ion reactions
through shock waves collisions.

In terms of the light-cone coordinates x± ≡
t ± y, an ultra relativistic source extended in
the transverse direction (a model for an incident
heavy ion with large transverse size) and moving
along the direction x+ has an energy-momentum
tensor

T−− ≡ F (x−) ∼ µ δ(x−) . (101)

The last term represents more specifically a shock
wave, i.e. a shell with vanishing thickness and
transverse energy density µ. It may be more
concretely represented by a Gaussian centered at
x− = 0.

For arbitrary profile F (x−), the dual back-
ground to this configuration reads

z2ds2 =−dx−dx++z4F (x−)dx−2+d~x2
⊥+dz2, (102)

where F (x−) = 〈T−−〉, and is an exact solution10

to Einstein equations [15].
These solutions constitute the starting point

towards solving the problem of shock waves colli-
sions. Shock waves having a very small thickness
along the collision axis and localized in the trans-
verse directions qualitatively resemble the highly
Lorentz-contracted nuclei in a heavy-ion collision.
Fig.8 appeared in [52] and depicts the space-time
picture of ultra-relativistic heavy-ion collisions in
the center of mass frame. In the AdS/CFT lan-
guage, the collision of shock waves in N = 4 SYM
translates into colliding gravitational shock waves
in the bulk.

Several deserving attempts, both analytical
and numerical, have been made to solve this prob-
lem [49,52–60], but the full understanding of the
transition to the hydrodynamic regime is still an
active subject of research. Let us discuss some of
these angles of attack.

10Note that the solution (102) has been provided a gener-
alization to profiles F = F (x−, ~x⊥, z) in [51].
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Figure 8. Space-time diagram of the collision of
two ultra-relativistic nuclei in the center of mass
frame.

The collision of two singular shock waves mov-
ing in the directions x± on the boundary of a five-
dimensional AdS space was studied in [49]. The
pre-collision line element is given by the super-
position of two metrics of the form (102), with
delta-function Ansatz F (x±) ∼ δ(x±). Solving
Einstein’s equations in a power series expansion
in the proper-time allows to extract the expres-
sion of the energy-momentum tensor right after
the collision. In [49], it was observed that the
latter quantity is not boost-invariant in the sense
of Bjorken. Boost-invariance could be eventu-
ally re-established at later times, at which the
expansion breaks down. A crude estimate of the
thermalization time in this simple model leads to
τtherm ∼ µ− 1

3 . The non-trivial dimensionless fac-
tor in the above relation is O(1).

In [52], it was observed that the metric of a sin-
gle shock wave, moving along the light cone, can
be computed exactly in first order perturbation
theory. The only diagram contributing represents
a single graviton exchange between the source nu-
cleus at the AdS boundary and the location in
the bulk where the metric is measured. The met-
ric after the collision in the forward light cone
can then be constructed perturbatively through
an expansion in graviton exchanges. This com-
putation was carried out at tree level in [52] and
up to NNLO in [53], where the technique was ap-

plied to proton-nucleus collisions.
The analysis of the holographic stress-energy

tensor leads to the strong prediction of full nu-
clear stopping of the two nuclei shortly after the
collision. This happens after a time of the order
of the inverse typical transverse momentum scale,
independently of the energy density. This behav-
ior was interpreted in [52] as signaling black hole
creation in the bulk. If the two nuclei stop com-
pletely, the strong interactions exerted between
them are likely to thermalize the system, even-
tually leading to Landau hydrodynamics at late
times [6]. This non boost-invariant solution is
not expected to satisfy the phenomenological con-
straints, even if the description of multiplicities
seems to be valid.

In [52,53] it was pointed out that weak inter-
actions are expected to be determinant in the
very early stages of the collision [61]. Since a
realistic model should take them into account,
and in absence of a dual description incorporating
weak coupling aspects of QCD, it was proposed
to mimic these effects through net zero-energy
unphysical shock waves with profiles F (x±) ∼
δ′(x±). The resulting energy density of the
strongly coupled medium starts out as a constant
at early proper time, in agreement with the re-
sults of [22].

The above analytic approaches have the limit
of not being able to address the non-linearity of
the thermalization process. A numerical treat-
ment of the full problem appeared in [62], after
these lectures were given.11 The main advantage
of solving the initial value problem numerically
is that it is more likely to properly describe the
transition between the early and late time behav-
iors.

Ref. [62] considered the collision of two planar
sheets in N = 4 SYM propagating towards each
other at the speed of light, with finite energy den-
sity, finite thickness and Gaussian profile

F (x±) =
µ3

√
2πω2

e−(x±/ω
√

2)
2

. (103)

The equivalent gravitational problem is the col-
lision of two planar shock waves which are reg-

11Other recent papers related to our lectures are quoted
in Refs.[63–65].
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ular, non-singular, source-less solutions to Ein-
stein’s equations. The collision leads to horizon
formation in the bulk and the numerical integra-
tion was stopped in [62] at the apparent horizon
location.

The energy density of the collision products is
found to be peaked around two receding maxima
which move outwards at less than the speed of
light. Setting the width in (103) to ω = 0.75/µ,
the application of this model to the RHIC colli-
sions leads to µ ∼ 2.3 GeV. The total time re-
quired for thermalization, from when the Gaus-
sian shock waves start to overlap significantly un-
til the onset of hydrodynamics, is estimated to be
∆vtot ∼ 4/µ ∼ 0.35 fm/c (v denotes time in in-
going Eddington-Finkelstein coordinates). This
timescale is consistent with the results of [45].
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We consider the fate of AdS vacua connected by tunneling events. A precise holographic dual of thin-walled
Coleman{de Luccia bounces is proposed in terms of Fubini instantons in an unstable CFT. This proposal is backed
by several qualitative and quantitative checks, including the precise calculation of the instanton action appearing
in evaluating the decay rate. Big crunches manifest themselves as time dependent processes which reach the
boundary of �eld space in a �nite time. The in�nite energy di�erence involved is identi�ed on the boundary
and highlights the ill-de�ned nature of the bulk setup. We propose a qualitative scenario in which the crunch is
resolved by stabilizing the CFT, so that all attempts at crunching always end up shielded from the boundary by
the formation of black hole horizons. In all these well de�ned bulk processes the con�gurations have the same
asymptotics and are �nite energy excitations.

1. INTRODUCTION

The presence of certain types of singularities in
classical gravity as well as the presence and prop-
erties of black objects presents serious challenges
to any contender for a more complete descrip-
tion of general coordinate invariant systems. The
uncovering of the Quantum Field Theory (QFT)
holographic duals of Anti-de Sitter (AdS) string
backgrounds has been a big step in providing a
non perturbative de�nition of string theory [2].
In some cases the more accessible properties of
QFT could be used to test and verify if certain
challenges are indeed resolved by string theory.
For example the potential black hole information
paradox was articulated for the case of black holes
in AdS. Known properties of QFT have shown
that in this case the non perturbative de�nition
of string theory has removed the sting out of the
argument for a paradox.
This tool has the potential of becoming a dou-

ble edged sword as it may turn out that it can be
used to demonstrate that physics around a certain
string background corresponds to an ill de�ned
QFT. As there is no court of appeal available af-
ter a non perturbative de�nition this would mean

that string theory failed to resolve the challenge.
However before drawing drastic conclusions one
should verify that indeed string theory was under
the obligation to resolve that particular challenge.
Not all challenges need to be met. In particular
if the string background is derived for a set of
repulsive branes there is no need to search for a
static solution, if a bulk con�guration has an in-
�nite amount of energy on a certain Cauchy sur-
face there is neither need nor possibility to save
it from forming a big crunch singularity.
It is this latter issue of the big crunch on which

we focus in these lectures. The AdS/CFT corre-
spondence is an arena which is both rather well
de�ned and also well suited to address aspects of
the decay of metastable states which may lead
to a crunch. We study how big crunches mani-
fest themselves in the boundary holographic de-
scription and utilize the QFT knowledge to learn
how these con�gurations can be inoculated and
stabilized. This provides a class of con�gurations
which may seem to be leading to a big crunch but
do avoid it. In the process of studying this prob-
lem we are led to develop a dictionary between the
physics of boundary QFTs which have metastable
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states and bulk theories of gravity which have po-
tentially metastable states. For some earlier dis-
cussions on similar issues see [29,19,30,32,28].
Coleman and de Luccia (CdL) have studied the

decay of (non supersymmetric) metastable scalar
�eld states in the presence of gravity [3]. They
have set up the general formalism and studied
decays to and from a zero cosmological constant
state. They have shown that in the thin-wall ap-
proximation decays from a potentially metastable
zero cosmological constant state to a lower, nega-
tive energy AdS state, may either not occur at all
or may be on the verge of a big crunch. The �rst
situation occurs when the surface tension of the
bubble wall driving the decay is large enough rel-
ative to the di�erence in vacuum energy between
the two states. The second situation will generi-
cally result, not in the decay into the lower AdS
state, but lead instead to a big crunch once small
perturbations are admitted.
This result remains essentially unchanged when

one considers the properties of a potential decay
among two di�erent negative energy AdS states.
As in AdS space the volume and surface scale in
the same way as a function of a length scale, the
parameters of the potential predetermine if the
decay via bubble formation and expansion is en-
ergetically possible. The case when the decay is
allowed leads essentially to a big crunch. Consid-
ering the di�culties to de�ne a local concept of
energy in general coordinate invariant systems, it
is not obvious how to decide upon the basis of a
bulk calculation alone if a big crunch is accept-
able or needs to be resolved. An in�nite amount
of energy on a given Cauchy surface should lead
to an acceptable big crunch. It is in terms of the
boundary CFT that the question is better posed
and if the big crunch in the bulk is acceptable
then one would expect that identifying its QFT
dual would reveal an ill de�ned, incurable sys-
tem. We indeed uncover the dual QFT of the
CdL bubble and it shows an unbounded poten-
tial. Moreover the metastable state reaches an
in�nite distance in �eld space in a �nite time.
Our results are obtained after rewriting the

standard defect treatment [13,8{10,20,12] of thin-
walled bubbles in terms of a theory of branes,
de�ned by e�ective tension and charge parame-

ters. This presentation of the thin-wall approx-
imation to the bubble dynamics has the advan-
tage of suggesting the appropriate dual descrip-
tions in an AdS/CFT framework. As a concrete
result, we present an explicit duality relation-
ship between spherical CdL bubbles in AdS and
non-gravitational bubbles that mediate the decay
through a barrier which is unbounded from below
and conformal. This duality goes as far as match-
ing exactly the instanton action for Fubini-type
con�gurations in a critical scalar �eld theory [23]
and the WKB exponent for the nucleation prob-
ability in the brane description of bubble dynam-
ics, for a certain range of the parameters. This
calculation exhibits a remarkable matching of non
supersymmetric quantities.
The next stage is to stabilize the system on

the duality side which is most transparent, i.e in
the QFT framework. We suggest how to do so
and this results in a QFT which has stable and
metastable vacuum states. This system itself is
the subject of the original Coleman's treatment of
the fate of a false vacuum in a QFT. We suggest
a system where a potential but �nite energy big
crunch is indeed stopped on its tracks. The dual
bulk con�guration has hybrid features of a CdL
bubble whose expansion is interrupted and of a
domain wall.
This result has bearing on the issues raised in

particular by Banks [4]. Our regularized analysis
incorporates a natural feature of any �nite-energy
QFT state, namely that it looks like the vacuum
when probed at very high energies. According to
the UV/IR relation of AdS/CFT, this in turn im-
plies that both bulk con�gurations must be iden-
tical near the boundary of AdS. In particular,
they must share the same value of the asymp-
totic cosmological constant. Hence, the standard
CdL transitions with a lower vacuum energy bub-
ble reaching the boundary cannot correspond to
quantum transitions with �nite energy exchanges
in the QFT. In fact, the true vacuum con�gura-
tion of any regularized decay also has the asymp-
totics of the vacuum corresponding to the higher
energy AdS vacuum, although it has transient
features of the lower AdS geometry in a �nite re-
gion of bulk spacetime. The extent of that region
is determined by the regulator. The endpoint of
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the con�guration formed in its interior is a black
hole which has swept under the protection of its
horizon all the evidence of the potential crunch.
The lecture is organized as follows. In section 2

we review the defect approach to thin-walled bub-
bles in AdS spacetimes, and rephrase it in terms
of a brane-type action for the shells representing
the walls. In section 3 we show how the formal-
ism based on brane dynamics can be used to com-
pute decay rates in thermally excited situations
in either of the two vacua separated by the bub-
ble wall. In section 4 we match these results to
an e�ective Conformal Field Theory (CFT) La-
grangian model, and present our statement re-
garding the dual of CdL bubbles. In section 5
we study the regularization of the ensuing bulk
crunches by a stable UV potential in the CFT,
and discuss the bulk interpretation of the decay
endpoints resulting from this regularization of the
problem. We also suggest a very schematic 5-d
e�ective potential appropriate for these consider-
ations. We conclude by section 6.
These lectures follow closely our paper [1]

which contains a slightly more complete account
of the details.

2. Thin-walled bubbles in AdS

Let us consider the simplest possible model of a
`landscape' in the form of a single scalar �eld with
potential U(�), coupled to gravity in d + 1 > 3
spacetime dimensions. The potential is assumed
to have two locally stable vacua of negative en-
ergy densities U� < U+ < 0. The corresponding
Anti{de Sitter (AdS) cosmological constants in
d + 1 spacetime dimensions, �� = �1=R2

�, are
related to the energy densities by

U� =
d(d� 1)��

16�G
;

where R� are the curvature radii of the two
AdS's. The vacuum closer to zero energy den-
sity, �+, corresponds to an AdS `closer' to 
at
space over a larger distance scale.
We can introduce a certain amount of excita-

tion in the system by adding Schwarzschild terms

U(χ)

χ

χ+ χ
−

Figure 1. A scalar �eld model that reproduces two
classical AdS vacua with negative cosmological con-
stant proportional to U� = U(��) < 0.

of e�ective mass parameters

�� =
16�GM�

(d� 1)v
; (1)

where v = jSd�1j denotes the volume of the angu-
lar (d� 1)-dimensional sphere. Hence, the AdS�
asymptotic metrics in d+1 spacetime dimensions
read (in global coordinates)

ds2� = �f�(r)dt2� +
dr2

f�(r)
+ r2 d
2

d�1 ; (2)

with

f�(r) = 1� �� r
2 � ��

rd�2
: (3)

According to the basic rules of AdS/CFT (cf.
[2]), a global AdS background admits a dual
nonperturbative description in terms of a CFT
with an e�ective number of degrees of freedom
Ne� � Rd�1=G, where R is the curvature ra-
dius of AdS. The CFT is de�ned on the mani-
fold R � Sd�1, with the �rst factor representing
the time coordinate, and the spatial sphere of ra-
dius R introducing a spectral gap of order 1=R.
Hence, the model U(�) provides us with two can-
didate quantum systems, associated to the two
conformal �eld theories dual to AdS�.
In the thin-wall approximation, one may con-

sider con�gurations of bubbles of one metric im-
mersed on the other, separated by a spherical wall
whose thickness is negligible compared to its size.
A bubble of the high vacuum (+) leaving the low
vacuum (�) outside is the situation studied by
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Guth and Fahri (GF) in [7]. The Coleman{de
Luccia (CdL) situation corresponds to a bubble
of the low vacuum (�) surrounded by the high
vacuum (+) outside it.
The total ADM mass of the CdL bubble, mea-

sured with respect to the AdS+ vacuum, is given
by M+. If the interior of the bubble is an AdS�
space with some internal M� excitation (such as
a black hole at the center), then we refer to the
ADM mass of the shell forming the bubble wall,
as ! =M+�M�, a quantity which may be either
positive or negative. On the other hand, we shall
restrict the AdS� mass parameters to be non-
negative, M� � 0 so that no naked singularities
occur in the geometry.
The conditions for the quantum nucleation of

an AdS� bubble inside an AdS+ vacuum were
studied in the original reference [3] applying the
thin-wall approximation to the � �eld theory cou-
pled to gravity. Here, we shall follow the analysis
of [12] to describe the bubbles directly as defects
in general relativity, whereby all the details of
the potential function U(�) are folded into two
parameters, given by the surface tension of the
bubble, and the di�erence �U = U+�U� of vac-
uum energies.1 This approach has the advantage
of including all nonlinear relativistic e�ects in the
motion of the bubbles, and the disadvantage that
it is fundamentally tied to the `thin' aspect of the
walls from the beginning.
The thin-wall approximation was revealed, al-

ready in the original paper [3], as inadequate to
understand the long-time evolution of the system,
in particular it misses the generic occurrence of
crunch cosmological singularities as a result of
the back-reaction from the detailed scalar �eld
dynamics during the phase of bubble growth. De-
spite this caveat, we will show that the physical
singularity associated to the crunch can be iden-
ti�ed within the thin-wall approximation in AdS
spaces and, when combined with the AdS/CFT
dictionary, conveniently interpreted in terms of
the dual CFT.

1Notice that local maxima of U(�) may still be good
metastable vacua provided the e�ective mass gap con-
trolled by d2U=d�2 is below the BF bound [5].

2.1. Junction Dynamics
We describe the bubble wall as a shell char-

acterized solely by the surface tension, i.e. the
energy-momentum tensor is

T ab
��
shell

= �� hab ; (4)

where hab is the induced metric at the bubble wall
and � is the surface tension.
The energy of the bubble of radius r, measured

with respect to the AdS+ vacuum, is estimated in
order of magnitude as built from a surface term
of order � rd�1 and a (negative) volume term of
order ��U rd = �(U+ � U�) r

d, when the bub-
ble is small (r � R�) and of order ��U R� r

d�1

when the bubble is large in units of the AdS�
radius. This energy function has a potential bar-
rier which a zero-energy shell can tunnel through,
emerging at the turning point �r � �=�U for
� � �UR�. In the opposite regime of large ten-
sion, � � �UR�, the energy function is mono-
tonically increasing and no tunneling occurs. The
low-tension turning point and the tunneling ac-
tion diverge as �=�UR� approaches a critical
value of O(1).
In more detail, the dynamics of the wall is de-

termined by the junction conditions [13]

�Kab � hab�K = �8�GTab
��
shell

; (5)

where �Kab is the jump in extrinsic curvature
at the shell (exterior minus interior), and �K =
hab�Kab. Using the explicit form of the energy-
momentum tensor (4) we can rewrite this equa-
tion as

�Ka
b = �� �ab ; (6)

where we have de�ned the related tension param-
eter

� =
8�G

d� 1
� :

Computing the extrinsic curvature for the case of
a spherical shell of induced metric

ds2
��
shell

= �d�2 + r(�)2 d
2
d�1 ; (7)

one �nds"�
dr

d�

�2

+ f�(r)

# 1
2

�
"�

dr

d�

�2

+ f+(r)

# 1
2

= � r(�)
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for the equation determining the shell's trajectory
r(�) as a function of its proper time. Squaring
this equation one can picture the dynamics in the
form of a zero-energy motion in an e�ective non-
relativistic potential problem [12]:�
dr

d�

�2

+ Ue�(r) = 0 ; (8)

where

Ue�(r) = f+(r)�
�
�2r2 + f+(r)� f�(r)

2�r

�2

:(9)

Expanding out the terms in the potential we may
rewrite it in the form presented in ref. [12],

Ue�(r) = 1�Ar2 � B

rd�2
� C

r2d�2
: (10)

The coe�cient A controls the large r behavior of
the bubbles and depends just on `vacuum' quan-
tities, �� and �. The coe�cient C is always posi-
tive and proportional to (��)2, the squared mass
of the shell, and controls the small r motion of the
bubbles, while B depends linearly on the mass
parameters �� and determines the transient be-
havior at intermediate radii. This potential prob-
lem describes the motion of thin-walled bubbles
for any value of ��, including positive values ap-
propriate for de Sitter type bubbles. Those were
studied extensively in [20,12,21].
In either GF or CdL cases, one usually thinks

of a quantum nucleation of a bubble at radius
�r at � = 0, and subsequent classical evolution
past this point. Hence, the nucleated bubble is
an initial condition for normal classical evolution
for � > 0. It is useful to consider situations in
which the � > 0 solution is re
ected back to � < 0
and thus look at time-symmetric solutions. The
bubbles that come out of tunneling correspond
then to the turning points of the classical motion
for time-symmetric solutions.
The CdL situation described above corresponds

to �� = 0, leading to a very simple quadratic po-
tential, Ue�(r) = 1 � Ar2. There are turning
points only in the case that A > 0, and all tra-
jectories come from r =1, hit the turning point
at � = 0 and then go o� to in�nity again (the
CdL discussion would correspond to the � � 0

half of this). The condition for A > 0 is that �
be outside the interval [�c; �

0
c] with

�c =
1

R�
� 1

R+
; �0c =

1

R�
+

1

R+
: (11)

The turning point (equal to the nucleation size of
CdL) satis�es

�r2 =
1

A
=

4�2

(�2 � �2c)(�
2 � �0 2c )

; (12)

so that �r ! 1 as � ! �c. This agrees with the
CdL analysis. However, the existence of turning
points for � > �0c, not anticipated in the origi-
nal CdL analysis, is an unphysical feature of the
equation (8), which is obtained by squaring the
true equations of motion in order to get rid of non-
linear terms in dr=d� . Filtering out the physical
solutions of (8) requires the computation of the
extrinsic curvature and the explicit veri�cation
of the correct signs in equation (5) (cf. [8,20,12]).
The sorting of these subtleties, as well as a con-
venient starting point to discuss nucleation rates,
is most conveniently done in a brane-action form
of the shell dynamics, as we introduce in the next
subsection.

2.2. Bubble walls as branes
In order to relate the mechanics of the shell to

physical quantities de�ned in the dual QFT, it is
useful to recast the proper-time dependence into
asymptotic time dependence, t+, because this is
the time variable with a direct physical interpre-
tation on the UV de�nition of the QFT side. We
thus transform

dr

d�
=

dt

d�
_r

where _r = dr=dt. In what follows, we shall denote
t = t+ and f = f+, and we make a choice of units
so that R+ = 1.
We compute dt=d� by matching the exterior

metric ds2+ in (2) at the shell locus r = r(�), to
the induced metric at the shell (7), to �nd

dt

d�
=

s
1

f(r)
+

(dr=d�)2

f(r)2
:

Plugging this expression back into (8) we �nd the
equivalent potential problem in terms of asymp-
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totic time, expressed again as the zero-energy mo-
tion

_r2 + Ve�(r) = 0 ; (13)

with

Ve�(r) = f(r)2
�

f(r)

f(r)� Ue�(r)
� 1

�
: (14)

Using the form (9) of Ue� we give an explicit ex-
pression for Ve� as

Ve�(r) = f(r)2
�
�2 v2 r2d�2 f(r)

(q v rd + !)2
� 1

�
; (15)

where we have de�ned

q = (d� 1)
��� �2

16�G
; �� = �+ � �� ; (16)

and ! is the ADM mass of the shell, related to
the di�erence in mass parameters �� = �+���
by the standard formula

! =M+ �M� =
(d� 1) v

16�G
�� :

The particular presentation of Ve� in (14),
based on the parameters q; � and !, �nds its ra-
tionale in the fact that (13) follows from a brane-
type action of the form

I =

Z
dtL (17)

= ��v
Z
dtrd�1

s
f(r)� _r2

f(r)
+ qv

Z
dtrd;

where ! emerges naturally as the canonical en-
ergy

! = _r pr � L = _r
@L

@ _r
� L (18)

associated with this Lagrangian,

! =
� v rd�1 f(r)q
f(r)� _r2

f(r)

� q v rd :

Squaring this equation and solving for _r 2 we read-
ily obtain (15).
The brane nature is rendered more explicit

when considering the spherical geometry of the

shell and the induced metric, i.e. we can rewrite
the action in the form

I = ��
Z
W

p
�det(hab) + q

Z
W

Cd ; (19)

where W is the worldvolume of the shell, hab its
induced metric, and Cd a d-form de�ned by

Cd = rd dt ^ dv ;

up to a closed form. 2 The exterior derivative
of Cd is proportional to the volume form of AdS,
dCd = (d) rd�1 dr ^ dt ^ dv, with dv the volume
form of Sd�1. In this way we can rewrite the
e�ective charge coupling in (19) as a volume in-
tegral over a (d+1)-dimensional manifold having
W as one boundary component, i.e. the charge
coupling is of Wess{Zumino type.3

It is interesting to dissect the form of the ef-
fective brane charge q, by writing it in terms of
primitive dynamical quantities

q = q0 � 4�G

d� 1
�2 ;

where

q0 = (d� 1)
��

16�G
=

�U

d
;

is the e�ective charge in the absence of gravi-
tation, i.e. in the G ! 0 limit. It is propor-
tional to the vacuum energy di�erence, elucidat-
ing the nature of the Wess{Zumino term in (19)
as a purely volume contribution to the energy. It
is however peculiar to �nd that q0 is renormal-
ized additively by a `surface' term, proportional
to �2. In fact, this term can be interpreted as a
`surface binding energy' of the shell, and always
has a volume scaling. In Newtonian terms, the
e�ective mass of the shell is �vrd�1, and the as-
sociated gravitational self energy is proportional
to G(�vrd�1)2=rd�2 � G�2rd, thus mimicking a
volume term.

2The ambiguity by a closed form translates into boundary
terms in the action (19), such as di�erent additive normal-
izations of the energy !. The conventions adopted here are
those that ensure the ADM relation ! =M+ �M�.
3For a similar incarnation of e�ective branes in more gen-
eral situations of strong gravitational dynamics see [34].
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2.3. Qualitative Dynamics
In going from (17) to (13) and (15) we must

take the square of (18). In this process, some
information about signs is lost, so that the set
of solutions to (13) is actually larger than the
physical set of trajectories determined by (17).
We can resolve the ambiguity by looking at the
explicit form of (18):

! + q v rd =
� v rd�1 f(r)q
f(r)� _r2

f(r)

:

The positivity of the right hand side translates
into the following rule: given the location of the
pole of (15), r! = (�!=qv)1=d, we can only �nd
positive charge branes (q > 0) propagating to the
right of the pole, and negative-charge branes (q <
0) propagating to the left of the pole. In terms
of bulk variables the constraint ! + q v rd > 0 is
equivalent to the inequality

(��� �2) r +
��

rd�1
> 0 ;

which in particular implies that only branes with
�� > �2 can propagate to asymptotically large
radii. Since we are precisely interested in CdL
bubbles that are able to reach the boundary, we
henceforth concentrate on the case �� > �2 in
what follows.
Shells bounding bubbles of the GF type, with

AdS� on the asymptotic region, will be called an-

tibranes. Their e�ective potential with respect to
the asymptotic time, t� in this case, is obtained
from (15) by setting f = f� and switching the
+ and � labels, which in turn implies that the
e�ective charge is negative for antibranes. As a
consequence, no bubble leaving AdS� in its exte-
rior can ever hit r =1. 4

We may also use the interior time t+ to de-
scribe the dynamics of the antibranes. In this
case one �nds exactly the same potential (15) as
for branes, with e�ective values of charge �q = �q
and canonical energy �! = �!. Again, we have
the rule that branes propagate to the right of the

4This fact would pull the rug under any attempt one might
consider of sending antibranes as protective measures to
collide with runaway branes stopping them on their way
to crunch on the boundary.

pole, and antibranes do so to the left of the pole.
Hence, we conclude that Ve�(r) in (15) describes
at the same time trajectoires of branes (in `ex-
terior' time) and antibranes (for which t+ is the
`interior' time).
These considerations show that trajectories fall

into di�erent topological classes. We either have
shells that bounce o� a turning point and go to
in�nity, or we have shells that bounce o� a turn-
ing point and go to smaller radii, falling into a
black hole. In this last case the bubble can be
either of GF or CdL type.
The e�ective potential Ve�(r) in (15) describes

bubbles of AdS� embedded in AdS+, in terms
of the exterior time t+. Since this coordinate is
only de�ned outside horizons of the AdS+ patch,
we de�ne the physical region for the trajectories
described by Ve�(r) to be r � r0, where r0(M+)
stands for any black hole horizon upon which the
shell may impinge. For purely vacuum bubbles,
the physical region is just r � 0.
For shell energies ! > !0 � �q v r0 the pole

in the potential r! = (�!=qv)1=d is outside the
physical region. On the other hand, for ! < !0
the pole is located in the physical region, r! > r0.
In this case the potential describes two types of
objects. Brane trajectories (bubbles of AdS� in-
side AdS+) take place in the asymptotic (large r)
region r > r!, and antibrane trajectories (bub-
bles of AdS+ inside AdS�) are restricted to the
region `below' the pole, r < r!. The occurrence
of poles in our brane e�ective potentials is a gen-
uinely relativistic property, which can be found
in more mundane situations, such as an electron
in a constant electric �eld, with Lagrangian

Le = �me

p
1� _x2 + e E x :

Performing the canonical analysis for this sys-
tem we �nd an e�ective potential description
_x2 + Ve(x) = 0 ; with

Ve(x) =
m2
e

(! + e E x)2 � 1 ; (20)

with evident similarities to our brane potentials,
including the rule that electrons propagate in the
region x > �!=eE and positrons do so in the
region x < �!=eE . The two turning points at
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x� = �!=eE �me=eE are interpreted semiclassi-
cally as the nucleation positions of e+e� pairs in
a Schwinger decay process of the electric �eld.
By analogy with the e+e� situation we may

contemplate `brane-antibrane' pairs obtained by
a superposition of the solutions discussed above.
Namely a bubble of AdS+ vacuum oscillating in-
side a bubble of AdS�, which is itself immersed
in the AdS+ vacuum. Such a con�guration could
arise if AdS+ chose to decay by nucleating a `thick
shell' made of AdS�, rather than a spherical bub-
ble of AdS�. This con�guration is topologically
equivalent to a superposition of smaller AdS�
bubbles disposed o� center, making the AdS�
shell. This suggests that these con�gurations are
not dynamically important in themselves, since
they can be constructed from the more elemen-
tary spherical bubbles.

2.4. The CdL potential
We can now go back to the basic CdL situation,

corresponding to ! = 0 and f(r) = 1 + r2. The
resulting potential is

Ve�(r)
��
vac

= (1 + r2)2
�
�2

q2
1 + r2

r2
� 1

�
:

It diverges as r ! 0 as (�=q)2=r2, and it is asymp-
totic to�
(�=q)2 � 1

�
r4 + 3

�
(�=q)2 � 1

�
r2 + r2 (21)

as r ! 1. The last term, scaling as r2, is of ge-
ometrical origin. It is proportional to the world-
volume curvature of the brane, changing sign for
negatively-curved world-volumes (see [14] for a
study of this sort). The condition for the exis-
tence of vacuum tunneling transitions is that the
tension be smaller than the charge in appropriate
units, i.e. � < jqj. We note that

q2 � �2

�2
=

(�2 � �2c)(�
2 � �0 2c )

4�2
;

so that the � < jqj condition is equivalent to the
previously stated condition that � be outside the
interval [�c; �

0
c ].

When � = jqj we have a marginal situation
where the leading terms in volume and surface
energies cancel one another. In fact, for a 
at

world-volume, corresponding to f(r) = r2, the
potential vanishes altogether and we get back a
familiar `no-force' condition on the brane signal-
ing a situation of marginal stability.
Restoring arbitrary units, we have � = jqjR+

which gives

�U =
4�d

d� 1
G�2

in the R+ !1 limit. This was identi�ed in [3] as
the condition of marginal stability of Minkowski
spacetime, and later interpreted as a supersym-
metric relation in the case that the theory ad-
mits a supersymmetric embedding (see [15{17]).
Hence, we interpret jqj � � as a BPS bound if
the brane is to be understood as a (possibly non-
supersymmetric) excitation over a supersymmet-
ric vacuum.
We conclude that nonperturbative instabilities

require violation of the BPS bound for the shell,
with implicit supersymmetry breakdown. In this
case, the turning point, obtained from Ve�(�r) = 0,
is given by

�r =
�=jqjp
1� �2=q2

=
�p

1� �2
;

and indeed we �nd �r ! 1 as jqj ! �. We de-
note � = �=jqj the parameter characterizing the
`degree of violation' of the bound.
From this one can �nd whether a running away

bubble ever hits the boundary of AdS in �nite
asymptotic time, or `boundary QFT time'. The
hit time from nucleation at �r is

thit =

Z 1

�r

dr

_r
=

Z 1

�r

drp�Ve�(r) : (22)

Using the asymptotics (21), we �nd thit � (1 +
�r2)=�r in units of R+. Hence, the bubble hits the
boundary in �nite time and in doing so its `kinetic
energy', _r2 diverges. 5 This is a �rst indication,
within the thin wall approximation, of the exis-
tence of a singularity at thit. In fact, as already
studied in the original CdL paper, the analysis
beyond the thin-wall approximation reveals that
the dynamics of scalar �elds forces the interior of
the bubble to crunch in �nite time.
5Notice that the `proper hit time' �hit is in�nite, because
Ue�(r)! �r2=�r2 as r !1, a gentle fall.
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2.5. Potential Galore
We may now classify the qualitative form of the

e�ective potentials as a function of the parame-
ters. We shall restrict ourselves to the interesting
case of � < 1 and to non-negative mass parame-
ters M� � 0 to avoid naked singularities. 6 This
still leaves the mass of the shell ! = M+ �M�

as a free parameter in the interval [�1;M+].
As mentioned above, shell energies above the

critical value !0 = �q v r0(M+) yield potentials
without poles in the physical region. Conversely,
at very negative shell energies, ! < !0, the pole
moves into the physical region. For any ! 6= !0
we have Ve�(r0) = V 0e�(r0) = 0, where the prime
denotes derivative with respect to r. Further-
more the second derivative V 00e�(r0) < 0, so that
the horizon is a local maximum of the potential,
which further vanishes there. It follows that the
vicinity of the horizon is an allowed region for
brane (or antibrane) propagation. For ! < !0
there are antibranes that oscillate between the
horizon and a turning point �r0 `below' the pole,
i.e. in the region r0 < r < �r0 with �r0 < r!.
Brane trajectories exist in the asymptotic region
�r < r <1.
For the critical value of the energy, ! = !0,

the potential still vanishes at the horizon, but the
�rst derivative V 0e�(r0) > 0. Hence, there is a
barrier extending from the horizon up to the large
r turning point, of order �r.
For ! > !0 there are no poles in the physical

region, and thus no antibrane trajectories either.
Branes propagating in the vicinity of the horizon
encounter a �nite potential barrier for ! < !s,
where !s is the `sphaleron' energy, for which the
potential barrier degenerates to a single point.
For ! � !s there is no barrier at all and the
brane trajectories lay on the interval r0 < r <1.

3. Decay rates

One advantage of the brane picture for bub-
ble nucleation is the existence of an action princi-
ple, in the form of (17), which allows us to com-
pute the rates for nucleation of spherical bubbles

6Potentials with � > 1 have no instabilities and the
marginal BPS-saturated case, � = 1 is controlled by sub-
leading curvature terms, cf. [14]

by using the standard quantum mechanical WKB
approximation (see [11] for a related but slightly
di�erent treatment).
The WKB ansatz for the wave function of a

spherical brane is of the form

	WKB(t; r) � exp

�
�i!t+ i

Z r

pr0 dr
0

�
;

at energy !, where pr = @L=@ _r, and the proba-
bility of barrier penetration in the leading expo-
nential approximation is given by

PWKB � exp (�2 ImW (!)) ;

where W = I + !t, with I the action (17). The
imaginary part in the classically forbidden region
can be captured by the analytic continuation to
the Euclidean signature t = �itE and we �nd
ImW (!) = WE = IE � !tE ; with IE the Eu-
clidean action

IE =

Z
dtE LE (23)

= v

Z
dtE

"
� rd�1

s
f(r) +

_r2E
f(r)

� q rd

#
:

In terms of the canonical momentum (pr)E =
@LE=@ _rE we can write WE =

R
dr (pr)E : Fi-

nally, Euclidean trajectories correspond to mo-
tion in the e�ective problem

_r2E � Ve�(r) = 0 ; (24)

which results form the real-time problem by a for-
mal switch of the sign of the potential. Using this
equation in the formula for the Euclidean action,
we �nd the convenient expression

2WE(!) = 2

Z �r

�r0
dr (pr)E (25)

= 2qv

Z �r

�r0

dr

f(r)

q
�2 r2d�2f(r)� (rd � rd!)

2 ;

where the turning points in the integral are de-
�ned by the positivity of the square root argu-
ment, and rd! = �!=qv is the location of the
pole in the potential. This is a general formula
for any value of the bubble parameters, includ-
ing cases where the pole falls in the integration
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region, �r0 < r! < �r. The exponential WKB
factor (25) is integrable across the pole and in
this case it determines the rate of nucleation of
brane/antibrane pairs, in a generalization of the
Schwinger mechanism.7

The total nucleation rate of shells centered at
r = 0 takes the form

� =

Z !max

!min

d! PWKB(!) ; (26)

where the limits in the integral correspond to the
maximum and minimum possible energies of the
shells. For the case � < 1, which is the subject of
main interest here, the e�ective potential is un-
bounded from below and shells of arbitrarily neg-
ative energy can always propagate at su�ciently
large radius, i.e. !min = �1. On the other hand,
we require M� � 0 in order to avoid a naked sin-
gularities in the interior of the AdS� bubbles, so
that !max =M+.
Shells with ! < !0 = �q v rd0 see an e�ec-

tive potential with a pole above the horizon. As
stated before, this corresponds to Schwinger-like
processes in which a concentric brane/antibrane
pair is nucleated above the horizon. For very neg-
ative values of !, the WKB exponent scales as

2WE / qv(�!=qv) d�1d , so that the nucleation of
very large branes is suppressed. As ! approaches
!0 from below, the pole in the e�ective potential
narrows down and makes a smaller and smaller
contribution to the ! = !0 barrier. Hence, we
conclude that the contribution to (26) coming
from Schwinger-like processes is dominated by the
endpoint and we may discard it when computing
in the leading exponential approximation.
The tunneling rate for pair production ap-

proaches continuously that of single bubble nucle-
ation. This is a re
ection of the non-topological
character of spherical bubbles on global AdS, i.e.
they can continuously shrink to zero size and dis-
appear.

3.1. Vacuum AdS decay
In the CdL case, for a zero-mass bubble,M+ =

0, bounded by a zero-mass shell, ! = 0, we have

7For the e+e� potential (20), equation (25) gives the

expected exponent 2WE = 2
R
x+

x
�

dx
p
m2
e � (eEx)2 =

�m2
e=eE controlling the Schwinger e�ect amplitude.

�r0 = 0 and f(r) = 1 + r2. The general expression
for the tunneling exponent (25) reduces to 8

2WE = 2 q v
�rd+1p
1 + �r2

Z 1

0

dx
x d�1

1 + �r2x2

p
1� x2 :

This integral can be evaluated explicitly in terms
of beta and hypergeometric functions as

2WE = 2q v B( 32 ;
d
2 )

�r d+1p
1 + �r 2

F
�
1; d2 ;

d+3
2 ;��r 2� :

For small bubbles, �r � 1, we have

2WE

���
�r�1

� q v B( 32 ;
d
2 ) �r

d+1 :

In this limit, corresponding to �� 1, the charge
parameter scales as

q �! (d� 1)��

16�G
=

�U

d
;

and we obtain the bubble nucleation amplitude
in the limit of weak gravity, with semiclassical
suppression exponent

2WE

���
�r�1

� v B( 32 ;
d
2 )

�
d

�U

�d
�d+1 ;

which agrees with the known factor of
27�2�4=2(�U)3 in the four-dimensional case.
For large bubbles, where the background cur-

vature e�ects are felt strongly, we obtain

2WE

���
�r�1

� q v B( 32 ;
d�2
2 ) �r d�2 ; (27)

a form that will be used later in the matching to
the dual CFT.
The same results can be obtained in an explic-

itly O(d + 1)-invariant formalism, more akin to
the original presentation of [3].

3.2. Decay of excited states
For excited initial states, with M+ > 0, we can

think of the branes as thermally emitted by the
black hole horizon at r = r0, with a basic rate

8Notice that we take the initial tunneling condition at �r0 =
0 despite the pole at the origin of the zero-temperature
potential Ve�(r), since the barrier is still integrable. It
can be regularized by introducing a small horizon radius,
r0 > 0 and taking the limit r0 ! 0 at the end.
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governed by Hawking's formula, proportional to
exp(��!), 9 with �(M+) = 1=T (M+) the inverse
Hawking temperature associated to the massM+.
This basic input rate is further convoluted with
the potential barriers that the branes may en-
counter outside the horizon, i.e. we have the
`grey-body' spectral formula for the total rate

�(M+) �
Z M+

!0

d! e��!e�2WE(!) ; (28)

where !0 = �q v rd0 is the minimum emission en-
ergy of branes by the horizon. If the barrier is
present, we may approximate this integral by its
value at the saddle point to obtain the usual re-
sult (cf. [33])

�(�) / exp (�IE(�)) ;
where IE(�) is the Euclidean action evaluated
over periodic Euclidean solutions of (24) with pe-
riod �(M+).
For high enough excitation energyM+ the bar-

rier in the potential disappears and all branes
with negative energy !0 < ! < 0 are emitted
without exponential suppression, in which case
the formula (28) does not apply. In this situation
the decay rate is just like that of a Schwarzschild
black hole, i.e. it is given by the natural time scale
of the black hole, �(M+) � T (M+). The crit-
ical excitation energy beyond which the barrier
disappears altogether corresponds to a vanishing
sphaleron energy, !s = 0, and can be computed
by solving Ve�(�rc) = V 0e�(�rc) = 0 for ! = 0, re-
sulting in a critical radius �r2c = (d � 2)�2=d(1 �
�2) = (d � 2)�r 2=d. So the barrier is not present
for

�+ � 2

d

�
d� 2

d

� d�2

2

�r d�2 :

This results conforms to standard intuition about
metastable state decays, namely the barrier
would become ine�ective if we start with a suf-
�ciently large energy M+ above the metastable
`vacuum' (pure AdS+).

9At the semiclassical level we are insensitive to the e�ects
of quantum statistics. More generally, we may approxi-
mate the Hawking rate by the detailed balance formula
exp(�S), with �S the entropy jump in the emission pro-
cess. Such a generalization may induce chemical potential
terms associated to conserved charges.

AdS−

AdS+

rΛ

Figure 2. Picture of the nucleation process within
a sphere of radius r�. Bubbles of AdS� grow inside
AdS+ and have size �r � r� at birth. In the coordi-
nates chosen, only the central bubble looks spherical,
although they are all approximately spherical. Most
of the bubbles are nucleated in the vicinity of r = r�
since most of the volume is concentrated there. In
QFT terms, these are the `smaller' bubbles, accord-
ing to the UV/IR dictionary. The bulk volume term
implies a UV divergence of the rate.

3.3. Measure
Going back to the vacuum transition, with

! = 0 and f(r) = 1 + r2, we may now give an
estimate of the preexponential factor. A detailed
computation would involve examining the one-
loop 
uctuation determinant, including its zero
(and negative) modes, around the classical Eu-
clidean con�guration. We can, however, give an
estimate based on the symmetries of the problem.
Since AdS is a homogeneous space, the rate of
nucleation picks a volume degeneracy factor from
integration over bubble position inside AdS+ with
Euclidean metric

ds2 = (1 + r2) dt2E +
dr2

1 + r2
+ r2 d
2

d�1 :

Working within a cuto� radius r�, we have a fac-
tor of �tm� (m� r�)

d in the rate, with m� a mi-
crophysical mass scale that arises in the compu-
tation of the one-loop functional determinants in
the bulk. 10 In vacuum decay problems, m� is

10This homogeneity property of the AdS background im-
plies that the leading decay process is still given by vac-
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usually governed by the gap of the metastable
state, i.e. m� � 1=R+ = 1. Hence, we conclude
that the decay rate is a�icted by a volume diver-
gence. 11

As long as we are interested in the local
bulk physics, we can just de�ne the decay
rate per unit time and unit volume, obtaining
md+1
� exp(�2WE). On the other hand, antici-

pating the �eld-theory interpretation through the
AdS/CFT dictionary, we may also consider the
decay rate per unit time and unit volume of the
conformal boundary R�Sd�1, which diverges as
md+1
� (r�)

d, as always in units R+ = 1. This
radial divergence will be interpreted as a UV di-
vergence in the CFT.

4. Matching to a boundary CFT picture

The description of the shell dynamics in terms
of a brane action is appropriate for the match-
ing to more detailed speci�cations of the theory,
where the bulk theory is actually a string the-
ory, and defects are identi�ed as particular D-
branes in the spectrum. The simplest case is the
basic blueprint for holography, namely the dual-
ity between type IIB string theory on AdS5 � S5
with N units of Ramond{Ramond 
ux and four-
dimensional maximally supersymmetric SU(N)
Yang{Mills theory.
A pattern of gauge symmetry breaking of the

form SU(N) ! SU(N � 1) � U(1) is described
in the bulk by the dynamics of a probe D3-brane.
The brane action is identi�ed with the e�ective
action of the SU(N) gauge theory, evaluated over
con�gurations of the adjoint scalar �ed � of the
form

� = diag(0; 0; : : : ; �) ; (29)

i.e. we have an e�ective Lagrangian for �, af-
ter we use the UV/IR map � � r, having in-
tegrated out all the `unhiggsed' SU(N � 1) de-
grees of freedom. In the bulk AdS description,

uum CdL bubbles even in the presence of a black hole,
since vacuum bubbles nucleated far from the black hole
are approximately described by the zero-temperature ef-
fective potential.
11The importance of this fact was emphasized to us in
early 2009 by Daniel Harlow. See [44] and also [35] for
similar remarks in a di�erent context.

crossing a D3-brane amounts to a jump of one
unit of Ramond{Ramond 
ux through the S5 fac-
tor, which in turn produces a small change in the
e�ective �ve-dimensional AdS cosmological con-
stant. Hence, we have all the ingredients to inter-
pret spherical D3-brane probes as shells bound-
ing bubbles that mediate transitions between AdS
vacua of di�erent curvature radius. We may as
well consider a simple generalization in which n
D3-branes, with n� N , are bundled into a bub-
ble wall with SU(n) internal degrees of freedom.
More generally, given an AdS/CFT model con-

structed from a decoupling limit of N branes, the
number of microscopic degrees of freedom (cen-
tral charge) scales as Ne� � Na, with a a ratio-
nal number of O(1) (for example, for gauge the-
ories we have a = 2 and for M2-branes we have
a = 3=2.) It is related to Newton's constant and
the curvature radius by Ne� = Na � Rd�2

+ =G.
If we imagine that the AdS� region is obtained
from the AdS+ con�guration by the removal of n
constituent branes (or n units of the correspond-
ing 
ux in some extra compact manifold) then we
have

R+ �R�
R+ +R�

� N
a

d�1 � (N � n)
a

d�1

N
a

d�1 + (N � n)
a

d�1

(30)

� a

2(d� 1)

n

N
:

Since n� N for the `thin brane' picture to make
sense, this quantity is always small throughout
our discussion, quite independently of whether
the bubbles are close to BPS saturation or not,
and we shall set n = 1 and 1 � N < 1 in
what follows. In particular, for order of magni-
tude estimates, we can consider an average value
of the curvature radius R � R� � R+ = 1. It
is interesting to notice that the large N gauge
theory model provides a `mini-landscape', with
O(N) quasi-degenerate vacua.
Using the relation betweenNe� andG, together

with (30), we �nd the scalings

q � Na

�
1

N
� �2

�
� Na�1 � �2q2 ;

where we have used R+ = 1 and � = � q. From
these expressions we can extract the scaling of q
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and � as a function ofN . In the physical situation
�2=N � 1 we �nd q � Na�1, obtaining back the
usual scaling q � 1=gs � N in the standard case
of N = 4, SU(N) SYM theory. More detailed
comparisons of the e�ective charge q, as de�ned in
(16), would require taking into account O(1=N)
jumps of the �ve-dimensional Newton's constant
across a D3-brane in the AdS5 �S5 model, while
(16) is an e�ective (d+1)-dimensional description,
incorporating just vacuum energy jumps.

4.1. The canonical frame near the bound-
ary

In order to compare the brane motion in the
bulk with standard presentations of CFT degrees
of freedom it is convenient to rewrite the brane
e�ective action in terms of a canonical variable
with a standard Lagrangian at low velocities, i.e.
we perform the �eld rede�nition r(t) ! �(t) so
that

I = v

Z
dt
�
1
2
_�2 � Vs(�) +O( _�4)

�
; (31)

where Vs(�) is the `static' potential, de�ned by
!j _r=0 = v Vs(r).

12 Expanding (17) to quadratic
order in _r and matching to (31) we �nd the map
between the radial variable r and the canonical
brane �eld as

� =
p
�

Z r

0

dr0
(r0)

d�1

2

f(r0)3=4

=
2
p
�

d� 2
r
d�2

2

�
1 +O(r�2)� ; (32)

whereas the static potential is given by

Vs(�) = � rd�1
p
f(r)� q rd ; (33)

with r solved in terms of � by inverting (32). In
the large � region, it reads

Vs
��
�!1

=
(d� 2)2

8
�2 � ��

2d
d�2 + : : : ; (34)

where

� =

�
d� 2

2

� 2d
d�2 1

�
2

d�2

q � �

�
: (35)

12This is the rigid spherical brane case of more general
�eld rede�nitions that may be found in [18]

The �rst term in (34) gives the conformal cou-
pling

d� 2

8(d� 1)
R�2

to the background curvature of the boundary
Sd�1 � R, and the second term is a standard
marginal operator in d spacetime dimensions.
Notice that the potential is asymptotically un-
bounded below whenever � < q, i.e. precisely
when the BPS bound is violated.
The 1=r corrections to both the �eld-theory La-

grangian (35) and the �eld rede�nition (32) are
proportional to powers of the background curva-
ture R, which breaks spontaneously the confor-
mal symmetry. In the limit of a 
at boundary,
R ! 0, both (32) and (35) are given by a single
monomial.
We can check this identi�cation by obtaining

(32) directly from the microscopic brane picture.
Let the �eld � be normalized canonically in the
D3-brane world-volume action, so that we have
r=2��0 = gYM� for the mass of a `W-boson'
constructed from a stretched string. Here �0 is
the type IIB string Regge slope parameter and
g2YM = 2�gs is the world-volume Yang{Mills cou-
pling in terms of the string coupling constant
gs. Using the fact that the BPS tension of the
D3-brane is � = ((2�)3gs�

0 2)�1 we �nd perfect
agreement with the rule expressed in (32) for
d = 4.
The identi�cation (35) in the D3-brane the-

ory allows us to trace the e�ective coupling �
back to the SYM Lagrangian. In this case � �
(1 � �)=N and the operator ���4 can be ob-
tained from a standard single-trace quartic oper-
ator � 1��

N Tr �4 + : : :, evaluated along (29), (we
use canonical normalization of the adjoint scalar
�elds.) On the other hand, we shall obviate de-
tails about the R-symmetry structure of the op-
erators or, equivalently, the localization of D3-
branes on the S5 or analogous `internal Einstein
manifolds'.

4.2. The large-brane CFT and the Fubini
Instanton

Our discussion so far indicates that standard
CdL bubbles can be associated to branes, at least
to the extent that the thin-wall approximation
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is applicable to the shells bounding the bubbles.
Using the asymptotic map (32) between the col-
lective coordinate of the shell and a canonical �eld
in the d-dimensional CFT, we �nd that the CdL
dynamics of (large) spherical shells in AdSd+1 is
described by nonperturbative bubble nucleation
e�ects of a conformal d-dimensional Lagrangian
of the form

Ld = �1

2
(@�)2 � d� 2

8(d� 1)
R�2 + ��

d

� ; (36)

where R is the Ricci scalar of the d-dimensional
CFT spacetime and we denote

� =
d� 2

2

the mass dimension of the scalar �eld. The ef-
fective coupling of the marginal scalar operator is
given by (35), 13

� = �d=� ��
1
�
q � �

�
�
�

1

Na�1

� 1
� 1� �

�
d

2�

: (37)

Hence, the violation of the BPS bound for the
bulk branes, � < 1, is equivalent to � > 0, namely
the condition of instability of the CFT potential
at large values of the �eld. Notice that this de-
tailed map with the particular interactions in (36)
and (37) is actually asymptotic in the sense that
it was derived for bubbles of large size, �r � 1, in
units of the AdS+ radius (cf. (32). In principle,
one may extend the analysis to general �r in units
of R+, at the expense of keeping all terms in the
power expansions of (32) and (33).
Classical solutions of (36) with di�erent values

of the constant background curvature, R, can be
related by conformal transformations. In partic-
ular, the explicit map

dt2E + d
2
d�1 =

1

u2
�
du2 + u2 d
2

d�1

�
; (38)

with jxj = u = exp(tE), expresses the conformal
equivalence of the Hamiltonian manifoldR�Sd�1
with the 
at hyperplane Rd. Using this map we

13It is quite interesting to note that the scaling of � with
N is the same, equal to 1=N , in all three `canonical' con-
structions of CFTs from parallel branes, namely D3, M2
and M5 branes.

can pro�t from the knowledge of instanton solu-
tions of the massless theory, de�ned on Rd. Such
instantons are Euclidean versions of �eld con�g-
urations discussed by Fubini in [23] (see also [24]
for a review) and take the form

�inst(x) =

r
2

�

�

jxj2 + �2
; (39)

in the four-dimensional case, where jxj is the Eu-
clidean length on R4 and � is an arbitrary length
scale that characterizes the `size' of the instan-
ton, with action Sinst = 2�2=3�. The similarity
to Yang{Mills instantons is clear from the explicit
formula (39) and, like in the gauge theory case,
they do not have thin walls, despite being charac-
terized by a size parameter. 14 These instantons
mediate the decay of the classical � = 0 state by
nucleation at t = 0 of bubbles

�bubble(~x; t = 0) =

r
2

�

�

~x 2 + �2

of size � and �eld value �0 � 1=
p
��2 at the

center, that subsequently expand in an asymp-
totically null trajectory. Notice that the energy
barrier inducing the metastability of the � = 0
con�guration is supported just by kinetic terms
in the massless model.
All these considerations can be generalized to

arbitrary d > 2 dimensions. The instanton solu-
tion onRd with size � and position x0 parameters
is now given by

�inst(x) =

�
2

�

��=2�
� �

jx� x0j2 + �2

��

; (40)

and the resulting instanton action

Sinst =

Z
Rd

�
1
2 (@�inst)

2 � � (�inst)
d=�

�
(41)

=
2d=2�d v

��

Z 1

0

ds
sd�1(s2 � 1)

(s2 + 1)d
;

where, as before, v = jSd�1j.
14We shall refer to these Euclidean con�gurations as `Fu-
bini instantons', despite the fact that they are actually
bounces (i.e. having one negative eigen-mode). In partic-
ular, these solutions are used as approximations to false
vacuum bounces in situations where the thin-wall approx-
imation is not applicable, cf. [25].
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We can evaluate the integral in terms of spe-
cial functions as follows. We �rst split the s2 � 1
term in the numerator of (41) and work out each
integral separately with the change of variables
s ! (1 + s2)�1, resulting in integral representa-
tions of beta functions, to �nally �nd

Sinst =
c

��
; with c =

v

2�
�dB( 32 ;

d�2
2 ) :(42)

Alternatively, the same action can be computed
by using a stereographic projection to map the
Rd problem into the same problem on Sd, with
curvature scalar R = d(d � 1). In this case, a
constant solution of the Euclidean equations of
motion is �� = (�2=2�)�=2, with action

Sinst = jSdj
�
d(d� 2)

8
�� 2 � � ��

2d
d�2

�
=

c

��
;

where we have used the explicit formula for the
spheres' volume, jSd�1j = 2�d=2=�(d=2).
In order to compare these instantons to our

CdL bubbles in the bulk, we can apply the con-
formal transformation (38) to (40) and obtain the
corresponding instanton �elds on R � Sd�1. For
general values of x0 one gets a complicated ex-
pression, representing an instanton �eld partially
localized on the sphere. A simpler con�guration
is obtained for x0 = 0, with the form

~�inst(tE ;
) = u� �inst(u)

=

�
�2

2�

��=2

(cosh((tE � t�))
��

;

where t� = log � acquires the interpretation of
Euclidean time location rather than size, since
the resulting instanton on R � Sd�1 is constant
on the sphere with value �� = (�2=2�)�=2 at the
time-symmetric point.

4.3. A detailed bulk/boundary matching
We check the duality of Fubini instantons with

bulk CdL bounces in three stages. First, we no-
tice that the �eld value of the instanton, ��, ex-
actly matches the nucleation radius of the CdL
bubble, �r, according to the map (32) in the
� ! 1� limit. This follows by direct inspec-
tion of (32), using the formula (37) in the men-
tioned limit. Second, we are able to exactly match

the instanton action (42) to the previously com-
puted tunneling rate exponent 2WE , again in the
�! 1� limit in (27).
To see this, use

q �r d�2 = q

�
�2

1� �2

��

�! �d

(2�)�

to �nally obtain

2WE �! q v �r d�2B( 32 ;
d�2
2 ) �! c

��
;

with the same constant, c, previously evaluated
in (42). The precise matching of the leading ex-
ponential rate of nucleation is quite remarkable,
since no supersymmetry can be summoned to ex-
plain the precise agreement. The required bub-
bles must violate the BPS bound in order to have
a nonzero nucleation rate. In turn, this means
that the vacua in question have to break super-
symmetry.
The third check involves the measure over the

instanton moduli space. In the single-instanton
sector, conformal invariance �xes the instanton
measure completely implying a rate proportional
to (in Rd variables)

ddx0
d�

�d+1
exp

��c=��� : (43)

Postponing for the time being the question of con-
vergence of (43), we notice that the same expres-
sion can be reproduced in the bulk description.
Any two instanton con�gurations in the CFT can
be obtained from one another by a conformal
transformation (such as translations and dilata-
tions in the form of (40)). Therefore, having suc-
cessfully matched particular instanton con�gura-
tions which are uniform on Sd�1 or Sd, we are
guaranteed a complete matching throughout the
whole moduli space, since the conformal group is
realized as an isometry group of AdS in the bulk
description.
We have presented the discussion of spheri-

cal bubbles in section 2 in a particular coordi-
nate system with explicit U(1)�O(d) isometries,
adapted to the boundary CFT geometryR�Sd�1
with the �rst factor representing the time direc-
tion. Hence, bubbles centered at r = 0 represent
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homogeneous con�gurations on the CFT spatial
sphere. However, the bulk AdS spacetime is com-
pletely homogeneous, so that bubbles of the same
proper size (controlled by �r) will nucleate homo-
geneously throughout AdSd+1 with uniform prob-
ability per unit AdS volume. A bubble nucleating
`o� center' with respect to the O(d)-symmetric
frame, say centered around the point with co-
ordinates (rb;
b), represents an inhomogeneous
con�guration on the CFTs' Sd�1 spatial sphere.
We can actually exhibit the form (43) of the

measure by going to a boundary of the instanton
moduli space corresponding to rb � 1. In this
limit, the standard UV/IR relation of AdS/CFT
applies, and such CdL bounce will be interpreted
as a Fubini instanton centered around (tb;
b) and
with a `boundary size' given by � � 1=rb. This
relation implies that bulk and boundary single-
instanton measures are actually equal

dtb d
b drb r
d�1
b exp (�2WE) (44)

� ddx0
d�

�d+1
exp

��c=��� ;

in the rb � ��1 � 1 region of the moduli space,
since small instantons do not distinguishR�Sd�1
from Rd. It would be interesting to extend the
quantitative bulk/boundary checks to the value of
the negative eigenvalue for quadratic 
uctuations
around the bounce solutions.
The singularity of the measure (44) at � = 0

leads to a divergent rate in the dilute-instanton
approximation, a characteristic feature of CFTs.
In the bulk description, the singularity has a sim-
ple interpretation from integrating the nucleation
point of the bubble over the in�nite volume of
AdS. This singularity may be cured by fermion
zero modes, forcing potentially divergent ampli-
tudes to vanish, a mechanism at work in super-
symmetric CFTs. If the UV �xed point is re-
placed by an asymptotically free theory the UV
divergence may be turned into an IR `large in-
stanton' divergence, as happens for example in
Yang{Mills theories. A safer possibility is to con-
template a modi�cation of the UV behavior that
e�ectively cuts o� the zero-size region of instan-
ton moduli space. For instantons mediating vac-
uum decay, the natural UV modi�cation involves
then a stabilization of the theory.

r

r̄

(rb, Ωb)

ρ ∼ 1
rb

Ω

Figure 3. A bulk CdL bubble of size �r and sitting
at the point (rb;
b), with rb � 1, is dual to a Fu-
bini bubble of size � � 1=rb on the boundary theory,
centered around 
b.

We shall see in the next section that the diver-
gence of the decay rate is related to the crunch
singularity that ensues when considering the clas-
sical evolution after nucleation.

5. Remarks on crunches and their regu-
larization

Having identi�ed a fairly precise duality be-
tween CdL bounces and Fubini instantons in an
unstable CFT, we may now consider the fate of
the nucleated bubbles as they grow towards the
boundary of AdS. As explained above, these zero-
energy bubbles reach the boundary of AdS in �-
nite asymptotic time, and dr=dt � d�=dt diverges
in the process. This is interpreted in the dual
CFT as the roll down in a potential of an unsta-
ble marginal operator.
The precise value of the time elapsed between

nucleation and the arrival at the boundary does
depend on the nucleation point rb. The UV/IR
correspondence translates this rb dependence into
the size parameter of the CFT bubble, � � 1=rb,
and to the central value of the �eld, via the re-
lation �0 � 1=

p
��2. This makes contact with

the results of [26], where it was found that the
time to roll down a conformally invariant poten-
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tial was only a function of the starting point �0.
Working on S3 � R, the minimal value of �0 is
�� = (�2=2�)�=2, which translates into �r with the
use of (32) giving the maximal hit time computed
in (22), corresponding to a `centered' bubble nu-
cleation.
The diverging kinetic energy of the rolling

scalar �eld triggers an UV singularity which be-
trays the presence of a crunch singularity in the
bulk. In fact, the structure of this crunch singu-
larity is quite intrincate. The volume extensivity
of the decay rate implies that an expanding bub-
ble is bound to collide with an in�nite number
of other bubbles on its way to the boundary, and
moreover do so in a �nite time. Each collision
will release energy in the form of radiation and
make the approach to the crunch a rather compli-
cated foam-like process. In the dual CFT picture
we see that smaller and smaller Fubini bubbles
are created at a conformally invariant rate, bub-
bles within bubbles with a fractal-like structure
of �eld strenghts. 15

The fact that the QFT Hamiltonian follow-
ing from (36) is unbounded below means that
this complicated decay process has no identi�-
able `endpoint' in a nonperturbative sense, i.e.
in the QFT space of states, and thus there is no
clear suggestion as to how the `crunch' should be
treated in the boundary QFT. 16

A natural de�nition from the physical point of
view is to modify the UV behavior of (36) in such
a way that the theory is ultimately stable, albeit
with a large tunable hierarchy between the stabi-
lization mechanism and the instability described
by (36). In such a set up we can give a descrip-
tion of the endpoint and see what became of the
crunch. Equivalently, we can see how the regu-
larized model develops a `crunching' behavior as
the UV regularization is removed. Previous work
along these lines includes [19]. Here, we shall ad-
dress this question emphasizing the requirement
of having a well de�ned exact CFT description of
the far UV behavior of the model.

15For a recent numerical evaluation of a similar process,
in the context of the so-called `spinodal' transition, see for
example [27].
16However, somewhat formal proposals have been ad-
vanced in [32].

5.1. A quantum quench
Let us denote by � the collection of �elds in

the QFT, including the brane collective coordi-
nate �. Consider a QFT potential V(�) with the
property that, when restricted to the � direction
in �eld space, it shows the qualitative features of
the V (�) potential depicted in �gure 4. This po-
tential supports tunneling phenomena, where the
�eld value of the maximal-size bubbles is ��, and
we assume the slope at � > �� to be approximately
conformal, so that the decay of the semiclassical
state at � = 0 proceeds by nucleation of Fubini-
type bubbles. Conformal symmetry is broken by
O(1) e�ects at the scale �w � ��, where the po-
tential is stabilized with a net drop of potential
energy �V = V (0) � V (�w) = V (��) � V (�w).
Thus, we assume that the region 0 < � � �w
is described by (36) and controlled by conformal
invariance. We also assume that at � � �w the
potential ultimately retains the conformal prop-
erties, being dominated by a stable marginal op-
erator i.e. V (�!1)! +�d=�.

∆Vφ̄ φφw

V (φ)

Figure 4. QFT potential with tunneling phenomena.
Maximal size bubbles are nucleated with typical en-
ergy scale �� and the stabilization scale at �w may be
set at a hierarchically larger energy. The metastable
state dual to AdS+ may be prepared at t = 0 as the
vacuum of the stable conformal potential in dashed
lines. The evolution of this state past t = 0 (the
quantum quench indicated by an arrow) will proceed
by nonperturbative bubble nucleation. These bubbles
will be of Fubini type provided the unstable section
of potential, for 0 < � < �w, is approximately con-
formal and well described by (36).
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Rather than describing the metastable state
by the � = 0 con�guration, we can think more
broadly in terms of a wave functional 	+[�] for
all CFT degrees of freedom, whose restriction to
the � direction in �eld space is assumed to be well
peaked around � = 0. The basic hypothesis of
the AdS/CFT correspondence is that this state
admits a semiclassical description in the large
N limit in terms of weakly coupled gravity on
a background X+ whose geometrical symmetries
encode the quantum symmetries of 	+[�]. In
particular, if 	+[�] is conformally invariant, X+

is isometric to AdS, and we denote it by AdS+.
We can specify the X+ state more graphically

by means of a `quantum quench'. Let us con-
sider a CFT with an exactly marginal potential
V+(�) whose projection in the � direction is the
operator +�d=�. The ground state of this theory
is a conformally invariant state that we denote
	+[�], with a dual description given by the AdS+
background. The quantum quench consists of the
sudden change of the potential V+(�)! V(�) at
time t = 0, as shown in �gure 4. After the quan-
tum quench, the AdS+ state is no longer station-
ary in the deformed CFT with potential V(�),
and will decay, in this case nonperturbatively via
bubble nucleation.
An elementary event of bubble nucleation is de-

scribed by the discrete jump X+ ! X�, where
X� is a new background with a bubble, which
subsequently evolves perturbatively. The long-
time limit of X� should be generically described
as the dual of a locally thermalized state with
energy �V , measured with reference to the abso-
lute ground state 	w[�] of the QFT de�ned by
V(�), after the quantum quench. The detailed
description of the decay of 	+[�] is necessarily
very complex, as it involves multiple bubble nu-
cleation and subsequent dissipation and collision
of bubbles, but the basic elements of the process
can be understood in the terms just described.
The quantum quench construction is just a for-

mal device to identify initial states with partic-
ular properties, in this case the conformal na-
ture of the initial AdS+ state. For our pur-
poses, the important property of this procedure is
the bounded nature of the potential deformation
V+ ! V, which has `compact support' in �eld

space, namely the two potentials have the same
UV asymptotics. This ensures that the ground
state of the new potential, denoted 	w[�], has
the same UV asymptotic behavior as 	+[�], and
moreover the two states di�er only by a �nite
amount of energy. On general grounds, all nor-
malizable states of the CFT with �nite energy will
share this property, namely they all look like the
vacuum when probed at very short distances. As
an immediate corollary of this statement, the bulk
background Xw, dual to the new ground state
	w[�], will have the same asymptotics as X+,
namely it must approach AdS+ near the bound-
ary.
This simple argument, using basic facts about

quantum �eld theory and the AdS/CFT corre-
spondence, shows that no �nite-energy state can
ever change its boundary asymptotics as a re-
sult of a decay process. By �nite energy we of
course mean the energy measured with respect
to the true ground state of the theory.17 In par-
ticular, the AdS+ ! AdS� transitions suggested
by the evolution of CdL bubbles are only possi-
ble to the extent that they represent in�nite en-
ergy falls, as in the unstable model (36). Thus,
this embedding of the problem into a well-de�ned
AdS/CFT model puts into perspective the occur-
rence of crunches in the �nal state.
In the following sections we describe a qual-

itative scenario for a CFT stabilization and its
e�ects on the crunching problem, using the bulk
e�ective brane description. Then in section 5.4
we discuss some possible routes towards the de-
tailed construction of the potential V (�) of �gure
4 in concrete AdS/CFT examples.

5.2. A bulky stabilization
The general remarks in the previous section

indicate that any successful stabilization of the
CFT will incorporate an energy scale �w, with a

bulk radial scale counterpart rw � (�w=
p
� )

2
d�2 ,

beyond which no bubble nucleation takes place

17This true ground state, Xw, has negative ADM energy
when measured with respect to that of AdS+, thus violat-
ing the corresponding positive energy theorem [6]. This is
possible by evading the required energy condition, since
U(�) can attain negative values below U+ in the bulk
gravity Lagrangian, precisely for those con�gurations with
(non-supersymmetric) AdS� bubbles.
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and moreover bubbles nucleated at lower scales
are stopped in their rolling towards the UV. 18

We can devise a simple bulk model that incor-
porates these features by assuming that rw is the
location of a bulk domain wall for the e�ective
brane tension. Namely we have � < q for r < rw
and � > q for r > rw. Equivalently, we have
� < �c for r < rw and � > �c for r > rw.
The e�ective brane potential for this situation

can be obtained by simply patching the low and
high tension potentials across the domain wall lo-
cation, namely we de�ne Ve�(r) = Ve�(r)�<jqj
for r < rw, and Ve�(r) = Ve�(r)�>jqj + �w

for r > rw, with the constant �w de�ned by
�w = Ve�(rw)�<jqj�Ve�(rw)�>jqj, to ensure that
Ve� is continuous at rw.
We may ask if the `tension domain wall' en-

visaged here admits a simple �ve-dimensional su-
pergravity incarnation, a sort of `toy landscape'
description in terms of an e�ective potential. A
minimal qualitative model would involve a poten-
tial for two scalar �elds U(�; �), with � control-
ling the value of the cosmological constant and
� a dilaton-like �eld determining the tension of
branes. A potential with four local minima, with
the form of Fig. 5, would do the job provided
it supports domain walls, located at r = rw,
separating two regions with tensions ��, where
�� < q and �+ > q. In addition, the transi-
tions �+ ! �� should correspond to dynamical
bubbles if occurring on a region � = �� and to
static domain walls for the case � = �+. This
can be achieved if the vacuum energy di�erences
satisfy U(�+; ��) � U(��; ��) > U(�+; �+) �
U(��; �+), so that the corresponding shells vio-
late the BPS bound in the �� region but satisfy
it in the large tension region �+.
In this model, the homogeneous vacua (��; �+)

are stable, protected by the high tension of the
branes they support. The lower homogeneous
vacuum, (��; ��) is also stable because it does
not have other vacua to decay into. On the
other hand the homogeneous AdS+ background
(�+; ��) is unstable towards nucleation of bub-
bles of the (��; ��) vacuum, giving the standard

18This strategy of making the asymptotic geometry `safe'
was used to good e�ect in other problems of AdS stabi-
lization (cf. for example [36]).

σ

σ−

σ+

χ

χ−

χ+

U(χ, σ)

Figure 5. Schematic potential supporting a do-
main wall for the value of the shell tensions and vac-
uum bubbles. CdL bubbles correspond to transitions
(�+; ��) ! (��; ��). On the other hand, the vacua
(�+; �+) and (��; �+) are approximately degenerate,
so that no expanding bubbles can exist in a region
with � = �+. The regularized background in the text
implies considering a combination of CdL bubbles and
a static domain wall e�ecting the transition �� ! �+
at r = rw.

CdL decay process ending in a crunch. The regu-
larized background with bubble instabilities cor-
responds to a domain-wall spacetime which looks
like the vacuum (�+; ��) for r < rw, and like
the vacuum (�+; �+) for r > rw. Hence, bubbles
cannot form in the r > rw region, but the decay
of the (�+; ��) region of the vacuum proceeds as
before. Being a compact domain of the original
spacetime, we do not expect any naked singular-
ities to emerge in this case.

5.3. Endpoints
Bubbles nucleated at �r � rw will start oscil-

lating around rw and eventually lose their energy
into radiation, by settling down to the absolute
minimum at r = rw. As the oscillating bubble
wall loses energy to radiation, gradually the mass
parameter of the interior solution, ��, begins to
increase. Hence, the dissipation of oscillation en-
ergy into radiation leads to �� < 0 and accord-
ingly to ! < 0 for the slowing-down brane. The
e�ect on Ve� is to gradually lift the minimum at
r = rw and bring, at the same time, the pole
of the potential into the physical region of posi-
tive radii. As the turning point �r increases, the
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static brane with no oscillation energy left corre-
sponds to the situation where Ve�(rw) = 0, which
happens at a negative critical value of the energy
�!r, given by

�!r = Vs(rw) = �q v (rw)d+� v (rw)d�1
p
f(rw) ;

where Vs(r) is the static potential de�ned in (33).
Since we assume rw � 1, this `reheating' en-
ergy, released in the damping of the brane oscil-
lations, is of order !r � (q� �) v (rw)

d = q v (1�
�) (rw)

d � � Ne� (rw)
d, with � = (1� �)=N . We

can interpret this energy as a fraction 1=N of the
plasma energy at e�ective temperature Tw � rw,
with a further suppression by the saturation fac-
tor 1� �.
More generally, using the map between the

brane static potential and the CFT potential in
the saturation limit, 1� �� 1, we obtain

!r � � (�w)
2d
d�2 � jV (�w)j = �V ;

showing that !r is also the `reheating' energy in
QFT terms.
The bubble nucleation rate scales again as

(r�)
d, with the cuto� replaced by the stabiliza-

tion scale, r� � � � (�w=
p
� )

2
d�2 , which breaks

conformal invariance and renders the instanton
measure well de�ned. In particular, notice that
� > q for r > rw, which precludes the nucleation
of any brane in this region.
The picture presented so far, where the false

vacuum energy is released by dissipation of a co-
herent oscillation of a single bubble, is necessar-
ily simplistic, since we know that the dominant
process of AdS+ to AdS� conversion involves co-
pious bubble collisions, particularly for the case
�r � rw. This means that most of the bubbles will
release part of their kinetic energy in collision-
induced radiation while they are still falling, far
from the minimum at rw. In other words, each
individual bubble will contribute less to the re-
heating, but there will be many bubbles colliding
and eventually contributing to a locally thermal-
ized state with a reheating energy !r � jV (�w)j.
The �nal form of the bulk endpoint con�gu-

ration depends on the value of the parameters.
For � rdw � 1 the reheating energy is above the

threshold for the large AdS black hole, so the ra-
diation will collapse into a large AdS black hole
with radius rs � �1=d rw � rw. On the other
hand, if � is so small that � rdw � 1 the inte-
rior black hole will be small in units of the AdS
curvature radius and we see that in either case
the resulting black hole is well-contained inside
the sphere of radius rw. In fact, when � is too
small, it is entropically favorable for the system
to settle into a graviton radiation gas. This hap-
pens for released energies below the threshold

!r � (Ne�)
d+1

2d�1 , again in units of R+ = 1. The
corresponding bound on � for the pure radiation

endpoint is � � (Ne�)
2�d

2d�1 .
For a �xed value of �, removing the regulariza-

tion by sending rw ! 1 in units of R+ puts us
eventually in the regime � rdw � 1, i.e. the end-
point is a large AdS black hole of ever growing
horizon radius. The black hole is always well-
contained inside the sphere of radius rw, unless
we push the parameters to extreme limits, � � 1,
in which case the black hole has radius of order
rw. In either case, the crunch singularity inside
the black hole can be seen as a regularized version
of the boundary crunch singularity that develops
in the strict rw =1 situation.
What was discussed so far is the expected end-

point of evolution for a system with just two `lev-
els', given by the two AdS� solutions. In explicit
CFT realizations, the large N limit actually puts
at our disposal O(N) metastable vacua obtained
by gradually removing constituents branes from
the initial AdS+ background. Hence, as progres-
sive nucleation of ever more curved AdS bubbles
proceeds, the �nal curvature of the AdS� cores
becomes eventually of order one, and a geometri-
cal picture breaks down, together with the single-
�eld description based on the � collective coordi-
nate. The internal metric for r < rw having cur-
vature of order one, the threshold at rw is akin to
a `wall', likely to be interpreted as a mass gap and
a trivial IR limit of the theory. Hence, we expect
the �nal endpoint to be a thermal excitation of a
massive phase. It would be interesting to eluci-
date the fate of the global and gauge symmetries,
as the branes `pile up' at r = rw, depending on
the dynamics on the extra dimensions, such as
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the S5 of the basic AdS/CFT example.

r̄

rw

r = 0 r = ∞

black hole

radiation

t = 0

AdS−

AdS+

AdS+

Figure 6. Picture in global coordinates showing the
nucleation and relaxation of a bubble centered at
r = 0. The bubble with AdS� inside is nucleated
at t = 0 to enter a damped oscillation, relaxing at
r = rw after the excess energy is radiated away, and
�nally ending in a radiation equilibrium state which
may collapse into a black hole depending on the ener-
getics. The detailed process of the thermalization is
actually dominated by a chaotic foam of bubble colli-
sions, rather than this simple picture of single-bubble
relaxation.

5.4. Toy models of potential stabilization
In this section we conclude with some specu-

lations about possible realizations of the stabi-
lization scenario described above. Since the key
to the bulk description studied in this lecture
is the existence of a conformally invariant bar-
rier ���d=�, a natural stabilization would in-
volve adding an irrelevant operator with a high

scale M and positive coe�cient (cf. [30,19]).
One may imagine engineering the physics at this
threshold in such a way that the leading oper-
ators below the scale M are a stable irrelevant
operator and an unstable marginal operator, i.e.
���d=�+�d=�+�=M �, with � > 0. This potential
produces a stabilization scale at �w �M �1=�.
This has the di�culty of leaving the UV de�-

nition of the theory undetermined, and thus re-
moves the justi�cation for the use of AdS+ as an
initial state. Therefore, such a strategy (see e.g.
the last example in [30]) must be taken to com-
pletion by specifying the detailed physics at the
scale M in such a way that the theory 
ows to
an UV �xed point above M and indeed generates
the required pattern of signs for the e�ective op-
erators below M . If these conditions are met, we
can associate the UV �xed point above M with
the AdS+ state. The detailed geometrical im-
plementation of the stabilization would involve a
moderate hierarchy between the minimum of the
potential rw and the transition to AdS+ geom-
etry at r � rM > rw. This makes the model
more complicated, but on the other hand all of
the qualitative features discussed in this section
would be realized.
A more self-contained strategy of stabilization

can be envisaged by adjusting CFT perturba-
tions using �nite-N e�ects. Let us concentrate
on the `template' model of N = 4 SYM in four
dimensions with gauge group SU(N). We have
seen in section 4.1 that the operator �4 can be
generated with a coe�cient of O(1=N) from the
canonically normalized gauge invariant operator
1
NTr �4. The same operator �4 may be gen-
erated by projecting the double-trace operator
1
N2

�
Tr�2

�2
, now with a coe�cient of O(1=N2)

(we again assume canonical normalization of the
� matrix �eld.) Let us then consider a perturba-
tion of the SYM Lagrangian speci�ed by

L = LSYM � g1(�)

N

�
Tr�4 + : : :

�
(45)

+
g2(�)

N2

��
Tr�2

�2
+ : : :

�
;

where g1(�) and g2(�) are both positive at a
conventional renormalization scale �. The dots
stand for extra terms, such as contributions from
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fermion �elds or the detailed SO(6) structure. In
particular, we can choose the single-trace opera-
tor to be a supersymmetric F-term deformation
with generic coupling, which lifts the Coulomb
phase of the SYM theory (cf. [31]) and thus serves
as a good stabilization operator in the UV. The
double-trace operator breaks supersymmetry and
the running of g2(�) breaks conformal symmetry
to one-loop order. The e�ective coupling being
unstable, it is actually asymptotically free, i.e.
we have g2(�) = c=b0 log(�=�IR), where b0 > 0
is the leading beta-function coe�cient of the cou-
pling g2=c, and �IR the strong infrared scale. We
may further assume �IR < 1, in units of R+, in
order for the leading logarithmic running to be a
good approximation down to the mass gap scale
1=R+ = 1.
On further evaluating (45) along the U(1) di-

rection � = diag (0; 0; : : : ; �), using � = � as the
renormalization scale, we obtain the e�ective po-
tential

V (�) =
g1
N

�4 � c �4

N2 b0 log(�=�IR)
; (46)

with c = 2�2=3 and b0 = 3 at one-loop order.
This potential has the required qualitative fea-
tures with a stabilization scale of order

�w � �IR exp

�
c

b0N g1

�
:

This expression is corrected at next to leading or-
der both from the renormalization of g2 and the
running of g1(�), which starts once the mixing
with the double-trace operator is taken into ac-
count. The asymptotic freedom of g2 suggests
that these running e�ects on g1 are negligible at
large �.
We can now make contact with the notations

of section 4. The stabilizing F-term has a cou-
pling with the natural order of magnitude in the
large N limit, i.e. g1 = O(1) as N ! 1. On
the other hand, the double-trace operator has a
coe�cient of order g2=N

2 with g2 = O(1). Since
the natural scale of the �4 operator is (1��)=N ,
according to (37), we must set 1 � � � g2=N
in order to match the potentials. Therefore, we
conclude that this stabilization method can only

work if implemented at large, but �nite values of
N .
The conformal symmetry of the unstable sec-

tion of the potential (46) is spoiled by the loga-
rithmic running of the double-trace coupling. The
main consequence regarding the theory of Fubini
instantons is the expected lifting of the instan-
ton moduli space, namely the measure for small
instantons (43) gets replaced by

d4x0
d�

�5
exp

��2�2N2=3g2(�)
�

= d4x0
d�

�5
(��IR)

b0N
2

:

At large, but �nite N , the small instanton singu-
larity has been tamed, much as in the Yang{Mills
theory, and replaced by a large-instanton diver-
gence, which in our case is cured by the `small
volume' assumption R+�IR < 1.
The structure outlined here is based on pertur-

bative intuition, but the main ingredients should
hold at strong 't Hooft coupling, if the double-
trace perturbation is implemented along the lines
of [22], which in particular preserves the one-loop
form of the running for the double-trace coupling.
The analysis of D3-brane probes in [28] and [31]
is indeed compatible with our picture.
A given CFT is associated to a particular set

of backgrounds with a given asymptotic behavior.
On the other hand, solutions of the `supergrav-
ity potential' U(�; �), with di�erent asymptotic
cosmological constant are not in general related
by well-de�ned tunneling transitions. Hence, it
would seem that the landscape is `agnostic', i.e.
it will by itself allow many di�erent CFT mod-
els to describe di�erent modes of decay which,
from the point of view of the e�ective potential
U(�; �), look roughly on the same footing. So,
regularized models in which the decay process oc-
curs inside a �xed Hilbert space do exist, but the
same landscape potential also contains the decay
modes which take place inside the Hilbert space
of sick CFT duals.

6. Discussion

The issues tackled in these lectures are rather
challenging. They touch upon the resolution of
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gravitational singularities in string theory and the
very nature of the so called `landscape' [37]. In
retrospect the authors need to separate what was
well known and/or self-evident from the new in-
sights that were gained in this work. This task
can be no less demanding. The topics themselves
have been examined in the past, in particular, as
we have already mentioned, this is true of the idea
that the big crunch singularity is in some way or
another related to an instability in a boundary
�eld theory. In this work we have set up and
studied these questions in the AdS/CFT frame-
work, an arena in which one has somewhat more
control. The basic strategy was to obtain the
dual holographic formulation, allowing us to be
more precise in formulating the issues involved,
as well as �nding ways to resolve various instabil-
ities. After that was done one needed to return
to the less familiar bulk part and uncover where
the medicine o�ered on the boundary leads to in
the original bulk problem. We recall several of
the important results.
In the issue of a big crunch we have used the ob-

servation of Coleman and de Luccia that in some
region of parameter space the decay of a false vac-
uum in AdS space leads to a crunch. We have es-
sentially derived the CFT dual of the background
which is a CdL bubble. The result is a CFT on
the boundary which has no ground state in those
cases for which a tunneling can occur and is sta-
ble otherwise. We have related the parameters of
the bulk theory with those of the boundary one,
checking that the presentation of the dual the-
ory is faithful. The most striking of these checks
was obtained by successfully reinterpreting the
basic physics of the AdS decay, as described by
the work of Coleman and de Luccia, in terms of
analogous instanton processes in unstable CFTs.
The duality involves a precise correspondence of
the leading decay rate on both sides, including
the detailed identity of the CdL bounce action
and the QFT instanton action. This was shown in
the limit in which the unstable potential is weakly
coupled. This precise matching is quite intrigu-
ing on its own, since the required semiclassical
objects only exist in situations where supersym-
metry is broken; perhaps conformal symmetry is
the `�eminence grise' behind this phenomenon.

We then discussed the main implications of this
result �rst for the interpretation and then for the
possible `resolution' of the ensuing crunch singu-
larity. When faced with a crunch singularity one
may expect the nonperturbative stringy resolu-
tion to either smooth it out, or rather reveal it as
an ill-posed question. In the second case one can
still blame the initial state as being unphysical,
or the exact Hamiltonian for being ill de�ned.
In our case we �nd that metastable AdS back-

grounds can indeed admit dual descriptions as
time-dependent solutions of an unstable Hamil-
tonian with no ground state. However, once the
CFT was found one could also say that the ini-
tial state was unphysical, having in�nite energy
with respect to the `true' ground state. This in-
�nite energy does not reveal itself as the ADM
mass of the original AdS+ spacetime but rather,
to make sense of the energetics we must regularize
the system so that the dual QFT does have a sta-
ble ground state, controlled by a threshold energy
scale �w, or the corresponding radial scale rw in
the bulk. When this is done we �nd that no �nite-
energy decay process can change the asymptotics
of the initial AdS+ spacetime, which stays pro-
tected for r > rw. This result addresses the con-
cerns raised by T. Banks on the interpretation of
these decays [4].
We then conclude by drawing in bold strokes

the endpoint of the decay: a locally thermalized
state that results from the `reheating' of the os-
cillating bubbles by dissipation and collision. In
bulk terms, this is a black hole which stays well-
contained in the region r < rw and harbors all the
reheating energy. Hence, we see that the crunch,
if it exists, is safely cloaked behind a black hole
horizon. In the limit where we remove the regu-
larization, rw ! 1, we obtain the previous cos-
mological crunch as the black hole grows to in�-
nite size, engul�ng the whole background mani-
fold validating yet again the picture we suggested
for the unregularized decay.
We have went further and attempted to draw

a �ve dimensional caricature of the resolved de-
cay. This involved a domain wall in which the
parameters allowed decay in one region of space
but not in the other. For this we needed to al-
low the participation of several �elds in the low
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energy e�ective theory.
This leads to some �nal comments on the land-

scape. We have started by recalling that in the
presence of gravity when one exhibits an e�ec-
tive potential what one sees is not always what
one gets. What would look as local maxima or
meta stable minima, had the potential described
a �eld in a QFT with the presence of gravity, are
in fact stable. Moreover when one considers the
potential with four minima we recalled above we
have found that the landscape is what we called
`agnostic'. The same low energy potential allows
both well de�ned and ill de�ned CFT's to rep-
resent various decays, the e�ective action is not
a very useful diagnostic of which is which, one
needs a more extensive analysis to be able to do
that. However the bottom line is that some are
well de�ned and show embryo big crunch features,
as much as the theory will allow. Several months
after these lectures were delivered there was ad-
ditional progress in investigating these issues (cf.
[45,43,42])
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Black Hole Microstate Counting and its Macroscopic Counterpart
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We survey recent results on the exact dyon spectrum in a class of N = 4 supersymmetric string theories, and
discuss how the results can be understood from the macroscopic viewpoint using AdS2/CFT1 correspondence.
The comparison between the microscopic and the macroscopic results includes power suppressed corrections to
the entropy, the sign of the index, logarithmic corrections and also the twisted index measuring the distribution
of discrete quantum numbers among the microstates.

(Based on lectures given by A.S. at the 12th Marcel Grossmann Meeting On General Relativity, 12-18 Jul
2009, Paris, France; CERN Winter School on Supergravity, Strings, and Gauge Theory, 25-29 January 2010;
String Theory: Formal Developments And Applications, 21 Jun - 3 Jul 2010, Cargese, France, and notes taken
by I.M. at the Cargese school.)

1. Introduction

Black holes are classical solutions of the equa-
tions of motion of general theory of relativity.
Each black hole is surrounded by an event hori-
zon that acts as a one way membrane. Nothing,
including light, can escape a black hole horizon.
Thus classically the horizon of a black hole be-
haves as a perfect black body at zero tempera-
ture.

This picture undergoes a dramatic modification
in quantum theory [1–4]. There a black hole be-
haves as a thermodynamic system with definite
temperature, entropy etc. In particular, the tem-
perature and the Bekenstein-Hawking entropy of
a black hole is given by the simple formulæ:

T =
κ

2π
, SBH =

A

4GN
, (1)

where κ is the surface gravity – acceleration due
to gravity at the horizon of the black hole (mea-
sured by an observer at infinity), A is the area of
the event horizon and GN is the Newton’s gravi-
tational constant. We have set ~ = c = kB = 1.

Now, for ordinary objects, the entropy of a
system has a microscopic interpretation. If we
fix the macroscopic parameters (e.g. total elec-
tric charge, energy etc.) and count the number
of quantum states (dubbed microstates), each of

which has the same charge, energy etc., then we
can define the microscopic (statistical) entropy as:

Smicro = ln dmicro , (2)

where dmicro is the number of such microstates.
This naturally leads to the question whether the
entropy of a black hole has a similar statistical
interpretation. As pointed out by Hawking, an-
swering this question in the affirmative is essen-
tial for any consistent theory of quantum gravity
as otherwise it leads to violation of the laws of
quantum mechanics.

In order to investigate the statistical origin of
black hole entropy, we need a quantum theory of
gravity. Since string theory gives a framework
for studying classical and quantum properties of
black holes, we shall carry out our investigation in
string theory. Now, even though there is a unique
string (M)-theory, it can exist in many different
stable and metastable phases. Without knowing
precisely which phase of string theory describes
the part of the universe we live in, we cannot
directly compare string theory to experiments.
However, there are some issues like those involv-
ing black hole thermodynamics, which are uni-
versal, and hence can be addressed in any phase
of string theory. We shall make use of this free-
dom to study these issues in a special class of
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phases of string theory with a large amount of un-
broken supersymmetry. Since these phases have
Bose-Fermi degenerate spectrum of states, they
do not describe the observed world. Neverthe-
less they contain black hole solutions and hence
can be used to study issues involving black hole
thermodynamics.

Many aspects of black hole thermodynamics
have been studied in string theory, but we shall
focus our attention on one particular aspect: en-
tropy of the black hole in the zero temperature
limit (ı.e., supersymmetric, extremal black holes).
The advantage of studying such a black hole is
that it is a stable state of the theory. The general
strategy is as follows[5,6]:

1. Identify a supersymmetric black hole carry-
ing a certain set of electric charges {Qi} and
magnetic charges {Pi}, and calculate its
entropy SBH(Q,P ) using the Bekenstein-
Hawking formula.1

2. Identify the supersymmetric quantum
states in string theory carrying the same
set of charges. These can include not only
the fundamental strings but also other ob-
jects in string theory which are required for
consistency of the theory (e.g. D-branes,
Kaluza-Klein monopoles). We then cal-
culate the number dmicro(Q,P ) of these
states.

3. Compare Smicro ≡ ln dmicro(Q,P ) with
SBH(Q,P ).

For a class of supersymmetric extremal black
holes in type IIB string theory on K3×S1, Stro-
minger and Vafa[6] computed the Bekenstein-
Hawking entropy via (1) and found agreement
with the statistical entropy defined in (2). This
agreement is quite remarkable since it relates a
geometric quantity in black hole space-time to a
counting problem that does not make any direct
reference to black holes. At the same time, one
should keep in mind that the Bekenstein-Hawking
formula is an approximate formula that holds in

1Since we are considering a generic phase of string the-
ory, it may have more that one Maxwell field and hence
multiple charges.

classical general theory of relativity. While string
theory gives a theory of gravity that reduces to
Einstein’s theory when gravity is weak, there are
corrections.2 Thus the Bekenstein-Hawking for-
mula for the entropy works well only when grav-
ity at the horizon is weak. Typically this requires
the charges to be large. Similarly, the compu-
tation of dmicro in [6] was also carried out in the
limit of large charges, so that instead of having to
carry out an exact counting of states, one can use
some appropriate asymptotic formula to compute
it. Thus the agreement between SBH and Smicro,
seen in [6], can be regarded as an agreement in
the limit of large size.

This leads to the following question: For ordi-
nary systems, thermodynamics provides an accu-
rate description only in the limit of large volume.
Is the situation with black holes similar, ı.e., do
they only capture the information about the sys-
tem in the limit of large charge and mass? Or,
could it be that the relation A/4GN = ln dmicro
is an approximation to an exact result? Our goal
will be to argue for the second possibility by giv-
ing an exact formula to which the above is an
approximation.

In order to address this issue, we have to work
on two fronts:

1. Count the number of microstates to greater
accuracy.

2. Calculate the black hole entropy to greater
accuracy.

We can then compare the two to see if they agree
beyond the large charge limit. In these lectures
we shall describe the progress on both fronts.

Note that on the gravity side we shall not try
to identify the individual microstates – this is the
goal of the fuzzball program [7]. Our approach
will be to find a systematic procedure that al-
lows us to compute the total number of states in
the ensemble from the gravity side without hav-
ing to identify the individual microstates. More

2In string theory, even at classical level, we have higher
derivative (α′) corrections. This is because strings are
not point objects. So even at classical level, there will be
corrections to the Bekenstein-Hawking formula. Besides
this, there will also be quantum corrections.
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generally, we would like to find an algorithm for
computing the trace of various observables in this
ensemble from the gravity side.

We end this section by giving a summary of the
progress, which will be reviewed in detail in the
rest of these lecture notes:

1. Progress in microscopic counting: In
a wide class of phases of string theory with
16 or more unbroken supercharges, one now
has a complete understanding of the mi-
croscopic ‘degeneracies’ of supersymmetric
black holes [8–53]. Typically, such theo-
ries have multiple Maxwell fields and the
black hole is characterized by multiple elec-
tric and magnetic charges, collectively de-
noted by (Q,P ). It turns out that for a wide
class of charge vectors (all charge vectors
in some cases), dmicro(Q,P ) in these theo-
ries can be explicitly computed and can be
expressed as Fourier expansion coefficients
of some functions with remarkable symme-
try properties. This provides us with the
‘experimental data’ to be explained by a
‘theory of black holes’, giving a powerful
tool for checking the internal consistency of
string theory. Needless to say, in the large
charge limit, these degeneracies agree with
the exponential of the Bekenstein-Hawking
entropy of black holes carrying the same set
of charges. Our goal will be to see how far
the agreement can be pushed beyond the
large charge limit.

2. Progress in black hole entropy compu-

tation: On the macroscopic side, we would
like to ask whether we can find an exact
formula for the black hole entropy that can
be compared with ln dmicro(Q,P ). This will
require us to take into account

(a) stringy (α′) corrections, and

(b) quantum (gs) corrections.

We shall describe an approach to finding
such a general formula for black hole en-
tropy using AdS2/CFT1 correspondence.
We shall then apply this general formalism
to the specific case of supersymmetric black

holes in N = 4 supersymmetric string the-
ories, and compare the results with the mi-
croscopic answer.

2. Microstate counting

In this section we shall survey the known re-
sults on the counting of quarter-BPS dyons in
N = 4 supersymmetric string theories.

2.1. The role of index

The counting of microstates is always done in a
region of the moduli space where gravity is weak
and hence the states do not form a black hole.
In order to be able to compare it with the black
hole entropy, we must focus on quantities which
do not change as we change the coupling from
small to large value. So we need an appropriate
index which is protected by supersymmetry, and
at the same time does not vanish identically when
evaluated on the microstates of interest. The rel-
evant index in D = 4 turns out to be the helicity
trace index [54,55].

Suppose we have a BPS state that breaks 4n
supersymmetries. Then there will be 4n fermion
zero modes (goldstinos) on the world-line of the
state. Quantization of these zero modes will pro-
duce Bose-Fermi degenerate states. Thus the
usual Witten index Tr(−1)F , which measures the
difference between the number of bosonic and
fermionic states, will receive vanishing contribu-
tion from these states. To remedy this situation,
we define a new index called the helicity trace
index:

B2n =
1

(2n)!
Tr{(−1)F (2h)2n}

=
1

(2n)!
Tr{(−1)2h(2h)2n} , (3)

where h is the third component of the angular mo-
mentum in the rest frame. The trace is taken over
states carrying a fixed set of charges. For every
pair of fermion zero modes, Tr{(−1)F (2h)} gives
a non-vanishing result i, leading to a non-zero
contribution (−1)n to B2n. On the other hand,
any state that breaks more than 4n supersym-
metries, will have more then 2n pairs of fermion
zero modes and will give vanishing contribution
to this trace. In particular, non-BPS states will

149



not contribute, and the index will be protected
from corrections as we vary the moduli (except
at the walls of marginal stability [56–60], which
will be discussed in §2.4).

Quarter-BPS black holes in N = 4 supersym-
metric string theories preserve four of the sixteen
supersymmetries, and hence break twelve super-
symmetries. Thus the relevant helicity trace in-
dex is B6. We shall now describe the microscopic
results for B6 in a class of N = 4 supersymmetric
string theories. However, we must keep in mind
that, since on the microscopic side we compute
an index, on the black hole side also we must
compute an index. Otherwise we cannot com-
pare the results of microscopic and macroscopic
computations. We will show in §3.7 how can we
use black hole entropy to compute the index B6

on the black hole side.

2.2. Microstate counting in heterotic

string theory on T 6

The simplest example of an N = 4 supersym-
metric string theory is heterotic string theory on
T 6 (or equivalently type IIA or IIB string theory
on K3×T 2, as they are related by duality trans-
formations). This theory has 28 U(1) gauge fields
arising from the Cartan generators of the E8×E8

(or SO(32)) gauge group, and the components of
the metric and the 2-form field along the six in-
ternal directions. Thus a generic charged state
is characterized by 28 dimensional electric charge
vectorQ and 28 dimensional magnetic charge vec-
tor P . Under the O(6, 22; ZZ) T-duality symme-
try of the theory, the charges Q and P transform
as vectors. This allows us to define T-duality in-
variant bilinears in the charges3: Q2, P 2, Q · P .

Our goal is to compute the index B6(Q,P ).
The computation is done in the dual frame: type
IIB on K3× S1 × S̃1, where S1 and S̃1 represent
two circles which are not factored metrically.4 In
this frame, we compute B6 for a rotating D1-
D5-p system[61] in Kaluza-Klein (KK) monopole

3Note that these bilinears are not positive definite as
O(6, 22; ZZ)-invariant matrices have both positive and neg-
ative eigenvalues.
4The problem with carrying out this computation in het-
erotic frame is that there the system will contain NS5-
branes, and the coupling constant diverges at the core of
these branes.

(or equivalently Taub-NUT) background. More
specifically, we take a system containing [10]

1. one KK monopole along S̃1;

2. one D5-brane wrapped on K3 × S1;

3. (Q̃1 + 1) D1-branes wrapped on S1;

4. −n units of momentum along S1;

5. J units of momentum along S̃1.

The momentum along S̃1 appears as an angular
momentum at the center of the Taub-NUT space
[62]. Thus, macroscopically, the system describes
a rotating BMPV black hole [63] at the center
of the Taub-NUT space [10]. In the weak cou-
pling limit, the dynamics is given by that of a
system of decoupled harmonic oscillators, and an
exact computation of B6 is possible. The result is
then expressed in terms of the T-duality invariant
bilinears Q2, P 2, Q · P in the original heterotic
frame, using the fact that the system described
above has

Q2 = 2n, P 2 = 2Q̃1, Q · P = J . (4)

If Q2, P 2 and Q · P were the only T-duality in-
variants, ı.e., if any two dyons with the same Q2,
P 2 and Q · P had been related to each other by
a T-duality transformation, then the result for
B6(Q,P ) for the specific system described above
will give the result for all dyons in the theory.
However it turns out that this is not quite cor-
rect. Nevertheless, any charge vector satisfying
the condition[22]

gcd{QiPj −QjPi , 1 ≤ i, j ≤ 28} = 1 , (5)

can be related to the above system by a T-duality
transformation[31]. Thus the formula we quote
below is valid only for this special class of charges.
We shall briefly comment on the other charge vec-
tors in §2.5.

Let us denote by B6(Q̃1, n, J) the sixth helicity
trace associated with the system described above.
We define the partition function as:

Z(ρ, σ, v) =
∑

eQ1,n,J

(−1)J B6 e
2πi( eQ1ρ+nσ+Jv) . (6)

150



The computation of Z proceeds as follows. In
the weakly coupled type IIB description, the low
energy dynamics of the system is described by
three weakly interacting pieces:

1. The closed string excitations around the
KK monopole.

2. The dynamics of the D1-D5 center of
mass coordinate in the KK monopole back-
ground.

3. The motion of the D1 branes along K3.

The dyon partition function is obtained as the
product of the partition functions of these three
subsystems [17].5 The analysis can be simpli-
fied by taking the size of S1 to be large com-
pared to other dimensions, so that we can regard
each subsystem as a 1+1 dimensional CFT. Since
BPS condition forces the modes carrying positive
momentum along S1 (right-moving modes) to be
frozen into their ground state, only left-moving
modes can be excited. We shall now describe the
contribution to Z from each subsystem.

First consider the fields describing the dynam-
ics of KK monopole. These include

1. 3 left-moving and 3 right-moving bosons
arising from its motion in the 3 transverse
directions;

2. 2 left-moving and 2 right-moving bosons
arising from the components of 2-form fields
along the harmonic 2-form in Taub-NUT
space [64,65];

3. 19 left-moving and 3 right-moving bosons,
arising from the components of the 4-form
field along the wedge product of the har-
monic 2-form on Taub-NUT and a harmonic
2-form on K3;

5A factor of (−1)J+1 in (6) was missed in [17]. The (−1)J

factor arises because in five dimensions, at the center of
the KK monopole, we have (−1)F = (−1)J+2h instead of
(−1)2h[13]. An overall factor of −1, which has been ab-
sorbed in the definition of B6 in (6), arises from the par-
tition function of the quantum mechanics describing the
D1-D5-brane motion in the KK monopole background[28].
A detailed derivation of many of the results given in this
section has been reviewed in [28].

4. 8 right-moving goldstino fermions associ-
ated with the eight supersymmetries which
are broken by the KK monopole.

Since the right-moving modes are frozen into their
ground state, the contribution to the partition
function from the KK-monopole dynamics, after
separating out the contribution from fermion zero
modes which go into the helicity trace, is equal to
that of 24 left-moving bosons [17]:

ZKK = e−2πiσ
∞∏

n=1

{
(1 − e2πinσ)−24

}
. (7)

The overall factor of e−2πiσ is a reflection of the
fact that the ground state of the Kaluza-Klein
monopole carries a net momentum of 1 along S1.

The dynamics of the D1-D5 center of mass mo-
tion in the KK monopole background is described
by a supersymmetric sigma model with Taub-
NUT space as the target space. By taking the
size of the Taub-NUT space to be large, we can
take the oscillator modes to be those of a free
field theory, but the zero mode dynamics is de-
scribed by a supersymmetric quantum mechanics
problem. The contribution is found to be [17]

ZCM = e−2πiv
∞∏

n=1

{(eπiv − eπiv)−2(1 − e2πinσ)4

(1 − e2πi(nσ+v))−2(1 − e2πi(nσ−v))−2} .
(8)

The third component comprises D1-brane mo-
tion along K3. This can be computed as outlined
below [66]:

1. First consider a single D1-brane, wrapped k
times along S1 and carrying fixed momenta
along S1 and S̃1. The dynamics of this sys-
tem is described by a supersymmetric sigma
model with target spaceK3. The number of
states of this system can be counted by the
standard method of going to the orbifold
limit. After removing a trivial degeneracy
factor associated with fermion zero mode
quantization, the net number of bosonic mi-
nus fermionic states, carrying momentum
−l along S1 and j along S̃1, is given by
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c(4lk − j2), where c(n) is defined as:

F (τ, z) ≡ 8
{ ϑ2(τ, z)

2

ϑ2(τ, 0)2
+
ϑ3(τ, z)

2

ϑ3(τ, 0)2

+
ϑ4(τ, z)

2

ϑ4(τ, 0)2

}
, (9)

F (τ, z) ≡
∑

j∈zz,n
c(4n− j2)e2πi(nτ+zj).

(10)

Physically, c(4n − j2) counts the number
of BPS states in the supersymmetric sigma
model with target space K3 with L0 = n
and J3 = j/2, where J3 denotes the third
component of the SU(2) R-symmetry cur-
rent.

2. A generic state contains multiple D1-branes
of this type, carrying different amounts of
winding along S1 and different momenta
along S1 and S̃1. The total number of states
can be determined from the result of step 1
by simple combinatorics.

The net contribution to the partition function
from D1-brane motion along K3 is [66]:

ZD1 = e−2πiρ
∏

l,j,k∈Z
k>0,l≥0

{
1 − e2πi(lσ+kρ+jv)

}−clkj

,

(11)

where clkj ≡ c(4lk − j2).
After taking the product of the component par-

tition functions (7), (8) and (11), we get [17]

Z =
∏

l,j,k∈Z
k≥0,l≥0,j<0 for k=l=0

{
1 − e2πi(lσ+kρ+jv)

}−clkj

× e−2πi(ρ+σ+v),

(12)

where we have used the explicit values of c(u) to
express the contribution from (7) and (8) in terms
of c(n). Indeed these two factors give the k = 0
term in (12). Eq.(12) can be expressed as

Z(ρ, σ, v) = 1/Φ10(ρ, σ, v) . (13)

Here Φ10 is a well known function, known as the
weight 10 Igusa cusp form of Sp(2, ZZ)[67,68].6

The formula for Z given above was conjectured
in [8].

Eq.(6) can be inverted to express B6(Q̃1, n, J)
as

B6(Q̃1, n, J) =

∫
dρdσdv e−2πi( eQ1ρ+nσ+Jv) Z

× (−1)J . (14)

We shall express this in a more duality invariant
notation using (4):

B6(Q,P ) =

∫
dρdσdv e−πi(P

2ρ+Q2σ+2Q·Pv) Z

× (−1)Q·P . (15)

2.3. Asymptotic expansion

In order to compare (15) with the black hole
entropy, we need to find its behaviour for large
Q2, P 2, Q.P . It turns out that this is controlled
by the behaviour of Z at its poles, which in turn
are at the zeroes of Φ10 [8]. The location of the ze-
roes of Φ10 as well as the behaviour of Φ10 around
these zeroes can be determined using its modular
properties. We perform one of the three integrals
using the residue theorem, picking up contribu-
tions from various poles. The leading contribu-
tion comes from the pole at [8]

(ρσ − v2) + v = 0 . (16)

After picking up the residue at this pole, we are
left with a two dimensional integral:

−B6(Q,P ) ≃
∫
d2τ

τ2
2

eF (Q2,P 2,Q.P,τ1,τ2) , (17)

where (τ1, τ2) parametrize the locus of the zeroes
of Φ10 at (16) in the (ρ, σ, v) space and

F =
π

2τ2
(Q− τP ) · (Q− τ̄P )

6Sp(2, ZZ) includes the SL(2, ZZ) S-duality group, but it
is a much bigger group than the S-duality group of string
theory. Thus it is not completely understood why Z has
Sp(2, ZZ) symmetry (see [12,20,43] for some attempts in
this direction). In fact, this property of Z comes out at
the very end after combining the results from the indi-
vidual subsystems. But once we arrive at this final form,
these symmetries can be conveniently used to analyse the
asymptotic behaviour of Z.
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−24 ln η(τ) − 24 ln η(−τ̄ ) − 12 ln(2τ2)

+ ln{26 +
π

τ2
(Q− τP ) · (Q− τ̄P )}. (18)

We evaluate this integral by the saddle point
method. We expand F around its extremum and
carry out the integral using perturbation theory.
If we consider a limit in which we scale all the
charges by some large parameter Λ, then the per-
turbation expansion around the saddle point gen-
erates a series in inverse power of Λ2, with the
leading semi-classical result being of order Λ2.

Applying the above procedure, first of all we
find that, for large charges, −B6(Q,P ) is positive
[28] (ı.e., B6(Q,P ) is negative). Furthermore [9,
69]:

ln |B6(Q,P )| = π
√
Q2P 2 − (Q.P )2

−φ
(
Q.P

P 2
,

√
Q2P 2 − (Q.P )2

P 2

)

+O
(

1

Q2, P 2, Q.P

)
, (19)

where

φ(τ1, τ2) ≡ 12 ln τ2 + 24 ln η(τ1 + iτ2)

+24 ln η(−τ1 + iτ2) . (20)

The first term, π
√
Q2P 2 − (Q · P )2, is indeed

the Bekenstein-Hawking entropy of the black hole
[70–72]. The macroscopic origin of the other
terms will be discussed in §3.4.

2.4. Walls of marginal stability

Our result for the D1-D5-KK monopole system
was derived for weakly coupled type IIB string
theory. However, as we move around in the mod-
uli space, we may hit walls of marginal stability,
at which the quarter-BPS dyon under considera-
tion becomes unstable against decay into a pair of
half-BPS dyons. At these walls, the index jumps,
and hence we cannot trust our formula on the
other side of the wall. It turns out, however, that
with the help of S-duality, we can always bring
the moduli to a domain where the type IIB the-
ory is in the weakly coupled domain and we can
trust our original formula. The net outcome of
this analysis is that, in different domains, the in-

dex is given by the formula:

B6(Q,P ) =

∫

C

dρdσdv e−πi(P
2ρ+Q2σ+2Q.Pv)/Φ10

× (−1)Q.P , (21)

where C denotes the choice of ‘contour’ that picks
a 3 real dimensional subspace of integration in the
3 complex dimensional space:

Im(ρ) = M1, Im(σ) = M2, Im(v) = M3,

0 ≤ Re(ρ), Re(σ), Re(v) ≤ 1 . (22)

The three real numbers (M1,M2,M3), which
specify the choice of the contour C, depend on the
domain in the moduli space where we compute
the index [21,22,25]. For example in the weak
coupling limit of type IIB string theory, for the
system we have analyzed, we have M1,M2 >> 1,
1 << |M3| << M1,M2 and the sign of M3 is pos-
itive or negative depending on whether the angle
between S1 and S̃1 is larger or smaller than π/2
[17,19]. The jumps in the index, across the walls
of marginal stability, are encoded in the residues
at the poles in Z that we encounter while deform-
ing the contour corresponding to one domain to
the contour corresponding to the other domain.
There is a precise correspondence between differ-
ent walls of marginal stability and different poles
of Z. For the decay (Q,P ) ⇒ (Q, 0)+ (0, P ) , the
associated wall is at v = 0 [17–19,21,22]. This,
together with the S-duality invariance of the the-
ory, tells us that for the wall associated with the
decay

(Q,P ) ⇒ (αQ+ βP, γQ+ δP )

+((1 − α)Q− βP,−γQ+ (1 − δ)P ) ,

(23)

the corresponding pole is at

γρ− βσ + (α− δ)v = 0 . (24)

A precise formula giving (M1,M2,M3) in terms of
the moduli and charges can be found in [25]. We
should keep in mind, however, that the result is
independent of (M1,M2,M3) as long as changing
them does not make the contour cross a pole.

On the black hole (macroscopic) side, these
jumps correspond to (dis-)appearance of two-
centered black holes as we cross walls of marginal
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stability. There is a precise match between the B6

index of 2-centered black holes carrying charges
given on the right hand side of (23), and the
change in B6(Q,P ) computed from the residues
at the poles (24) [24,25].

In this context, we would like to mention that
the changes in the index across the walls of
marginal stability are subleading, as these give
corrections which grow as exponentials of single
power of the charges. This is related to the fact
that only decays of a 1/4-BPS dyon into half-
BPS dyons contribute to the wall crossing in an
N = 4 supersymmetric string theory [26,38,48].
However the contribution from the multi-centered
solutions can become significant when we study
dyons in N = 2 supersymmetric string theories
[60].

2.5. Other duality orbits

We have already said that the results given
above are valid for a subset of dyons satisfying
the condition (5). These can be related via du-
ality transformation to the D1-D5-p-KK system
analyzed here. But we would like to see if we can
say something about the dyons which are outside
these duality orbits, ı.e., which have[22]

gcd{QiPj −QjPi , 1 ≤ i, j ≤ 28} = r , (25)

for some integer r > 1. These dyons can be re-
lated to a system of IIB on K3 × S1 × S̃1 with
[22,31,32]

1. 1 KK monopole along S̃1,

2. r D5-branes wrapped on K3 × S1,

3. (Q̃1 + 1) r D1-branes wrapped on S1,

4. −n units of momentum along S1,

5. rJ units of momentum along S̃1.

If we can compute the B6 index for these dyons,
we can use this to compute the B6 index of any
other dyon. This has not yet been done from first
principles, but a guess has been made by requiring
that wall crossing is controlled by the residues at
the poles of the partition function as in the r = 1

case. In the domain of the moduli space where 2-
centered black holes are absent, the proposal for
the B6 index for these dyons is [35]

∑

s|r

sB6

(
Q̃1

r

s
, n, J

r

s

)
, (26)

where B6(Q̃1, n, J) is the function defined in (14).
An effective string model for arriving at this result
has been suggested in [37], but this has not been
derived completely from first principles. Note
that for large charges, the contribution from the
s > 1 terms grow as exp(π

√
Q2P 2 − (Q · P )2/s)

and hence are exponentially suppressed compared
to the leading s = 1 term. Thus the result for the
index reduces to that for the r = 1 case up to
exponentially suppressed corrections.

2.6. Generalization I: Twisted index

Let us take type IIB theory on K3 × S1 × S̃1.
On special subspaces of the moduli space of
K3, we encounter enhanced discrete symmetries
which preserve the holomorphic (2,0)-form onK3
[73,74]. Thus these symmetries commute with su-
persymmetry. Let us work on such a subspace of
the moduli space with a ZZN discrete symmetry
generated by g. In this subspace, we can define a
twisted index:

Bg6 =
1

6!
Tr{(−1)F (2h)6g} . (27)

This can be calculated using the same method
described earlier by keeping track of the g quan-
tum numbers of the various modes contributing
to the partition function. The final result takes
the form [51]:

Bg6 (Q,P ) =

∫

C

dρdσdv e−πi(P
2ρ+Q2σ+2Q.Pv) Zg

× (−1)Q.P ,

(28)

where the functions Zg are known explicitly.
They also turn out to have nice modular prop-
erties and poles in the complex (ρ, σ, v) space.7

As a result, we can find the behaviour of this

7General discussion on such modular forms can be found
in [75–82].
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index for large charges by the same method de-
scribed earlier. The important difference is that
now there are no poles at (24). Instead the poles
are at [51]

n2(ρσ − v2) −m1ρ+ n1σ +m2 + jv = 0 ,

m1n1 +m2n2 +
1

4
j2 =

1

4
,

m1, n1,m2 ∈ ZZ , j ∈ 2 ZZ + 1 , n2 ∈ N ZZ .

(29)

The leading contribution now comes from the
poles at (29) with n2 = N , and the answer in
the large charge limit is [51]:

ln |B6
g(Q,P )| = π

√
Q2P 2 − (Q.P )2/N+O(1) .(30)

A macroscopic explanation of this result will be
given in §4.1.

2.7. Generalization II: CHL models

We again start with type IIB string theory on
K3 × S1 × S̃1 with a ZZM symmetry generated
by g̃ as described in §2.6, but this time we take
an orbifold of this theory by g̃ accompanied by
2π/M shift along S1.8 This generates a new class
of N = 4 supersymmetric string theories known
as CHL models [83,84]. The orbifold operation
removes some of the U(1) gauge fields. Thus,
in general, CHL models have (r + 6) U(1) gauge
fields with r < 22, and Q and P are (r+6) dimen-
sional vectors.9 The precise value of r depends
on M , – the order of the orbifold group. The
T-duality group is a discrete subgroup of O(6, r)
with Q and P transforming as vectors of O(6, r).
Thus O(6, r) invariant bilinears Q2, P 2 and Q ·P
are T-duality invariants.

In this theory we can take the same D1-D5-KK
monopole system as considered earlier since all of
these configurations, as well as momenta along S1

and S̃1, are invariant under the orbifold group.
The index B6 in this theory can be calculated in
the same way as before, keeping track of the g̃

8The ZZM symmetries are chosen from the same set as
the ZZN symmetries of the §2.6, but we are using a dif-
ferent label since in the next section we shall combine the
analysis of §2.6 and this subsection.
9Since 6 of the U(1) gauge fields represent graviphoton
fields, they must exist in all N = 4 supersymmetric string
theories.

quantum numbers of the various modes, and the
effect of the orbifold projection. The result of this
computation is [17]:

B6(Q,P ) =

∫

C

dρdσdv e−πi(P
2ρ+Q2σ+2Q.Pv) Z̃g

× (−1)Q.P , (31)

where Z̃g(ρ, σ, v) is yet another new function, also
with nice modular properties and poles in the
(ρ, σ, v) space. We find that its behaviour for
large charges is given by:

ln |B6(Q,P )| = π
√
Q2P 2 − (Q.P )2

−φ
(
Q.P

P 2
,

√
Q2P 2 − (Q.P )2

P 2

)

+O
(

1

Q2, P 2, Q.P

)
, (32)

where

φ(τ1, τ2) ≡ (k + 2) ln τ2 + ln g(τ1 + iτ2)

+ ln g(−τ1 + iτ2) . (33)

Here k are known numbers and g(τ) are known
functions, depending on the choice of M . This
generalizes (19). Furthermore, in each case we
have B6(Q,P ) < 0. The macroscopic origin of
(32) will be explained in §3.4, and the macro-
scopic explanation of the sign of B6 will be given
in §3.7.

Note that unlike in the case of heterotic string
theory on T 6, in this case the duality orbits have
not been completely classified. As a result, two
vectors with the same values of Q2, P 2 and Q ·P
are not necessarily related by a duality transfor-
mation. Our result for the index, given in (31),
holds only for those charge vectors which can be
related by a duality transformation to the spe-
cific D1-D5-KK monopole system for which we
have carried out our analysis.

2.8. Generalization III: Twisted index in

CHL models

Next we consider a special subspace of the mod-
uli space on which type IIB string theory on
K3 × S1 × S̃1 has a ZZM × ZZN discrete sym-
metry that commutes with supersymmetry. Let
g̃ and g be the generators of ZZM and ZZN respec-
tively. Let us now take an orbifold of this theory
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by a ZZM symmetry generated by g̃ together with
1/M unit of shift along S1. Here g still generates
a symmetry of the theory. We now define:

Bg6 =
1

6!
Tr{(−1)F (2h)6g} . (34)

The computation of the above index gives the re-
sult [52]

Bg6 (Q,P ) =

∫

C

dρdσdv e−πi(P
2ρ+Q2σ+2Q.Pv) Ẑg,eg

(−1)Q.P , (35)

where Ẑg,eg is yet another set of functions, also
with nice modular properties and poles in the
complex (ρ, σ, v) space. Its behaviour for large
charges is found to be

ln |Bg6(Q,P )| = π
√
Q2P 2 − (Q.P )2/N+O(1) .(36)

A macroscopic explanation of this result will be
given in §4.1.

2.9. Generalization IV: Twisted index in

type II string compactification

The analysis described above has also been gen-
eralized to untwisted and twisted indices in type
II string compactifications on T 6 and its asym-
metric orbifolds. We shall not describe the anal-
ysis here; they can be found in [18,19,51,52]. The
general feature of all these models is that a ZZN
twisted index Bg6 grows as

ln |Bg6(Q,P )| = π
√
Q2P 2 − (Q.P )2/N+O(1) .(37)

This includes the case of N = 1, ı.e., the
untwisted index, for which ln |B6(Q,P )| ≃
π
√
Q2P 2 − (Q.P )2. Macroscopic explanation for

these results is the same as that for the black
holes in heterotic string theories, and hence we
shall not discuss these cases separately.

A special mention must be given to the un-
twisted index in type II string theory on T 6. This
theory has N = 8 supersymmetry and the black
holes with finite area event horizon are 1/8-BPS.
Thus the relevant helicity trace index is B14. For
states carrying only NS-NS sector charges (and
those related to these by duality symmetry), we
can again label the charges by a pair of vectors
(Q,P ), representing the electric and magnetic

charges respectively. In the r = 1 sector defined
in (5), the result for this index is known in terms
of Fourier coefficeints of an appropriate combina-
tion of Jacobi theta function and Dedekind eta
function [11,13,36,85]. For large charges, we get
[86]

ln |B14(Q,P )| ≃ π
√
Q2P 2 − (Q.P )2

−2 ln
[
Q2P 2 − (Q.P )2)

]

+O(charge−2) . (38)

Note that there is a logarithmic correction to the
entropy, which was absent in the other cases dis-
cussed so far. So far this logarithmic term has not
been reproduced from direct macroscopic analy-
sis. Some discussion on this can be found in §4.2.

3. Macroscopic analysis

Our next goal is to

• develop tools for computing the entropy of
extremal black holes including stringy and
quantum corrections,

• relate this entropy to the helicity trace in-
dex,

• apply it to black holes carrying the same
charges for which we have computed the mi-
croscopic index, and

• compare the macroscopic results with the
microscopic results.

In this section, we shall mainly address the first
and the second issues, ı.e., find a general formula
for computing the black hole degeneracy and the
helicity trace on the macroscopic side. Some as-
pects of the third and the fourth issues will be
discussed in §3.4, but we postpone the major part
of this to §4. Since AdS2 space will play a crucial
role in our analysis, we begin by describing some
aspects of AdS2 space.

3.1. What is AdS2 ?

Take a three dimensional space labelled by co-
ordinates (x, y, z) and metric

ds2 = dx2 − dy2 − dz2 . (39)
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AdS2 may be regarded as a two dimensional
Lorentzian space embedded in this 3-dimensional
space via the relation:

x2 − y2 − z2 = −a2 , (40)

where a is some constant giving the radius of
AdS2. Clearly, this space has an SO(2,1) isome-
try.

Introducing the independent coordinates (η, t)
such that

x = a sinh η cosh t , y = a cosh η ,

z = a sinh η sinh t , (41)

we can write

dx2 − dy2 − dz2 = a2(dη2 − sinh2 η dt2) . (42)

Finally, defining

r = cosh η , (43)

the metric for AdS2 can be expressed as:

ds2 = a2

[
dr2

r2 − 1
− (r2 − 1)dt2

]
, r ≥ 1 . (44)

Using a change of coordinates, one can show that
the apparent singularity at r = 1 is a coordinate
singularity, and one can continue the space-time
beyond r = 1 to generate what is known as global
AdS2 space-time. This will not play any direct
role in our subsequent discussion.

3.2. Why AdS2 ?

The reason that AdS2 plays an important role
for extremal black holes is that all known black
holes develop an AdS2 factor in their near horizon
geometry in the extremal limit. In particular, the
time translation symmetry gets enhanced to the
SO(2, 1) isometry of AdS2. We shall illustrate
how this happens by considering the example of
Reissner-Nordstrom solution in D = 4. This is
described by the metric

ds2 = −(1 − ρ+/ρ)(1 − ρ−/ρ)dτ
2

+
dρ2

(1 − ρ+/ρ)(1 − ρ−/ρ)

+ρ2(dψ2 + sin2 ψdφ2) . (45)

Here ρ± are parameters determined in terms of
the mass and charges carried by the black hole.

In the extremal limit, ρ− → ρ+. In order to take
this limit, we define:

2λ = ρ+−ρ−, t =
λ τ

ρ2
+

, r =
2ρ− ρ+ − ρ−

2λ
,(46)

and take λ → 0 limit keeping r, t fixed. In this
limit, the metric takes the form [87–89]:

ds2 = ρ2
+

[
−(r2 − 1)dt2 +

dr2

r2 − 1

]

+ ρ2
+(dψ2 + sin2 ψdφ2) . (47)

This describes the space AdS2 × S2. One can
also verify that, in this limit, the near horizon
electric and magnetic fields are invariant under
the isometries of AdS2 × S2.

We will now postulate that any extremal black

hole has an AdS2 factor / SO(2, 1) isometry in

the near horizon geometry. This postulate has
been partially proved in [90,91]. The full near
horizon geometry takes the form AdS2×K, where
K is some compact space. K includes not only
the compact space on which string theory is com-
pactified (to get a four dimensional theory), but
also the angular coordinates (e.g. the S2 factor
for spherically symmetric black holes in four di-
mensions).

3.3. Higher derivative corrections

In string theory, we expect the Bekenstein-
Hawking formula for the black hole entropy to
receive

• higher derivative corrections arising in clas-
sical string theory, and

• quantum corrections.

Of these, the higher derivative corrections are
captured by Wald’s general formula for black hole
entropy in any general coordinate invariant clas-
sical theory of gravity [92–95]. Furthermore, this
formula takes a very simple prescription for black
holes with an AdS2 factor in the near horizon ge-
ometry [96–98]. We shall illustrate this in the
context of spherically symmetric black holes in
four dimensional theories. In this case, the near
horizon geometry has an AdS2 × S2 factor. Con-
sider an arbitrary general coordinate invariant
theory of gravity coupled to a set of gauge fields
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A
(i)
µ and neutral scalar fields {φs}. The most gen-

eral form of the near horizon geometry of an ex-
tremal black hole, consistent with the symmetry
of AdS2 × S2, is:

ds2 ≡ gµνdx
µdxν = v1

(
−(r2 − 1)dt2 +

dr2

r2 − 1

)

+ v2
(
dψ2 + sin2 ψdφ2

)
,

φs = us , F
(i)
rt = ei , F

(i)
ψφ =

pi
4π

sinψ , (48)

where v1, v2, {us}, {ei} and {pi} are constants.
For this background, the components of the Rie-
mann tensor are given by:

Rαβγδ = −v1(gαγ gβδ − gαδ gβγ) ,

Rmnpq = v2(gmp gnq − gmq gnp) , (49)

where {α, β, γ, δ = r, t} and {m,n, p, q = ψ, φ} .
The covariant derivatives of the Riemann tensor,
scalar fields and gauge field strengths vanish.

Let
√− det gL be the Lagrangian density eval-

uated in the background (48). We define the func-
tions:

f(~u,~v, ~e, ~p) ≡
∫
dψ dφ

√
− det gL ,

E(~u,~v, ~e, ~q, ~p) ≡ 2 π{ ei qi − f(~u,~v, ~e, ~p )} . (50)

Then for an extremal black hole of electric charge
~q and magnetic charge ~p, one finds that [96]

1. the values of {us}, {ei}, v1 and v2 are ob-
tained by extremizing E(~u,~v, ~e, ~q, ~p) with re-
spect to these variables:

∂E
∂us

= 0 ,
∂E
∂v1

= 0 ,
∂E
∂v2

= 0 ,
∂E
∂ei

= 0 ;(51)

2. the Wald entropy of the black hole is given
by

SBH = E , (52)

at the extremum.

Eqs.(51) follows from the equations of motion and
the definition of the electric charge, while (52)
follows from Wald’s formula for the black hole
entropy.

These results provide us with [96–98]

1. an algebraic method for computing the en-
tropy of extremal black holes without solv-
ing any differential equation;

2. a proof of the attractor mechanism [99–
102], ı.e., the black hole entropy is indepen-
dent of the asymptotic moduli.

However, this approach does not prove the exis-
tence of an extremal black hole carrying a given
set of charges; it works assuming that the solution
exists.

3.4. Quantum corrections: A first look

Next we must address the effect of quantum
corrections on the black hole entropy. The first
guess would be that we should apply Wald’s for-
mula again, but replacing the classical action by
the one particle irreducible (1PI) action. This will
again give a simple algebraic method for comput-
ing the entropy once we compute the 1PI action.
However, this prescription is not complete since
the 1PI action typically has non-local contribu-
tion due to massless states propagating in the
loops. In contrast, Wald’s formula is valid for
theories with local Lagrangian density. This is
apparent in (50) where the definition of the func-
tion f requires explicit knowledge of the local La-
grangian density L.

Nevertheless, this procedure has been used to
compute corrections to black hole entropy from
local terms in the 1PI action with significant suc-
cess [103–112]. If we consider the CHL mod-
els obtained by ZZN orbifold of type IIB on
K3×S1× S̃1, then at tree level there are no cor-
rections to the black hole entropy from the four
derivative terms in the effective action. But at
one loop, these theories get corrections propor-
tional to the Gauss-Bonnet term in the 1PI ac-
tion[113,55]:

√
− det g ∆L = −

√− det g

64π2
φ(τ, τ̄ ){R2

−4Rµν R
µν +Rµνρσ R

µνρσ} ,
(53)

where τ is the modulus of the torus (S1 × S̃1)
and φ is the same function that appeared in (33).
Adding this correction to the supergravity action,
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we find that the Wald entropy of a black hole in
the CHL model is given by [88]

SBH = π
√
Q2P 2 − (Q.P )2

−φ
(
Q.P

P 2
,

√
Q2P 2 − (Q.P )2

P 2

)

+O
(

1

Q2, P 2, Q.P

)
, (54)

in exact agreement with the result (32) for
ln |B6(Q,P )| for large charges.10

3.5. Quantum corrections to horizon de-

generacy

Let us denote by dhor the degeneracy associ-
ated with the horizon of an extremal black hole.
We shall now turn to the full quantum compu-
tation of dhor from the macroscopic side, and
describe a proposal for computing quantum cor-
rected entropy in terms of a path integral of string
theory in this near horizon geometry [117,118].
The steps for computing dhor are as follows:

1. Go to the Euclidean formalism by the re-
placement t→ −iθ and represent the AdS2

factor by the metric:

ds2 = v

(
(r2 − 1) dθ2 +

dr2

r2 − 1

)
,

where 1 ≤ r <∞ , θ ≡ θ + 2π . (55)

With r = cosh η = (1 + ρ2)/(1 − ρ2) as the
change of variable , we get the metric on a
unit disk:

ds2 = v
(
sinh2 η dθ2 + dη2

)

=
4v

(1 − ρ2)2
(dρ2 + ρ2dθ2) ,

where 0 ≤ η <∞, 0 ≤ ρ < 1 . (56)

10In fact the original computation involved a more refined
version of the 1PI action, where the complete supersym-
metric completion of the curvature squared terms in the
1PI action was included in the computation [104–112,114–
116]. Surprisingly, the result is the same as in (54). Never-
theless, there can be additional four derivative corrections
to the action which could give additional contribution to
the entropy to this order. One expects that a suitable
non-renormalization theorem will make these additional
contributions vanish, but this has not been proven so far.

2. Regularize the infinite volume of AdS2 by
putting a cut-off r ≤ r0f(θ) , for some
smooth periodic function f(θ). This makes
the AdS2 boundary have a finite length L.

3. Define:

ZAdS2 ≡
〈

exp[−iqk
∮
dθ A

(k)
θ ]

〉
, (57)

where the symbol 〈 〉 denotes the unnormal-
ized path integral over string fields in the
Euclidean near horizon background geom-
etry weighted by exp[−Action]. Here {qk}
stands for the electric charges carried by the
black hole, representing the electric fluxes of
the U(1) gauge fields A(k)’s through AdS2.
The integral

∮
runs over the boundary of

the infrared regulated AdS2.

Note that near the boundary of AdS2, the
θ-independent solution to the Maxwell’s
equations has the form:

Ar = 0, Aθ = C1 + C2r , (58)

where C1 (chemical potential) represents a
normalizable mode and C2 (electric charge)
represents a non-normalizable mode. Hence
the path integral (57) must be carried out
keeping C2 (charge) fixed and integrating
over C1 (chemical potential).11 Another
way to motivate this is the following: in
AdS2, if we try to add charge/mass, it
will destroy the asymptotic boundary con-
ditions as it is a two dimensional spacetime.
With this new rule, the first order varia-
tion of the action will contain a boundary
term besides the terms proportional to the
equations of motion. This boundary term
must be cancelled by some other term in
order to have a well-defined path integral.

The boundary term exp[−iqk
∮
dθ A

(k)
θ ] pre-

cisely serves this purpose.

4. Now, by AdS2/CFT1 correspondence,
string theory on AdS2 × K must be dual

11This is different from the standard rules in higher di-
mensional space-time where the asymptotic value of the
gauge field is held fixed.
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to a one dimensional conformal field the-
ory, which we shall call CFT1, living on the
boundary of AdS2. Furthermore, we must
have12

ZAdS2 = ZCFT1 = Tr(e−LH) , (59)

where H is the Hamltonian of CFT1 and
L is the length of the boundary circle of
the infrared regulated AdS2. The standard
rule of AdS/CFT correspondence also gives
us some insight into how to identify the
CFT1, – it must be given by the infrared
limit of the quantum mechanics that de-
scribes the black hole microstates. Now in
all known examples, including the ones dis-
cussed in §2, the quantum mechanics de-
scribing the dynamics of the microscopic
system has a finite gap that separates the
ground states from the first excited state.13

Thus in the infrared limit (L → ∞), only
the ground states of this quantum mechan-
ics (in a fixed charge sector) survive, and
CFT1 will consist of a finite number d0 of
degenerate ground states of some energy
E0. This gives, from (59),

ZAdS2 = d0 e
−LE0 . (60)

This suggests that we define dhor to be the
finite part of ZAdS2 , defined by expressing
ZAdS2 as

ZAdS2 = eCL+O(L−1)×dhor , as L→ ∞ .(61)

Here C is a constant. The above definition
of dhor will be called the quantum entropy

function.

5. Finally we note that, since the AdS2 path
integral is evaluated by keeping fixed the
asymptotic value of the electric field (and

12We emphasize that here, since the boundary theory is on
a circle, its partition function can be given a Hilbert space
interpretation. This is not possible in higher dimensional
AdSd+1 spaces where the boundary theory lives on Sd.
13Even though the dynamics was described by a two di-
mensional CFT, the CFT was compactified on a circle of
finite size, and hence had a gap in its spectrum.

hence the electric charge for a given action),
the AdS2 path integral computes the en-
tropy in the microcanonical ensemble where
all the charges are fixed.

One of the consistency tests this proposal must
satisfy is that, in the classical limit, it should
reproduce the exponential of the Wald entropy.
This can be seen as follows: In the classical limit,

ZAdS2 = exp[−Action − iqk

∮
dθ A

(k)
θ ]

∣∣∣∣
classical

= e
R

drdθ {
√

det gAdS2
LAdS2

−iqkF
(k)
rθ

}, (62)

where gAdS2 is the metric on AdS2, and LAdS2 is
the two dimensional Lagrangian density obtained
after dimensional reduction onK and is evaluated
on the near horizon geometry.14 Taking the in-
frared cut-off to be η ≤ η0 for simplicity, using the
Euclidean version of the near horizon background
given in (48), and evaluating the r, θ integral, we
get,

ZAdS2 = e−2π(qiei−
√

det gAdS2
LAdS2)(cosh η0−1)

= e2π(qiei−
√

det gAdS2
LAdS2)+CL+O(L−1)

= eSwald+CL+O(L−1) , (63)

where

L =
√
v sinh η0 ⇒ cosh η0 = L/

√
v+O(L−1) .(64)

The constant C can receive additional correc-
tions from boundary terms in the action which
we have ignored. The important point is that
these boundary terms do not affect the value of
the finite part, and hence dhor is well defined.

This establishes that dhor = exp[Swald] in the
classical limit.

We conclude this section with two comments:

• By choosing the boundary terms appro-
priately, we could cancel the constant C
and reinterprete the full partition function
ZAdS2 as dhor. In the dual CFT1, this cor-
responds to shifting the ground state energy
by adding appropriate counterterms.

14Note that the Euclidean action is given by
−

R

drdθ
√

gAdS2
L , where L is the analytic continu-

ation of the Lagrangian density for Lorentzian signature.
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• Our interpretation of the AdS2 partition
function as the degeneracy associated with
the horizon is based on representing Eu-
clidean AdS2 as a disk with a single bound-
ary. If instead we represent it as a strip
with two boundaries, with the help of the
standard conformal transformation tan w

2 =
z−1
z+1 , mapping the unit disk in the z = ρ eiθ

plane to a strip in the w plane, then we
have two copies of CFT1 living on the two
boundaries of the strip, each with degener-
acy dhor. Standard argument [119] shows
that the Hartle-Hawking state of this sys-
tem will represent the maximally entangled
state between these two copies of the CFT1,
and as a result, dhor can be reinterpreted as
the entanglement entropy between the two
boundaries in this state. This has been ver-
ified explicitly in [120] in the classical limit.

3.6. Hair contribution

In general, the macroscopic degeneracy, de-
noted by dmacro, can have two kinds of contri-
butions [121,122]:

1. From the the degrees of freedom living on
the horizon.

2. From the degrees of freedom living outside
the horizon (hair) [121,122].15

Denoting the degeneracy associated with the hori-
zon degrees of freedom by dhor and those associ-
ated with the hair degrees of freedom by dhair,
we can write down a general formula for dmacro:

dmacro( ~Q) =
∑

n

∑

{~Qi}, ~Qhair
Pn

i=1
~Qi+

~Qhair=~Q

{
n∏

i=1

dhor( ~Qi)

}

× dhair( ~Qhair; { ~Qi}) .
(65)

The nth term in the sum represents the contri-
bution from an n-centered black hole, ~Qi denotes

15For example, the fermion zero modes associated with the
broken supersymmetry generators are always part of the
hair modes, since the effect of supersymmetry-breaking
by the classical black hole solution can be felt outside the
horizon of the black hole.

the charge carried by the i-th center and ~Qhair
denotes the charges carried by the hair modes.16

In principle, dhair can be calculated by explic-
itly identifying and quantizing the hair modes.
On the other hand, dhor( ~Qi) for each center can
be computed using the quantum entropy function
formalism described in §3.5.

3.7. Degeneracy to index

As discussed before, on the microscopic side
we usually compute an index. On the other
hand, dhor computes degeneracy. More generally,
eq.(65) gives us a general formula for computing
the degeneracy on the macroscopic side. Thus
this cannot be directly compared with the B6 in-
dex computed on the microscopic side.

We shall now describe a strategy for using dhor
to compute the index on the macroscopic side
[118,123]. We shall illustrate this for the helic-
ity trace Bn for four dimensional black holes, but
it can be generalized to five dimensional black
holes as well [124]. For a black hole that breaks
2k supercharges, we had defined

Bk =
1

k!
Tr{(−1)2h(2h)k} , (66)

where h is the third component of angular mo-
mentum in the rest frame. Since the total con-
tribution to h can be regarded as a sum of the
contributions from the horizon and the hair de-
grees of freedom, we can express Bk as

Bk;macro =
1

k!
Tr{(−1)2(hhor+hhair)(2hhor+2hhair)

k},

where hhor and hhair denote the contribution to h
from the horizon and the hair degrees of freedom
respectively.

Now, typically all the fermion zero modes asso-
ciated with the broken supersymmetries are hair
degrees of freedom, since we can generate these
zero mode deformations by supersymmetry trans-
formation parameters which go to constant at in-
finity and vanish below a certain radius. Thus the
hair modes contain 2k fermion zero modes, and in
order that the trace over these zero modes do not

16In this section we shall use ~Q to denote all the elec-
tric and all the magnetic charges, as well as the angular
momentum.
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make the whole trace vanish, we need an inser-
tion of (2hhair)

k into the trace. In other words, if
we expand the (2hhor + 2hhair)

k factor in a bino-
mial expansion, then only the (2hhair)

k term will
contribute. This gives

Bk;macro =
1

k!
Tr{(−1)2hhor+2hhair (2hhair)

k}

=
∑

B0;hor ×Bk;hair . (67)

This can be expanded in the spirit of (65) as

Bk;macro( ~Q) =
∑

n

∑

{~Qi}, ~Qhair

{
n∏

i=1

B0;hor( ~Qi)

}

×Bk;hair( ~Qhair; { ~Qi}),

with the constraint

n∑

i=1

~Qi + ~Qhair = ~Q . (68)

where now the vector ~Q no longer contains the an-
gular momentum. A further simplification follows
from the fact that in four dimensions, only the
hhor = 0 black holes are supersymmetric. This is
of course known to be true for a classical black
hole, but more generally it follows from the fact
that unbroken supersymmetries, together with
the SL(2, R) isometry of the near horizon geome-
try, generate the full SU(1, 1|2) supergroup which
includes SU(2) as a symmetry group. This im-
plies a spherically symmetric horizon, and hence
zero angular momentum since the partition func-
tion on AdS2 computes the entropy in a fixed an-
gular momentum sector (microcanonical ensem-
ble). Thus B0;hor = Trhor(1) = dhor , and we can
express (68) as

Bk;macro( ~Q) =
∑

n

∑

{~Qi}, ~Qhair
Pn

i=1
~Qi+

~Qhair=~Q

n∏

i=1

dhor( ~Qi)

×Bk;hair( ~Qhair; { ~Qi}) .
(69)

Most of our analysis involves 1/4-BPS black
holes in N = 4 supersymmetric string theories in
D = 4 which preserves 4 out of 16 supersymme-
tries, ı.e., such a black hole configuration breaks
12 supersymmetries. Thus the relevant helicity

trace index is B6. In these theories, the contribu-
tion from multi-centered black holes is known to
be exponentially suppressed [26,38,48]. Further-
more, for single-centered black holes, often the
only hair modes are the fermion zero modes. In
this case, ~Qhair = 0. Furthermore, since for each
pair of fermion zero modes Tr{(−1)F (2h)} = i,
we have B6;hair = i6 = −1. Thus

B6;macro( ~Q) = −dhor( ~Q) , (70)

up to exponentially suppressed contribution from
multi-centered black holes. This explains how we
can compare the helicity trace index computed in
the microscopic theory with dhor computed in the
macroscopic theory. Note that since dhor( ~Q) > 0,
we get B6;macro < 0. This agrees with the explicit
microscopic results stated above (19) and below
(33).

4. Applications of quantum entropy func-

tion

Eq.(54) shows how Wald’s formula applied to
1PI action can be used to calculate some of
the subleading corrections to the black hole en-
tropy, and reproduce the results known from mi-
croscopic computation. Since quantum entropy
function reduces to the exponential of Wald en-
tropy in the classical limit, we expect that as long
as the quantum corrections generate a local con-
tribution to the 1PI action, Wald’s formula ap-
plied to 1PI action and quantum entropy func-
tion will give the same results. In this section, we
shall describe how quantum entropy function can
be used to compute some other corrections to the
entropy which could not be calculated by direct
use of Wald’s formula.

4.1. Computation of twisted index

Suppose we have a ZZN symmetry generated by
g that commutes with all the supersymmetries of
an N = 4 supersymmetric string theory. We can
then define a twisted index:

Bg6 =
1

6!
Tr{(−1)2h(2h)6g} . (71)

In §2.6 and §2.8, we described the results for such
indices in a wide variety of N = 4 supersymmetric
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string theories. We shall now describe how to
compute them from the macroscopic side.

We proceed as in §3.7. After separating out the
contribution from the hair degrees of freedom, we
see that the relevant quantity associated with the
horizon is

Trhor{(−1)2hhorg} = Trhor(g) , (72)

since hhor = 0 for a supersymmetric black hole.
By following the logic of AdS/CFT correspon-
dence, we find that dhor is now given by the finite
part of a twisted partition function

Zg =

〈
exp[−iqk

∮
dθ A

(k)
θ ]

〉

g

, (73)

where the subscript g denotes that in carrying out
the path integral, we are instructed to integrate
over field configurations with a g-twisted bound-
ary condition on the fields under θ → θ + 2π.
Other than this, the asymptotic boundary con-
ditions must be identical to that of the attractor
geometry since the charges have not changed.

From the Euclidean AdS2 metric given in (55),
we find that the circle at infinity, parametrized
by θ, is contractible at the origin r = 1. Thus
a g-twist under θ → θ + 2π is not admissible.
Hence we conclude that the AdS2 × S2 geome-
try is not a valid saddle point of the path inte-
gral. This however is not the end of the story,
since according to the rules of quantum gravity
we must sum over all geometries and field config-
urations keeping fixed the asymptotic boundary
conditions. Thus we should investigate if there
are other saddle points which could contribute to
the path integral. To find out possible candidates,
we must keep in mind the following constraints:

1. It must have the same asymptotic geometry
as the AdS2 × S2 geometry.

2. It must have a g-twist under θ → θ + 2π.

3. It must preserve sufficient amount of su-
persymmetries so that integration over the
fermion zero modes do not make the inte-
gral vanish [125,126].

There are indeed such saddle points in the path
integral, constructed as follows [51]:

1. Take the original near horizon geometry of
the black hole.

2. Take a ZZN orbifold of this background with
ZZN generated by the simultaneous action

of

(a) 2π/N rotation in AdS2 (θ → θ + 2π
N

),

(b) 2π/N rotation in S2 (φ→ φ+ 2π
N

; this
is needed for preserving SUSY), and

(c) g.

To see that this has the same asymptotic geome-
try as the attractor geometry, we make a rescaling

θ → θ/N, r → N r . (74)

After this rescaling, the metric takes the form:

ds2 = v

(
(r2 −N−2)dθ2 +

dr2

r2 −N−2

)
, (75)

with the orbifold action given by:

θ → θ + 2π , φ→ φ+ 2π/N , g . (76)

For large r, the metric approaches the AdS2 met-
ric.17 The g transformation provides us with the
correct boundary condition under θ → θ + 2π.
The shift along the φ-direction can be regarded
as a Wilson line, and hence is an allowed fluctu-
ation in AdS2. In other words, by a coordinate
change φ → φ + θ/N , we can remove the shift
in φ, but this will generate a constant gθφ at the
boundary, which describes a normalizable mode
and hence is an allowed fluctuation.

The classical action associated with this orb-
ifold can be obtained by dividing the action asso-
ciated with the parent geometry by N . Thus the
classical action associated with this saddle point,
after removing the divergent part proportional to
the length of the boundary, is Swald/N . As a
result, the contribution to the finite part of the
twisted partition function from this saddle point
is

Zfiniteg ∼ exp [Swald/N ] . (77)

17In contrast, we note that for two dimensional flat space-
time, orbifolding not only introduces a conical singularity
but also changes the asymptotic spacetime.
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This is exactly what we have found in the micro-
scopic analysis of the twisted index in §2.6 and
§2.8.

Note that exp [Swald/N ] << exp [Swald]. Thus
the ZZN quantum numbers must be delicately dis-
tributed among the microstates of the black hole
so that a charge of order unity, averaged over
exp [Swald] number of states, gives a contribution
of order exp [Swald/N ]. In other words, there is a
large cancellation going on among terms of order
unity to give this result. Nevertheless we see that
black holes are able to capture information about
this highly sensitive data.

4.2. Logarithmic corrections to the black

hole entropy

As already discussed before, the effect of in-
tegrating out the massive mode contribution to
ZAdS2 can be regarded as a modification of the ef-
fective Lagrangian density, and can be accommo-
dated using Wald’s formula. However, for calcu-
lating the one loop contribution due to the mass-
less modes, we need to compute directly the de-
terminant of the kinetic operator in the AdS2×S2

background.
Let us consider an example where we have a

massless scalar field with the standard kinetic
term in the near horizon AdS2 × S2 background
for a spherically symmetric extremal black hole
in D = 4. All the eigenvalues and eigenfunctions
of � on AdS2 ×S2 can be found explicitly, which
can then be used to compute det �, and hence
the one loop contribution to ZAdS2. The result
for the contribution to ln dhor from this massless
scalar is of the form18 [127]:

− 1

180
lnA . (78)

For black holes in supergravity/superstring the-
ory, the kinetic operator for fluctuations around
the near horizon geometry mixes scalars, vec-
tors and tensors. Thus one needs to diagonalize
the kinetic operator, find the determinant, and
then compute its contribution to ZAdS2 and hence
dhor. For the quarter-BPS black holes in N = 4
supersymmetric theories, one finds that the fluc-

18A different approach to computing logarithmic correc-
tions to extremal black hole entropy can be found in [88].

tuations in the matter multiplet fields do not
mix with the fluctuations in the gravity multiplet
fields to quadratic order [127]. So far the contri-
bution to the one loop determinant from the mat-
ter multiplet fields has been calculated. The out-
come of such calculation is that all contributions
cancel [127]. While this does not lead to a com-
plete computation of logarithmic corrections to
the extremal black hole entropy, it already gives
us some non-trivial information, namely, that the
logarithmic correction to the entropy of quarter-
BPS dyons in N = 4 supersymmetric string theo-
ries cannot depend on the number of matter mul-
tiplets in the theory. This agrees with the mi-
croscopic result given in (32), which has no loga-
rithimic correction for any value of r, – the num-
ber of matter multiplets in the theory.

One might tend to conclude that the reason for
this cancellation is supersymmetry. However, the
above system turns out to be a special case, since
the microscopic result (38) for 1/8-BPS dyons
in N = 8 supersymmetric string theories, which
have the same amount of supersymmetry in the
near horizon geometry, does have logarithmic cor-
rection to its entropy [86]. Thus we expect that
the cancellation of logarithmic corrections is not
merely a consequence of supersymmetry.

5. Other applications

Quantum entropy function has also been used
to explain several other features of the micro-
scopic formula. For example, we see from the
microscopic formula (26) that for charge vectors
(Q,P ) with r(Q,P ) > 1, there are additional con-
tributions to the B6 index whose leading term

takes the form exp
(
π
√
Q2P 2 − (Q · P )2/s

)
,

where s is a factor of r. It turns out that pre-
cisely for r(Q,P ) > 1, the functional integral
for ZAdS2 receives extra contribution from saddle
points obtained by taking a freely acting ZZs quo-
tient – for s|r – of the original near horizon geome-
try. The leading semi-classical contribution from
such a saddle point is given by exp(Swald/s) =

exp
(
π
√
Q2P 2 − (Q · P )2/s

)
, precisely in agree-

ment with the microscopic results[118,86].
For r = 1, the result for B6 for large charges
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takes the form of a sum of the contributions from
different poles. The leading asymptotic expan-
sion comes from a specific pole and is given by
(17). It turns out that the contributions from
the other poles have the leading term of the

form exp
(
π
√
Q2P 2 − (Q · P )2/N

)
, for N ∈ ZZ,

N > 1. On the other hand, ZAdS2 receives contri-
bution from, besides the original near horizon ge-
ometry, its ZZN orbifolds which do not change the
boundary condition at infinity. The leading semi-
classical contribution from these saddle points is

given by exp
(
π
√
Q2P 2 − (Q · P )2/N

)
, precisely

in correspondence with the leading contribution
from the subleading poles in the microscopic for-
mula[46,128].

6. Discussion

All these results provide us with the ‘ex-
perimental verification’ of the theory of ex-
tremal black holes, based on Wald’s formula and
AdS2/CFT1 correspondence. The results de-
scribed here show that quantum gravity in the
near horizon geometry contains detailed infor-
mation about not only the total number of mi-
crostates but also finer details (e.g. the ZZN
quantum numbers carried by the microstates).
Thus, at least for extremal black holes, there
seems to be an exact duality between

Gravity description ⇔ Microscopic description .(79)

The gravity description contains as much infor-
mation as the microscopic description, but in a
quite different way.

It is clear from our discussions that whereas
the α′-corrections are well-understood through
Wald’s formalism, we need to understand the gs
corrections better. The quantum entropy func-
tion formalism provides us with a tool for investi-
gations in that direction. Eventually we hope to
reproduce the complete asymptotic expansion of
the microscopic result for ln |B6| from the string
theory path integral over AdS2. Our basic tool
is the localization of the path integral to a finite
dimensional subspace using supersymmetry. This
has been pursued to some extent in [126]. In this
process, we hope to learn not only about black

holes but also about string theory, e.g. the rules
for carrying out path integral over string fields.

Another useful direction of study is the general-
ization of these results to N = 2 supersymmetric
string theories. Some attempts at generalizing
the microscopic results of §2 in special N = 2
supersymmetric string theories can be found in
[129–131].
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Standard Model, Higgs Boson(s) and New Physics at the LHC in Run I
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A overview of the ATLAS and CMS detectors and first physics results from the 2010 data taking campaign at
the LHC collider is presented. Measurements with pp collisions at

√
s = 7 TeV and for integrated luminosities

reaching up to about 40 pb−1 are summarized for weak bosons and top quark production, as well as for the search
of the Higgs Boson(s), supersymmetry and new interactions at the TeV scale. The physics prospects for the
complete Run I from 2010 to 2012 with a few fb−1 of luminosity collected per experiment are discussed.

1. INTRODUCTION

The first proton-proton collisions have been de-
livered at the Large Hadron Collider (LHC) in
December 2009, and a record centre-of-mass en-
ergy (

√
s) of 7 TeV was attained starting in early

spring 2010. This is a turning point for high
energy physics, nearly twenty years after a ma-
jor international workshop in Aachen, where the
ambitious LHC project was first discussed, and
proto-collaborations formed for two large exper-
iments [1], the ATLAS and CMS experiments.
The experiments are expected to collect data at
this working point during three years, until fall
2012. This first major physics run (henceforward
called Run I) marks the opening of a new era for
high energy physics. A period of renewed explo-
ration in unknown territories for the fundamental
interactions.

The essential physics motivations for the LHC
remain as they were at the origin of the project,
some twenty years ago, despite generations of
precision measurements and searches at the
LEP e+e− collider, the HERA ep collider, the
Tevatron pp̄ collider, and the Babar and Belle
B-Factories, where the phenomenology of the
SU(3)C × SU(2)L ×U(1)Y standard model (SM)
of strong and electroweak forces has been remark-
ably confirmed. They stems from the fact that

∗Adapted from lectures given at the 2010 Cargèse Summer
School of physics, ”String Theory: Formal Developments
and Applications”, (June 21- July 3, 2010).

the SM remains incomplete and dissatisfactory.
The difficulties with the theoretical description
of particle interactions appear today more acute
than at any moment in the past history of physics.
These are associated with the complexity of the
structure of matter, and to the gauge symmetries
and the notion of symmetry breaking. The LHC
has been designed before and above all to ad-
dress problems of the latter kind, and in particu-
lar to answer questions related to the electroweak
symmetry breaking, but progress with the under-
standing of the structure of matter is also possi-
ble.

In this paper, the status and prospects for
the proton-proton physics with Run I data in
the ATLAS and CMS experiments are reviewed.
The collider and the experiments are briefly de-
scribed in section 2. A comparison of the physics
reach between the Tevatron and the LHC exper-
iments is presented in section 3. A selection of
first experimental results concerned with a ”re-
discovery” of the SM at high

√
s, and the un-

derstanding of the SM candles are summarized in
section 4. The candles will help to guide the steps
toward the Higgs boson and possibly into territo-
ries beyond the SM. With increasing integrated
luminosities, the hunt for the Higgs has been ini-
tiated at the LHC by both experiments. Some
of the most significant results obtained integrat-
ing the 2010 data (Run 1a) are presented in sec-
tion 5, together with prospectives for the full Run
I where 1 to 10 fb−1 of data could be collected per
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experiment. The high
√
s could provides access to

new physics even at rather modest integrated lu-
minosities, and some the most promising searches
are discussed in section 6. Conclusions on the ex-
pected highlights for the Run I at the LHC are
given in section 7.

2. THE COLLIDER AND THE TWO
LARGE EXPERIMENTS

The ATLAS (“A Toroidal LHC Apparatus”) [2]
and CMS (“Compact Muon Solenoid”) [3] detec-
tors are multi-purpose devices with a cylindrical
geometry, and forward-backward symmetry along
the beam line.

Both experiments have been designed to allow
for a good measurement of leptons at very high
momenta, offer sufficient transverse or longitudi-
nal granularity to provide a high discrimination of
isolated leptons against QCD instrumental back-
ground, and provide a nearly 4π solid angle cov-
erage for the measurement of hadronic jets and
transverse energy flow. Leptons at very high mo-
menta could originate e.g. from the decay of new
resonances at the TeV scale (see section 6). Iso-
lated leptons (or photons) are a crucial ingredi-
ent of the signature for important and rare signal
events e.g. from the decay of a Higgs boson (sec-
tion 5). Missing energy is a characteristic of the
signature e.g. for the production of supersym-
metric matter (section 5).

Above all other considerations, the detailed de-
sign of the experiments follows from the choice
of the main magnets. The CMS experiment has
chosen a solenoid which allows for a compact de-
tector. The solenoid provides field lines parallel
to the Z (beam) axis so that charged particles
trajectories bend in the transverse plane. The
excellent momentum resolution required for TeV
muons is made possible via a very high magnetic
field and a fine grained tracker. The ATLAS ex-
periment has chosen a toroid which imposes a
very large volume. The toroid provides field lines
which are circles centered on the Z axis, so that
muons bend in a plane defined by the beam axis
and the muon position. This provides excellent
stand alone momentum resolution for TeV muons,
but an internal solenoid is needed for the purpose

of vertex reconstruction and additional momen-
tum measurements with a fine grained tracker.

In the central region, one expects the number
of particles produced per unit rapidity y in pp
collisions to be approximately constant and form
a “rapidity plateau”. The rapidity y for a particle
is defined along the Z direction as y ≡ 1/2 ln(E+
pZ)/(E − pZ) = 1/2 ln(1 + β cos θ)/(1 − β cos θ).
where β = p/E and θ is the polar angle relative
to the Z axis. At the LHC for the nominal ma-
chine at

√
s = 14 TeV, one expects [4] a rapidity

plateau of width ∆y ' 6. In pp collisions, most of
the particles are produced in the central plateau
region but most of the energy will be directed at
higher rapidities, in the proton fragmentation re-
gions. Thus, both experiments have equipped the
rapidity plateau region with fined grained electro-
magnetic calorimetry and charged track measure-
ment devices. The fined grained coverage extend
up to |η| ≈ 3. The pseudorapidity η is defined as
η = 1/2 ln(1+cos θ)/(1− cos θ) = − log tan(θ/2).
It corresponds to the rapidity of a particle with
zero mass (β = 1) and is a good approximation
for the rapidity when for a particle m� pT . The
|η| of a particle of given pT is always larger than
its true |y|. The debris from the proton fragmen-
tation are largely contained for inelastic collisions
in the region |y|<∼ 5. Both experiments cover the
very forward regions up to |η| ≈ 5 with additional
calorimetry.

A three-dimensional representation of the AT-
LAS detector is shown Fig. 1. The layout com-
prises a thin superconducting solenoid surround-
ing inner tracking detectors and three large su-
perconducting toroids supporting a large muon
tracker. The inner detectors consist of a sil-
icon pixel device, a silicon microstrip device
and a transition radiation tracker, all immersed
in the 2 Tesla field from the solenoid. High-
granularity liquid-argon (LAr) electromagnetic
sampling calorimeters cover the pseudorapid-
ity region |η| < 3.2. An iron-scintillator tile
calorimeter provides coverage over |η| < 1.7. The
end-cap and forward regions, spanning 1.5 <
|η| < 4.9, are instrumented with LAr calorimetry
for both electromagnetic and hadronic measure-
ments. The muon spectrometer covering |η| <
2.7 relies on the magnetic deflection of muons
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Figure 1. Cut-away three-dimensional view of the ATLAS Detector. The instrument occupies a volume
of cylindrical shape of 44 m in length and 25 m in diameter. The overall weight of the detector is
approximately 7000 t.

tracks in the air-core toroid magnets, instru-
mented with separate trigger and high-precision
tracking chambers

A three-dimensional representation of the CMS
detector is shown Fig. 2. The layout comprises a
superconducting solenoid of 6 m internal diame-
ter, providing a uniform magnetic field of 3.8 T.
The bore of the solenoid is instrumented with var-
ious particle detection systems. The inner track-
ing system is composed of a pixel detector with
three barrel layers at radii between 4.4 and 10.2
cm and a silicon strip tracker with 10 barrel de-
tection layers extending outwards to a radius of
1.1m. Each system is completed by two end caps,
extending the acceptance up to |η| < 2.5. A
lead tungstate crystal electromagnetic calorime-
ter with fine transverse (∆η,∆φ) granularity and
a brass-scintillator hadronic calorimeter surround
the tracking volume and cover the region |η| < 3.

The steel return yoke outside the solenoid is in
turn instrumented with gas detectors which are
used to identify muons in the range |η| < 2.4.
The barrel region is covered by drift tubes and
the end-cap region by cathode strip chambers.
A calorimeter made of steel absorber and quartz
fiber extends to coverage in forward regions up to
|η| < 5.0.

Both experiments have profited from many
months of training and analysis with cosmic
data [5,6] before the arrival of the first LHC
collisions. The first LHC collisions were pro-
duced at a proton-proton

√
s = 900 GeV dur-

ing ”pilot” runs and then, after a few weeks, at
a record

√
s = 2.36 TeV. The data collected by

the two large experiments, ATLAS and CMS dur-
ing these early runs were essentially used to final-
ize the commissioning of the detectors and the
analysis tools, and to validate the computing and
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Figure 2. Cut-away perspective view of the CMS Detector. The instrument occupies a volume of cylin-
drical shape of 21.6 m in length and 14.6 m in diameter, and has a total weight of 12500 t.

data distribution models [7,8]. But the level of
readiness of the experiments was such, that first
physics results could be produced, in some cases
within days or weeks. The first public results con-
cerned basic QCD background properties such as
the measurement of the underlying event activ-
ity, track multiplicity and transverse momentum
flow measurements, or for instance the observa-
tion of diffraction in proton-proton collisions. Af-
ter a short technical stop, the LHC operations
have resumed in early spring 2010 at

√
s = 7 TeV,

the highest energy compatible with a secured and
stable functioning of the collider. Before to start
with section 4 a journey through some of the main
2010 results and prospects for the full Run I, it
is useful to briefly compare the situation of the
Tevatron and the LHC colliders.

3. CROSS SECTIONS, KINEMATICS:
FROM TEVATRON TO LHC:

The evolution of the production cross sections
for characteristic particles in pp̄ and pp colli-
sions [9,10] is shown as a function of

√
s in Fig. 3.

The production cross section for a given massive
particle increases faster with

√
s than the total in-

clusive pp̄ (pp) cross section, and fastest for the
heaviest particles. In comparison to the Teva-
tron, the LHC thus offers a cleaner environment
for Z/W electroweak physics. The Z and W pro-
duction will be used as ”candles” at the LHC
and are expected to be measured with very small
remaining instrumental QCD background. The
LHC also brings a very large increase of the top
quark and Higgs boson production cross sections.
The Higgs boson observation will profit from a
lower background from electroweak processes at
the LHC. But this observation remains very chal-
lenging with an eventual signal (taking into ac-
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Figure 3. Evolution of the production cross sec-
tion as a function of

√
s at pp̄ and pp colliders,

for inclusive jets and for various massive parti-
cles (b- and t-quarks, Z and W bosons, SM Higgs
boson) [9].

count the Higgs boson decay branching ratio) ly-
ing 1010 to 1013 orders of magnitude below to the
inelastic collision rate, depending on the chan-
nel. The search for the Higgs implies the usage of
state-of-the-art detector and triggering technolo-
gies combined with rare decay data reduction and
analysis techniques.

The Tevatron pp̄ collider and the LHC pp col-
lider provide a broad band of partons (quarks,
anti-quarks and gluons) that may participate in
the hard collisions. For an hypothetical particle
X of given mass MX produced at a rapidity y
in a hard collision between partons, the Bjorken
x1 and x2, the fraction of the proton longitudinal

Figure 4. Parton luminosity ratio for gluon-gluon
and the sum of quark-antiquark interactions as a
function of the energy available to create a mass
MX . The ratio is obtained [10] for 7 TeV pp col-
lisions (LHC Run I) normalized to 1.96 TeV pp̄
(Tevatron Run II).

momenta carried by the participating partons are
x1 = (MX/

√
s)× e+y and x2 = (MX/

√
s)× e−y,

and MX =
√
x1x2s. Compared to the situation

at the Tevatron, the production of particles of a
given mass MX at the LHC thus involves par-
tons at much lower xi values, where the gluon
parton density is increasing rapidly, and this has
dramatic consequences. To see this, it is instruc-
tive to compare the ratio of the parton luminosi-
ties [10,11] in 7 TeV pp collisions over those in
1.96 TeV pp̄ collisions as a function of the en-
ergy available to create a given mass MX , i.e.
the centre-of-mass energy of the colliding partons.
Such a ratio is shown in Fig. 4 for gluon-gluon
and quark-antiquark interactions. The gluon den-
sity in the proton increases rapidly when probing
partons that carry a smaller fraction of the pro-
ton momenta, and this translates in a consider-
able gain in parton luminosities at the LHC for a
given MX . In this respect the LHC can be seen
as a “gluon-gluon” collider. For the production
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of a Higgs boson via gluon-gluon fusion (see sec-
tion 5) a gain of a factor of 10 to 15 is obtained
in the low mass range 110<∼MX <∼ 135 GeV. For
the production of a pair of squarks from super-
symmetry, which involves quarks or gluons in the
initial state (section 5) the gain factor is > 100,
for masses above 300 GeV. The production of
a new Z′ gauge boson (section 6) which involves
quarks and anti-quarks in the initial state is en-
hanced by a factor > 50 for masses at the TeV
scale.

4. FIRST RESULTS AT THE LHC:
STANDARD MODEL CANDLES

W and Z Bosons:
The measurement of inclusive production of W
and Z bosons has been an important benchmark
at the LHC in 2010. The W and Z production in
hadronic collisions occur at leading order through
the annihilation process qq̄ → W/Z. The dynam-
ics is controlled by QCD. In contrast to the situ-
ation at the Tevatron, the scattering at the LHC
involves partons at lower Bjorken x and thus dom-
inantly involves sea quarks and anti-quarks. The
inclusive W and Z production also receives a small
(<5%) “electroweak” contribution via vector bo-
son fusion.

Early results on inclusive W and Z production
were obtained by ATLAS [12] with an integrated
luminosity of only 320 nb−1 and by CMS [13] with
an integrated luminosity of 2.9 pb−1. Some il-
lustration of the early CMS results are provided
in Fig. 5 and 6. The di-electron invariant mass
spectrum for the Z selection at the LHC is seen in
Fig. 5 to be quasi-background free for masses in
the range from 60 to 120 GeV. The total back-
ground from QCD instrumental background, di-
top production etc. amounts to well below 0.5%
of the selected sample. The transverse mass (MT )
spectrum for the W selection is also seen to be
remarkably clean. The transverse mass is de-
fined as MT =

√
2pTE/T(1− cos ∆φ), where ∆φ

is the angle between the missing transverse mo-
mentum and the lepton transverse momentum,
and E/T is the missing transverse energy. In the
CMS analysis the E/T is actually measured as the
negative of the vector sum of all reconstructed
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Figure 2. The Z signal distributions: (a) dielectron mass spectrum for the selected Z → e
+
e
−

sample; (b) dimuon mass spectrum for the selected Z → µ+µ− sample. The points represent

the data and the histograms, the simulation. Backgrounds are negligible and are not represented

in the plots.

7 Systematic uncertainties

The largest uncertainty for the cross section measurement comes from the estimation of the

integrated luminosity. CMS uses signals from the forward hadronic (HF) calorimeters to

measure the instantaneous luminosity in real time with an absolute normalization obtained

with Van der Meer scans, from which we infer the size of the colliding beams and thereby

the luminosity, with minimal reliance on simulations [21]. The total luminosity uncertainty

amounts to 11% and is expected to diminish in the future.

Aside from luminosity, the main source of experimental uncertainty in our measure-

ments comes from the propagation of uncertainties on the efficiency ratios obtained by the

tag-and-probe method. This amounts to 3.9% and 1.4% for W → eν and W → µν analy-

ses, respectively. In the Z → e
+
e
−

channel, we conservatively neglect the anti-correlation

between efficiencies and yields, which are extracted separately from the same sample; the

efficiency uncertainties amount to 5.9%. In the Z → µ+µ− analysis, yield and efficiencies

are determined simultaneously, and therefore the efficiency uncertainties are part of the

statistical error from the fit. Corrections of 0.5% and 1.0% are applied to the W→ µν and

Z → µ+µ− event yields, respectively, to account for a loss of events due to barrel muon

triggers that failed timing requirements and for which the tracker data were not read out

properly. These corrections are determined from the data, and lead to a 0.5% systematic

uncertainty in both channels.

Sub-dominant systematic uncertainties come from the lepton energy/momentum scale

and resolution. Electron energy correction factors are approximately 1% to 3% in the barrel

and endcap calorimeters, from the observed shift of the Z mass peak. In the W → eν
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Figure 1. The W signal distributions: (a) E/T distribution for the selected W→ eν sample; (b) MT

distributions for the selected W → µν sample. The points represent the data. Superimposed are

the results of the maximum likelihood fits for signal plus backgrounds, in yellow; all backgrounds,

in orange; QCD backgrounds, in violet. The dashed lines represent the signal distributions.

Smirnov test. The inclusive yield is NW = 12 257 ± 111. The charge-specific yields are

NW+ = 7 445 ± 87 and NW− = 4 812 ± 69. Here, we fit simultaneously for the inclusive

yield NW and the ratio NW+/NW− so that, by construction, NW = NW+ + NW− .

6.2 Z boson selection

To identify Z → �+�− decays, a pair of identified leptons is required, with dilepton in-

variant mass in the range 60 < M�+�− < 120 GeV. Backgrounds are very low, including

backgrounds from QCD processes. In the Z→ e
+
e
−

channel, the yield is obtained by count-

ing the number of selected events and making a small correction for backgrounds. In the

Z→ µ+µ− channel, yield and lepton efficiencies are fitted simultaneously. No correction is

made for γ∗ exchange.

6.2.1 Electrons

The Z → e
+
e
−

candidate events are required to have two electrons satisfying the same

selection criteria as the electrons selected in the W → eν sample. Both electrons must

have an ECAL cluster with ET > 20 GeV in the ECAL fiducial volume. The fraction of

signal events selected in the simulation is FZ = 0.285± 0.005.

The Z mass peaks in the data exhibit small shifts, on the order of 1 to 2%, with respect

to the simulated distributions. From these shifts, we determine ECAL cluster energy scale

correction factors of 1.015 ± 0.002 and 1.033 ± 0.005 for barrel and endcap electrons,

respectively. The uncertainties on these correction factors are propagated as systematic

uncertainties on the yield. Applying these corrections to electron candidates in the data,

we select 677 events, with the dielectron invariant mass shown in figure 2 (a), along with

– 11 –

Figure 5. Measurement by CMS at the LHC [13]
of (top) the Z → ll signal mass distribution for
a Z → e+e− sample and (bottom) the W → lν
signal transverse mass distribution for a W → µν
sample.

transverse momentum of particles identified with
a particle flow algorithm [14]. The increase of
the W and Z cross sections with collider energy
is seen in Fig. 6 to be as expected by the SM.
The measured ratio of the W to Z production
cross sections as well as the ratio R± of the W+

to W− production cross sections are also seen to
be very well predicted. These provide a strin-
gent test of the theory because the systematic
uncertainty from the pp luminosity measurement
cancels out in the ratio. The ratio R± > 1 is a
reflection of the structure of the proton and its
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Figure 6. Measurement at the LHC of the W and
Z production cross section times branching ratio
as a function of

√
s. The results shown corre-

spond to the early 2010 CMS [13] and ATLAS [12]
results. They are compared to lower energy re-
sults from Tevatron experiments.

uud composition in valence quarks. The cross
section σ(pp → WX) × B(W → lν) is measured
to be '10 nb, and about 10 times larger than
σ(pp → ZX) × B(Z → ll). The CMS results
have been very recently updated [15] for the com-
plete 2010 integrated luminosity of 36 pb−1. A
good agreement is found between the measure-
ments at the LHC and theoretical predictions
computed at the Next-to-next-to-Leading-Order
(NNLO) QCD level.

With increasing integrated luminosity in the
course of the LHC during in 2010, it became pos-
sible to perform measurements of the Z and W
production cross sections in association with jets.
Results were obtained by the ATLAS collabora-
tion first for W + jets [16], and more recently
for Z + jets [17], using 1.3 pb−1 of integrated lu-
minosity. Results on Z + jets are illustrated in
Fig. 7. The CMS collaboration has recently pre-
sented results [18] using the full 2010 data set of
36 pb−1. The results are found fully consistent
between Z + jets and W + jets, and Berends-
Giele scaling has been verified for final states with
up to 4 jets.

Another important SM electroweak benchmark
at the LHC is the observation and first inclusive
production cross section for Z boson production
in the Z → τ+τ− decay mode. The tau lep-
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Figure 3: Uncorrected measured inclusive jet multiplicity, inclusive pjetT spectrum, leading-jet pjetT in events with
at least one jet, and second-leading-jet pjetT in events with at least two jets in Z/$∗(→ µ+µ−)+jets final states
(black dots). Only statistical uncertainties in data are shown. The data are compared to MC predictions for signal
(ALPGEN) and SM background processes, as described in Section 3.
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Figure 6: Measured cross section $Njet (black dots) in (left) Z/#∗(→ e+e−)+jets and (right) Z/#∗(→ µ+µ−)+jets
production as a function of the inclusive jet multiplicity, for events with at least one jet with pjetT > 20 GeV and
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from MCFM (only available in the first two bins and including uncertainties), as well as the predictions from
ALPGEN, SHERPA, and PYTHIA (×1.18). The shadowed areas around ALPGEN and SHERPA predictions
denote a 5% uncertainty on the absolute normalization.
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Figure 7: Measured ratio of cross sections ($Njet/$Njet−1) (black dots) in (left) Z/#∗(→ e+e−)+jets and (right)
Z/#∗(→ µ+µ−)+jets production as a function of the inclusive jet multiplicity, for events with at least one jet with
pjetT > 20 GeV and |& jet| < 2.8 in the final state. The error bars indicate the statistical uncertainty and the dashed
areas the statistical and systematic uncertainties added in quadrature. The measurements are compared to NLO
pQCD predictions from MCFM (only available in the first two bins and including uncertainties), as well as the
predictions from ALPGEN, SHERPA, and PYTHIA.
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Figure 7. Measurements at the LHC [16] of the
Z/γ∗ → µ+µ− + jets production for events con-
taining at least one jet with pjet

T > 20 GeV; (top)
leading-jet pT spectrum; (bottom) measured ratio
of the cross sections (σNjet/σNjet−1).

ton can decay into a purely leptonic final state
τl → lνlντ where l = e, µ or into semihadronic
final states. The former are denoted ”τl” and the
latter ”τh” decays. Establishing a Z → τlτh sig-
nal is particularly important as a SM candle (and
background) for new physics searches relying on
tau lepton pair production, such as the searches
in the scalar sector of supersymmetric theories
(see section 5). Results for the Z → τ+τ− decay
mode have been recently presented by the AT-
LAS [19] for an integrated luminosity of 8.3 pb−1

and CMS [20] collaborations for the full 2010
dataset of 36 pb−1. A rather clean signal is es-
tablished in both experiments. The cross section
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σ(pp → ZX) × B(Z → τ+τ−) obtained by CMS
is of about ' 1 nb and is measured with precision
of about 10%.

Top Quark:
The LHC is a top quark factory. At hadronic
colliders, the top quarks are produced primar-
ily via the strong interaction in top-antitop (tt̄)
pairs. The dominating tt̄ production mecha-
nism in pp collisions is via gluon fusion, whereas
in contrast in pp̄ collisions at the Tevatron the
pairs are predominantly produced through quark-
antiquark annihilation. Single top can be pro-
duced in hadronic collisions through electroweak
processes such as via t-channel exchange of a W
boson. This should allow for precision measure-
ments the top quark physical massmt (or Yukawa
coupling to the Higgs boson) and the CKM mass
mixing matrix element |Vtb|. Improving on the
precision already obtained in the Tevatron ex-
periments on the top quark mass will take time.
In contrast, a direct measurement of |Vtb| could
become possible with a precision of O(10)% us-
ing LHC Run I data. Otherwise, besides mt and
|Vtb| which are free parameters of the SM, the top
quark quantum numbers are highly constrained
by the structure of the theory and the cancella-
tion of triangular anomalies.

The top width is calculable in the SM and
found to be ∼ 1.5 GeV. The correspondingly very
short top quark lifetime of ∼ 0.5× 10−24, a value
much smaller than the characteristic QCD time
scale of Λ−1

QCD, implies that it is expected to de-
cay before top-flavoured hadrons can form. Inter-
esting top quark spin correlation studies are thus
made possible in gluon-gluon interactions at the
LHC. The top quark physics opens new possibil-
ities for search of physics beyond the SM. One
possibility is to look for new top quark decays.
With |Vtb| ∼ 1, the top quark is expected to decay
with ∼ 100% to Wb. But there is room to search
for the decay t→ H+b involving a charged Higgs
(see section 5). More generally the top quark
could very well turn out to be something else
than just another elementary quark, with pos-
sibly part or all of it’s mass arising from some-
thing else than the ordinary Yukawa interaction
with the SM Higgs field. Some of the possible
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Figure 3: Distributions of the invariant mass of the 3-jet combination having the highest pT for (a) the ≥4-jet
tagged e+jets sample, (b) the ≥4-jet tagged µ+jets sample, (c) the ≥4-jet tagged samples combined and (d) the
combined 3-jet tagged sample. The data is compared to the sum of all expected contributions. For the totals
shown, simulation estimates are used for all contributions except QCD multi-jet, where a data-driven technique is
used. The background uncertainty on the total expectation is represented by the hatched area.
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Figure 3: Distributions of the invariant mass of the 3-jet combination having the highest pT for (a) the ≥4-jet
tagged e+jets sample, (b) the ≥4-jet tagged µ+jets sample, (c) the ≥4-jet tagged samples combined and (d) the
combined 3-jet tagged sample. The data is compared to the sum of all expected contributions. For the totals
shown, simulation estimates are used for all contributions except QCD multi-jet, where a data-driven technique is
used. The background uncertainty on the total expectation is represented by the hatched area.
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Figure 8. Distribution of the invariant mass mea-
sured by ATLAS [22] for the 3-jet combination
having the highest pT in (top) the 3-jet and (bot-
tom) ≥ 4-jet tagged samples. The data points
are compared to the sum of all expected contribu-
tions. The background uncertainty on the total
expectation is represented by the hatched area.

consequences will be discussed in section 5. Be-
sides precision measurements and the search for
new physics involving the top quark itself, the
top quark production at the LHC is an impor-
tant background for other searches as it is one of
the main source (with W and Z production) of
isolated high pT leptons.

The first top-quark pair production cross
sections where measured at the LHC by the
CMS [21] and ATLAS [22] experiments with inte-
grated luminosities of only ' 3 pb−1. A good sig-
nal to background ratio is obtained [22] with cut-
based analysis strategies as illustrated in Fig. 8
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4 3 Comparisons with other measurements and theory
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Figure 2: Top pair production cross section as a function of
√

s, for both pp̄ and pp collisions.

TEVATRON measurements made at
√

s = 1.8 TeV are taken from [17, 18], while those made

at
√

s = 1.96 TeV are taken from [19, 20]. The CMS combined measurement presented in this

note is shown, as well as the ATLAS measurement from [2]. Data points are slightly displaced

horizontally for better visibility. Theory predictions at approximate NNLO are obtained us-

ing [15, 16]. The error band of the prediction corresponds to the scale uncertainty.

Figure 9. Top-quark pair production cross section
as a function of

√
s measured in pp̄ and pp colli-

sions. The CDF and D0 measurements were ob-
tained at

√
s = 1.8 TeV and

√
s = 1.96 TeV [23].

The CMS combined measurement from Ref. [24]
is shown as well as the ATLAS measurement from
Ref. [22].

for the lepton + jets sample. The top pro-
duction cross section measurements presented by
CMS [24] at early spring 2011 conferences is
shown Fig. 9 and compared to ATLAS results and
to pp̄ collisions results from the Tevatron. The
evolution of the cross section with

√
s is found

to be well described by the SM at NLO. Com-
bining various channels, a total cross section of
σtt̄ = 158 ± 19 pb is measured (including uncer-
tainties on the pp luminosity).

The observation of single top production is
difficult at hadronic colliders. The first observa-
tion of single top production at the Tevatron was
obtained in 2009, more than twenty years after
the start of the operation of the pp̄ collider. Both
the ATLAS [25] and CMS [26] have already per-
formed analysis at the LHC using their full 2010
datasets and a first measurement of the t-channel
production cross section has been presented very
recently [26]. Such a finding which relies on a
complicated final state with a least a lepton, E/T,
b-quark tagging and jets and makes use of mul-
tivariate analysis techniques shows the level of
readiness of the LHC experiments for challenging

searches such as the eventual search for a Higgs
boson at low or intermediate masses.

Di-Bosons:
The measurements of weak di-boson production
are the next, and possibly the last, step on the
road towards SM Higgs boson production. The
WW production has been observed by both the
ATLAS [27] and the CMS [28] experiments using
their full 2011 datasets. The definitive observa-
tion of WZ will require four to five times more
data and is expected in spring or early summer
2011. A single event has been observed in the
ZZ→ 4µ channel in 2010 satisfying pre-defined
cuts [29] and with a reconstructed 4 lepton in-
variant mass of m4l ' 202 GeV. The cross sec-
tion × branching ratio for decays with charged
lepton (l = eµ) is about ten times smaller for ZZ
production than that for WW production. The
rate of ZZ* signal events for reconstructed 4 lep-
ton masses m4l > 100 GeV is expected to be too
low to allow for a background measurement from
side-bands at the time of an eventual discovery of
the SM Higgs bosons, for a wide range of possible
mH (' m4l) hypothesis.

5. HIGGS BOSON(S) AND SUPERSYM-
METRY: PROSPECTS AND FIRST
RESULTS

Electroweak Symmetry Breaking:
A most important unsolved (or unproven) issue

for the SM is the question of the origin of particle
masses and electroweak symmetry breaking. In
the SM, a fundamental scalar field, the so-called
Higgs field, is assumed to pervade the universe
and to possess, through self-interactions, a non-
zero field strength of the ground state. While
the electroweak Lagrangian is invariant under
gauge symmetry, the non-zero vacuum expecta-
tion value for the scalar field induces a breaking
of the SU(2)L × U(1)Y symmetries which relates
the electromagnetic and weak interactions. This
”Higgs mechanism” of spontaneous electroweak
symmetry breaking (EWSB) provides a mass to
the gauge Z0 and W± gauge bosons and leave
the photon massless, while preserving the renor-
malizability of the theory. In the SM, the scalar
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2 Gluon-Fusion Process13

2.1 Higgs-boson production in gluon–gluon fusion
Gluon fusion through a heavy-quark loop [6] (see Fig. 1) is the main production mechanism of the
Standard Model Higgs boson at hadron colliders. When combined with the decay channels H → !! ,
H → WW, and H → ZZ, this production mechanism is one of the most important for Higgs-boson
searches and studies over the entire mass range, 100 GeV <∼ MH

<∼ 1 TeV, to be investigated at the
LHC.

Ht,b

g

g

Fig. 1: Feynman diagram contributing to gg → H at lowest order.

The dynamics of the gluon-fusion mechanism is controlled by strong interactions. Detailed studies
of the effect of QCD radiative corrections are thus necessary to obtain accurate theoretical predictions.
In QCD perturbation theory, the leading order (LO) contribution [6] to the gluon-fusion cross section
is proportional to α2

s , where αs is the QCD coupling constant. The main contribution arises from the
top quark, due to its large Yukawa coupling to the Higgs boson. The QCD radiative corrections to this
process at next-to-leading order (NLO) have been known for some time, both in the large-mt limit [7,8]
and maintaining the full top- and bottom-quark mass dependence [9, 10]. They increase the LO cross
section by about 80−100% at the LHC. The exact calculation is very well approximated by the large-mt

limit. When the exact Born cross section with the full dependence on the mass of the top quark is used to
normalize the result, the difference between the exact and the approximated NLO cross sections is only
a few percent. The next-to-next-to-leading order (NNLO) corrections have been computed only in this
limit [11–17], leading to an additional increase of the cross section of about 25%. The NNLO calculation
has been consistently improved by resumming the soft-gluon contributions up to NNLL [18]. The result
leads to an additional increase of the cross section of about 7−9% (6−7%) at

√
s = 7 (14) TeV. The

NNLL result is nicely confirmed by the evaluation of the leading soft contributions at N3LO [19–23].
Recent years have seen further progress in the computation of radiative corrections and in the

assessment of their uncertainties. The accuracy of the large-mt approximation at NNLO has been stud-
ied in Refs. [24–29]. These papers have definitely shown that if the Higgs boson is relatively light
(MH

<∼ 300 GeV), the large-mt approximation works extremely well, to better than 1%. As discussed
below, these results allow us to formulate accurate theoretical predictions where the top and bottom loops
are treated exactly up to NLO, and the higher-order corrections to the top contribution are treated in the
large-mt approximation [30].

Considerable work has also been done in the evaluation of electroweak (EW) corrections. Two-
loop EW effects are now known [31–35]. They increase the cross section by a factor that strongly
depends on the Higgs-boson mass, changing from +5% for MH = 120 GeV to about −2% for MH =

300 GeV [35]. The main uncertainty in the EW analysis comes from the fact that it is not obvious how to
combine them with the large QCD corrections. In the partial factorization scheme of Ref. [35] the EW
correction applies only to the LO result. In the complete factorization scheme, the EW correction instead
multiplies the full QCD-corrected cross section. Since QCD corrections are sizeable, this choice has a
non-negligible effect on the actual impact of EW corrections in the computation. The computation of the
dominant mixed QCD–EW effects due to light quarks [30], performed using an effective-Lagrangian

13M. Grazzini, F. Petriello, J. Qian, F. Stoeckli (eds.); J. Baglio, R. Boughezal, and D. de Florian.
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Fig. 4: Topologies of t-, u-, and s-channel contributions for electroweak Higgs-boson production, qq → qqH at
LO, where q denotes any quark or antiquark and V stands forW and Z boson.

α. The preferred choice, which should be most robust with respect to higher-order corrections, is the
so-called GF scheme, where α is derived from Fermi’s constant GF . The impact of EW and QCD
corrections in the favoured Higgs-mass range between 100 and 200 GeV are of order 5% and negative,
and thus as important as the QCD corrections. Photon-induced processes lead to corrections at the
percent level.

Approximate next-to-next-to-leading order (NNLO) QCD corrections to the total inclusive cross
section for VBF have been presented in Ref. [75]. The theoretical predictions are obtained using the
structure-function approach [65]. Upon including the NNLO corrections in QCD for the VBF production
mechanism via the structure-function approach the theoretical uncertainty for this channel, i.e. the scale
dependence, reduces from the 5−10% of the NLOQCD and electroweak combined computations [65,70]
down to 1−2%. The uncertainties due to parton distributions are estimated to be at the same level.

3.2 Higher-order calculations
In order to study the NLO corrections to Higgs-boson production in VBF, we have used two existing par-
tonic Monte Carlo programs: HAWK and VBFNLO, which we now present. Furthermore we also give
results of the NNLO QCD calculation based on VBF@NNLO and combine them with the electroweak
corrections obtained from HAWK.

3.2.1 HAWK – NLO QCD and EW corrections
HAWK [69–71] is a Monte Carlo event generator for pp → H + 2 jets. It includes the complete
NLO QCD and electroweak corrections and all weak-boson fusion and quark–antiquark annihilation
diagrams, i.e. t-channel and u-channel diagrams with VBF-like vector-boson exchange and s-channel
Higgs-strahlung diagrams with hadronic weak-boson decay. Also, all interferences at LO and NLO
are included. If it is supported by the PDF set, contributions from incoming photons, which are at
the level of 1−2%, can be taken into account. Leading heavy-Higgs-boson effects at two-loop order
proportional to G2

F M4
H are included according to Refs. [76,77]. While these contributions are negligible

for small Higgs-boson masses, they become important for Higgs-boson masses above 400 GeV. For
MH = 700 GeV they yield +4%, i.e. about half of the total EW corrections. This signals a breakdown
of the perturbative expansion, and these contributions can be viewed as an estimate of the theoretical
uncertainty. Contributions of b-quark PDFs and final-state b quarks can be taken into account at LO.
While the effect of only initial b quarks is negligible, final-state b quarks can increase the cross section
by up to 4%. While s-channel diagrams can contribute up to 25% for small Higgs-boson masses in the
total cross section without cuts, their contribution is below 1% once VBF cuts are applied. Since the
s-channel diagrams are actually a contribution to WH and ZH production, they are switched off in the
following.

18

c) u/d

d/u

H

W

W
±

q

q

H

Z

Z

t

g

g
H

Z

(a) (b) (c)

Fig. 7: (a), (b) LO diagrams for the partonic processes pp → V H (V = W, Z); (c) diagram contributing to the
gg → HZ channel.

√
s = 7 TeV ATLAS expects to exclude a Higgs boson at 95% CL with a cross section equivalent to

about 6 times the SM one [101], while with 5 fb−1 of data and
√

s = 8 TeV CMS expects to exclude
a Higgs boson at 95% CL with a cross section equivalent to about 2 times the SM one [102]. These
results are very preliminary and partially rely on analyses which have not been re-optimized for the
lower centre-of-mass energy.

One of the main challenges of these searches is to control the backgrounds down to a precision of
about 10% or better in the very specific kinematic region where the signal is expected. Precise differential
predictions for these backgrounds as provided by theoretical perturbative calculations and parton-shower
Monte Carlo generators are therefore crucial. Further studies (e.g. in Ref. [103]) suggest that with data
corresponding to an integrated luminosity of the order of 30 fb−1 the tt̄ background might be extracted
from data in a signal-free control region, while this seems to be significantly harder for theWbb̄ or Zbb̄

irreducible backgrounds, even in the presence of such a large amount of data.
For all search channels previously mentioned, a precise prediction of the signal cross section and

of the kinematic properties of the produced final-state particles is of utmost importance, together with
a possibly accurate estimation of the connected systematic uncertainties. The scope of this section is to
present the state-of-the-art inclusive cross sections for the WH and ZH Higgs-boson production modes
at different LHC centre-of-mass energies and for different possible values of the Higgs-boson mass and
their connected uncertainties.

4.2 Theoretical framework
The inclusive partonic cross section for associated production of a Higgs boson (H) and a weak gauge
boson (V ) can be written as

σ̂(ŝ) =

∫ ŝ

0
dk2 σ(V ∗

(k))
dΓ

dk2
(V ∗

(k)→ HV ) + ∆σ , (2)

where
√

ŝ is the partonic centre-of-mass energy. The first term on the r.h.s. arises from terms where a
virtual gauge boson V ∗ with momentum k is produced in a Drell–Yan-like process, which then radiates
a Higgs boson. The factor σ(V ∗

) is the total cross section for producing the intermediate vector boson
and is fully analogous to the Drell–Yan expression. The second term on the r.h.s., ∆σ, comprises all
remaining contributions. The hadronic cross section is obtained from the partonic expression of Eq. (2)
by convoluting it with the parton densities in the usual way.

The LO prediction for pp → V H (V = W,Z) is based on the Feynman diagrams shown in
Fig. 7 (a),(b) and leads to a LO cross section of O(G2

F ). Through NLO, the QCD corrections are fully
given by the NLO QCD corrections to the Drell–Yan cross section σ̂(V ∗

) [104–106]. For V = W, this
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5 ttH Process19

5.1 Higgs-boson production in association with tt pairs
Higgs radiation off top quarks qq/gg → Htt (see Fig. 12) plays a role for light Higgs masses below
∼ 150 GeV at the LHC. The measurement of the ttH production rate can provide relevant information
on the top–Higgs Yukawa coupling. The leading-order (LO) cross section was computed a long time
ago [113–117]. These LO results are plagued by large theoretical uncertainties due to the strong de-
pendence on the renormalization scale of the strong coupling constant and on the factorization scales of
the parton density functions inside the proton, respectively. For the LO cross section there are several
public codes available, as e.g. HQQ [64, 118], MADGRAPH/MADEVENT [119, 120], MCFM [112], or
PYTHIA [121]. The dominant background processes for this signal process are ttbb, ttjj, tt!! , ttZ,
and ttW

+
W
− production depending on the final-state Higgs-boson decay.

q

q

H

t

t

H

g

g

t

t

Fig. 12: Examples of LO Feynman diagrams for the partonic processes qq, gg → ttH.

The full next-to-leading-order (NLO) QCD corrections to ttH production have been calculated
[122–125] resulting in a moderate increase of the total cross section at the LHC by at most ∼ 20%,
depending on the value ofMH and on the PDF set used. Indeed, when using CTEQ6.6 the NLO correc-
tions are always positive and the K-factor varies between 1.14 and 1.22 for MH = 90, . . . , 300 GeV,
while when using MSTW2008 the impact of NLO corrections is much less uniform: NLO corrections
can either increase or decrease the LO cross section by a few percents and result in K-factors between
1.05 and 0.98 forMH = 90, . . . , 300 GeV.

The residual scale dependence has decreased from O(50%) to a level of O(10%) at NLO, if
the renormalization and factorization scales are varied by a factor 2 up- and downwards around the
central scale choice, thus signalling a significant improvement of the theoretical prediction at NLO.
The full NLO results confirm former estimates based on an effective-Higgs approximation [126] which
approximates Higgs radiation as a fragmentation process in the high-energy limit. The NLO effects on
the relevant parts of final-state particle distribution shapes are of moderate size, i.e. O(10%), so that
former experimental analyses are not expected to change much due to these results. There is no public
NLO code for the signal process available yet.

5.2 Background processes
Recently the NLO QCD corrections to the ttbb production background have been calculated [127–131].
By choosing µ2

R = µ2
F = mt

√
pTbpTb as the central renormalization and factorization scales the NLO

corrections increase the background cross section within the signal region by about 20 − −30%. The
scale dependence is significantly reduced to a level significantly below 30%. The new predictions for
the NLO QCD cross sections with the new scale choice µ2

R = µ2
F = mt

√
pTbpTb are larger than the

old LO predictions with the old scale choice µR = µF = mt + mbb/2 by more than 100% within the

19C. Collins-Tooth, C. Neu, L. Reina, M. Spira (eds.); S. Dawson, S. Dean, S. Dittmaier, M. Krämer, C.T. Potter and
D. Wackeroth.
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Figure 10. Examples of leading order Feynman
diagrams contribution to the production of the
SM Higgs boson in hadronic collisions; (a) gluon-
gluon fusion gg → H through b- and t-quark
fermion loops; (b) vector boson fusion WWH or
ZZH; (c) Higgs-strahlung WH or ZH; (d) associ-
ated production of a Higgs boson and a tt̄ pair.

field transforms as a doublet under SU(2)L and
the EWSB leaves one physical Higgs boson. The
mass of the Higgs boson is not provided by the
theory. The elementary fermions acquire masses
after EWSB through Yukawa interactions (of ar-
bitrary strengths) with the Higgs field. The SM
Higgs boson thus couples to elementary fermions
in proportion to their mass which are arbitrary
parameters in the theory. The existence of a
”Higgs mechanism” remains unproven, but he
standard EWSB is the only known way to achieve
perfect unitarisation of WLWL scattering. In ab-
sence of the Higgs boson and the WWH coupling,
new interactions should appear at the TeV scale
to avoid unitarity violations from the WLWL

scattering amplitudes which grows quadratically
with energy.
SM Higgs Boson Production:
The SM Higgs boson production mechanisms in
hadronic collisions are illustrated with examples
of leading-order (LO) diagrams in Fig. 10. The
main production processes are gluon-gluon fu-
sion (ggH), vector boson fusion (VBF H), ”Hig-
gstrahlung” (VH) and associated production (e.g.
tt̄ H). The corresponding production cross sec-
tions [30] in pp collisions at the LHC at

√
s =

7 TeV are shown in Fig. 11.
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Fig. 41: The SM Higgs production cross section at
√

s = 7 TeV.

 [GeV] HM
100 200 300 400 500 1000

 H
+X

) [
pb

]  
  

!
(p

p 
"

-110

1

10

210
= 14 TeVs

LH
C

 H
IG

G
S 

XS
 W

G
 2

01
0

 H (NNLO+NNLL QCD + NLO EW)

!pp 

 qqH (NNLO QCD + NLO EW)

!pp 

 WH (NNLO QCD + NLO EW)

!
pp 

 ZH (NNLO QCD +NLO EW)

!
pp 

 ttH (NLO QCD)

!
pp 

Fig. 42: The SM Higgs production cross section at
√

s = 14 TeV.
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Figure 11. Standard Model Higgs boson produc-
tion cross section [30] in pp collisions at the LHC
at
√
s = 7 TeV.

The gluon-gluon fusion production mechanism
(ggH) dominates over the entire mass range al-
lowed by the SM, as can be seen in Fig. 11. It is
about seven times larger then the sum of all other
contributions. The ggH production in the SM is
mediated by triangular quark fermion loops. The
dynamics is controlled by the strong interactions.
The LO contribution is proportional to α2

s where
αs is the strong coupling constant. The higher
order QCD corrections are important and they
stabilize the cross section when the renormalisa-
tion and factorization scales are varied. The NLO
contributions increase the LO cross section by 80-
100% at the LHC. The strength of the Yukawa
couplings gffH of the Higgs boson to fermions is
proportional to the fermion mass mf , such that
the ggH production arises mainly via the media-
tion of top quark loops.

The sub-leading production mechanism is the
VBF Higgs boson production through WWH or
ZZH couplings. The LO contribution involves
only quarks or antiquarks in the initial state. The
higher order QCD corrections are small. The
NLO contributions increase the LO cross sec-
tion by 5-10% at the LHC. In the VBF process,
the weak bosons are emitted from a quark from
each of the incoming proton. The quarks are de-
flected and give a characteristic pair of ”forward-
backward” jet tags that can be exploited by
the experiments to suppress background. As
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can be seen in Fig. 11, the relative contribu-
tion of the VBF mechanism increases with in-
creasing Higgs boson mass hypothesis. At mH =
110 GeV, it represents 6.6% of the total ”inclu-
sive” (VBF H+ggH) production. This fraction
increases to 11.1% at mH = 300 GeV.

The VH production mechanism plays a role
mostly at low mH. The WH production cross
section is about 1.8 times larger than the ZH
production. Compared to the VBF H contribu-
tion, the sum of the WH and ZH contributions is
almost as large at mH = 110 GeV, but become
ten times smaller at mH = 110 GeV. The NLO
contributions increase the LO cross section for
VH production by about 20% at the LHC.

SM Higgs Boson Decay:
The SM Higgs boson decay branching ratios as a
function of the Higgs boson mass hypothesis are
shown in Fig. 12. The decay H → bb̄ dominates in
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Fig. 43: The SM Higgs branching ratios as a function of the Higgs-boson mass.
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Figure 12. Standard Model Higgs boson decay
branching ratios [30] as a function of the Higgs
boson mass hypothesis.

the “low mass” range, up to mH ' 135 GeV. The
branching ratio for the decay H → γγ peaks in
this low mass range around mH ' 125 GeV. The
decay in electroweak bosons, H → W+W− and
H → ZZ represent from 85% to almost 100% of
the Higgs boson decays in the “high mass” range

beyond mH ' 155 GeV. The notion of “low”
and “high” mass range defined in this way will
be useful for the following discussion. The re-
gion in between with 135<∼mH <∼ 155 GeV, called
here the “intermediate mass” range, is covered by
many channels. The branching ratio for the de-
cay H → Zγ peaks around mH ' 145 GeV. The
branching ratio for the decay H → ZZ becomes
larger than that of H → ττ near the lower edge
of the intermediate mass region, namely around
mH ' 133 GeV. The branching ratio for the
decay H → γγ remains sizeable (≥ 0.1%) over
the full intermediate mass range. The branching
ratio for the decay H → ττ remains above 1%
over the full low and intermediate mass ranges.
Not visible on Fig. 12 is the branching ratio
for the decay H → µµ which is suppressed by
(mµ/mτ )2 ' 3.5 × 10−3 with respect to that of
H → ττ , and thus remains everywhere well below
0.1%.

The mean number of SM Higgs boson events
expected for an integrated luminosity of 1 fb−1

from the various production mechanisms and
the decay branching ratio in some of the leading
channels are given for convenience in Table 1
and 2. As can be seen from these tables, the

Table 1
Mean number of Higgs boson events expected in
the various production modes for an integrated
luminosity of 1 fb−1 and for various SM Higgs bo-
son mass (mH) hypothesis.
mH ggH VBF H WH ZH tt̄H
GeV
110 19800 1400 875 472 126
120 16600 1270 656 360 97.6
130 14100 1150 501 278 76.6
150 10500 962 300 171 48.7
170 7730 817 188 111 32.2
200 5250 637 103 61 18.5
300 2420 301 20 12 4.7

SM Higgs boson will have been copiously pro-
duced at the LHC by the time we arrive to such
an integrated luminosity, but only a handful of
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Table 2
Decay branching ratio (in %) for the SM Higgs
boson.
mH bb̄ ττ γγ WW ZZ
GeV
110 74.5 8.03 0.197 4.82 0.44
120 64.9 7.11 0.225 14.3 0.16
130 49.4 5.49 0.226 30.5 4.02
150 15.7 1.79 0.137 69.9 8.28
170 0.79 0.092 0.016 96.5 2.36
200 - - - 74.1 25.6
300 - - - 69.2 30.7

events are expected to be reconstructed in some
of the most spectacular channels. The decay
chain H → ZZ(∗) → 4l with l = e, µ constitutes
a golden channel at the LHC. The branching
ratio for the Z → 2l decay is 6.74% so that
B(H → 4l)/B(H → ZZ) ' 4.5 × 10−3. For a
Higgs boson mass below the 2mZ threshold, in-
terference contributions become relevant for final
states with identical fermions (4e or 4µ). This
provides an enhancement of more than 10% at
mH = 120 GeV. One expects on average from
∼ 2.9 events at mH = 130 GeV and less than 5
events for any mass value in the low and interme-
diate range. A maximal number of signal events
of ∼ 6.8 is expected if mH = 200 GeV. For the
actual experiments, such numbers must be folded
with the acceptance and reconstruction efficiency
within acceptance. The reconstruction efficiency
scales with ε4l where εl is the reconstruction ef-
ficiency (combining particle identification and
isolation) for an individual lepton. Preserving
the highest reconstruction efficiency at a work-
ing point for lepton identification and isolation
sufficient to get rid of instrumental background
such as Z+jets, Zbb̄ and tt̄ is a challenge. The
resolution on the reconstructed mass m4l is then
the key for a statistical separation of the signal
from the electroweak ZZ continuum.

SM Higgs Boson, Prospects and Results:
The search for the SM Higgs boson over a wide
range of possible mass is one of the first objective
for the experiments at the LHC. A combination of

the possible Higgs decay channels will be needed
to arrive to a full coverage of the allowed SM mass
range in Run I. Prospective studies extrapolat-
ing from more detailed analysis by the CMS [31]
and ATLAS [32] experiments show that 1fb−1 of
integrated luminosity could be already sufficient
to be sensitive to a SM Higgs in the intermedi-
ate and high mass range. This is illustrated with
the prospective analysis shown in Fig. 13 show-
ing the expected exclusion limits that could be
established from a combination of channels.
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Figure 12: Top: The multiple of the cross-section of a Standard Model Higgs boson which can be

excluded using 1 fb
−1

of data at 7 TeV. At each mass, every channel giving reporting on it is used. The

plot at the bottom is the same as the top except truncated to 200 GeV. The green and yellow bands

indicate the range in which we expect the limit will lie, depending upon the data.

25

Figure 13. Multiple of the SM Higgs production
cross section that can be excluded using 1fb−1

of integrated luminosity at
√
s = 7 TeV in the

ATLAS experiment [32]. The contribution from
each production and decay channel is indicated
as well as the combined result.

The H→WW channel is seen to be the most
sensitive for an exclusion for masse up to ∼
190 GeV. This situation should remain for as long
as the integrated luminosity remains relatively
modest (here 1 fb−1). This is because of the small
branching ratio in the H→ γγ and H→ZZ→ 4l
which forbids a contribution at low and interme-
diate masses for such luminosity. The H→ZZ is
found to be the most sensitive for an exclusion at
masses >∼ 190 GeV, with the 2l2ν channel bring-
ing a significant contribution at very high masses.

The H→ γγ and H→ 4l will gain importance
in the combination at low mH as soon as the inte-
grated luminosity allows them to open up. This
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is illustrated in Fig.14 which shows the expected
significance for a discovery for an integrated lu-
minosity of 5 fb−1 at

√
s = 7 TeV.

Figure 14. Significance of a SM Higgs boson ob-
servation at the LHC for an integrated luminosity
of 5 fb−1 at a pp centre-of-mass energy of 7 TeV.

The H→WW channel is the most powerful
channel for exclusion at very low luminosity and
this as been exploited by both experiments. Re-
sults in this channel from the ATLAS and CMS
experiment obtained with the full 2010 datasets
are shown in Fig. 15, 16, 17 and 18.

SUSY Higgses, Prospects and Results:
The Higgs boson in the SM suffers from quadrati-
cally divergent self-energy corrections at high en-
ergies [35]. Numerous extensions to the SM have
been proposed to address these divergences. Con-
siderable attention has been given to the related
question of the hierarchy of the fundamental in-
teractions when contemplating a grand unifica-
tion and new physics at some very high energy
scale. A most studied family of models are the su-
persymmetric models. In supersymmetry, a sym-
metry between fundamental bosons and fermions
is postulated which results in a cancellation of
the divergences at tree level. This implies the
existence of supersymmetric particle partners for
ordinary fermions and bosons which will be dis-
cussed below. In the Higgs sector, the minimal

5.1 Search strategy 9

Because the kinematic properties of the Higgs boson decay depend on its mass, the selection

criteria were optimized for each assumed mass value. The requirements are summarized in

Table 4. The numbers of events observed in 36 pb
−1

of data, with the signal and background

predictions are listed in Table 5.

 [degrees]
ll
! "

0 50 100 150

Ev
en

ts
 / 

10
 d

eg
re

es
0.5

1

1.5

2

2.5

3

3.5

4

 [degrees]
ll
! "

0 50 100 150

Ev
en

ts
 / 

10
 d

eg
re

es
0.5

1

1.5

2

2.5

3

3.5

4
-1 = 36 pb

 int
 = 7 TeV, LsCMS, 

data
 WW#H(160) 

WW
Z+jets

, tWtt
di-boson
W+jets
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corresponds to the nonresonant contribution.

Table 4: Values of the selection requirements for several mH mass hypotheses.

mH p�,max

T
( GeV/c) p�,min

T
( GeV/c) m�� ( GeV/c2) ∆φ�� (degree)

( GeV/c2) > > < <
130 25 20 45 60

160 30 25 50 60

200 40 25 90 100

210 44 25 110 110

400 90 25 300 175

In the multivariate approach a boosted decision tree (BDT) technique [44] is used for each Higgs

boson mass hypothesis. In addition to the W+W− selection requirements, a loose cut on the

maximum value of m�� is applied to enhance the signal-to-background ratio. The multivariate

technique uses the following additional variables compared to the cut-based analysis: ∆R�� ≡�
∆η2

�� + ∆φ2

�� between the leptons, ∆η�� being the η difference between the leptons, which has

similar properties as ∆φ��; the angles in the transverse plane between Emiss

T
and each lepton,

which discriminates against events with no real Emiss

T
; the projected Emiss

T
; the transverse mass

of both lepton-Emiss

T
pairs; and finally lepton flavours.

The BDT outputs for mH = 160 GeV/c2 and mH = 200 GeV/c2 are shown in Fig. 5. The

Higgs boson event yield is normalized to the SM expectation in Fig. 5a, while in Fig. 5b the

normalization is to the fourth family scenario. The cut on the BDT output is chosen to have

similar levels of background as the cut-based analysis. Given the better discriminating power

Figure 15. Azimuthal angular separation between
the selected charged leptons after WW∗ selection
by CMS [28]. The data points are compared to
the mean expectation from the background (stag-
gered histogram) including the contribution from
the WW∗ continuum, and for a SM Higgs boson
with mH = 160GeV/c2.

supersymmetric extension to the standard model
(MSSM) requires the presence of two Higgs dou-
blets. This leads to a more complicated Higgs
boson sector, with five massive Higgs bosons: a
light neutral scalar (h), two charged scalars (H±),
a heavy neutral CP-even state (H) and a neutral
CP-odd state (A).

The masses of the MSSM Higgs boson states
are specified up to radiative corrections mainly
by two parameters, usually taken to be the mass
of the pseudoscalar state mA, and the ratio tanβ
of the vacuum expectation values for the two
Higgs doublets giving mass to the u-like and d-like
quarks, tanβ ≡ vu/vd. At large tanβ (greater
than about 20–30) the couplings of the Higgs
bosons to down-type quarks are proportional to
tanβ. As a result the production cross section
for two of the three neutral Higgs bosons can
be nearly as large as that for electroweak gauge
bosons (W,Z) production at a proton-proton col-
lider such as the LHC. Two main production pro-
cesses contribute to pp→ φ+X, where φ = h,H,
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12 5 Search for Higgs Bosons in the W+W− Decay Mode

yield is small, hence the 1σ range of expected outcomes includes pseudo-experiments with

zero observed events. The lower edge of the 1σ band therefore corresponds already to the most

stringent limit on the signal cross section, and fluctuations below that value are not possible.

The σH · BR(H → W+W− → 2�2ν) upper limits are about three times larger than the SM

expectation for mH = 160 GeV/c2. When compared with recent theoretical calculations per-

formed in the context of a SM extension by a sequential fourth family of fermions with very

high masses [8, 49], the results of BDT analyses exclude at 95% C.L. a Higgs boson with mass in

the range from 144 to 207 GeV/c2. Similar results are achieved using the cut-based approach.

The drop in the expected cross section upper limit in the Higgs boson mass region between 200

and 250 GeV/c2 is due to the lower signal efficiency while the background expectation remains

at similar levels.
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Figure 6: 95% mean expected and observed C.L. upper limits on the cross section σH · BR(H

→ W+W− → 2�2ν) for masses in the range 120-600 GeV/c2 using (a) cut-based and (b) mul-

tivariate BDT event selections. Results are obtained using a Bayesian approach. The expected

cross sections for the SM and for the SM with a fourth-fermion family cases (SM4) are also

presented. The dash line indicates the mean of the expected results.

Table 6: 95% observed and mean expected C.L. upper limits on the cross section σH·BR(H

→ W+W− → 2�2ν) for four Higgs masses. The results of the cut-based and the multivariate-

based event selections are obtained using a Bayesian approach. The expected production cross

sections for a SM Higgs boson [50] and for the scenario with an additional fourth family of

fermions are also included.

mH σ · BR σ · BR lim. obs. lim. exp. lim. obs. lim. exp.

( GeV/c2) SM (pb) 4th gen. (pb) cut-based (pb) cut-based (pb) BDT-based (pb) BDT-based (pb)

130 0.45 2.66 6.30 8.07 5.66 6.57

160 0.90 7.54 2.29 3.22 1.93 2.72

200 0.42 3.50 2.80 4.59 2.32 3.72

210 0.37 3.04 3.41 5.53 2.76 4.43

400 0.13 0.55 2.08 3.12 1.94 2.93

Figure 16. Mean expected and observed upper
limits at 95% C.L. on the cross section σH ×
B(H → WW∗ → 2l2ν) for masses in the range
120−600 GeV/c2, as obtained by CMS [28] using
multi-variate selection techniques for the event se-
lections and a Bayesian statistical approach. The
expected cross sections for the SM and for the SM
extended with a fourth-fermion family (SM4) are
also presented.

or A: gg fusion through a b-quark loop and direct
bb̄ annihilation from the b parton density in the
incoming beam protons.

The results from the CMS experiment [36] are
shown in Fig. 19, and 20. Similar results were
obtained by the ATLAS experiment [37]. The
H → ττ is one of the promising decay channel,
but not the only one, studied in the context of
SUSY theories at the LHC. Of course the situa-
tion and the essential phenomenology could turn
out to be very different if non-minimal models
are realized.

Higgs bosons in 2HDM Models:
The extended Higgs sector of minimal super-
symmetric (mSUSY) theories can be effectively
matched to a particular type of two Higgs
doublet-model (2HDM). The 2HDMs, with two
doublet of Higgs fields having the same quantum
numbers, are the simplest extension of the SM
that are compatible with gauge invariance. As for
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Figure 2: The transverse mass mT distribution in the H + 0 j analysis after all the cuts discussed in

Section 5, except for the cut on the transverse mass itself. The signal is shown for mH = 170 GeV. The

signal region lies between the two dotted lines.

Table 4: Expected and observed event counts after all cuts for the WW control region of the H + 0 j

channel in 35 pb−1 of integrated luminosity (mH = 170 GeV). The signal numbers correspond to the case

of mH = 170 GeV. The uncertainties are statistical.

Lepton Flavors signal top WW WZ/ZZ/Wγ Z+jets W+jets Total Bkg. Nobs
eµ 0.05 ± 0.00 0.54 2.67 0.06 0.14 0.07 3.48 ± 0.17 3
ee 0.00 ± 0.00 0.08 0.68 0.01 0.00 0.07 0.84 ± 0.08 0
µµ 0.01 ± 0.00 0.19 1.36 0.06 0.76 0.00 2.37 ± 0.27 5

dilepton opening angle in the transverse plane. A control sample is defined by the same cuts as the signal

region, but with the following changes:

• The dilepton invariant mass cut, defined in Section 4, is changed to m"" > 80 GeV. If the two
leptons have the same flavour, it is required that their invariant mass be different from the Z mass

by at least 10 GeV.

• The cuts on the dilepton opening angle in the transverse plane and the transverse mass mT are
removed.

Table 4 shows the expected numbers of events for signal and backgrounds in this control region, as well

as the observed numbers of events in the data.

The ratio of continuum WW cross-sections in the signal region and in this control region is denoted

as α
0 j
WW and its value is taken fromMonte Carlo (summing over the different lepton flavor combinations).

Three main sources of systematic uncertainty affect this quantity:

• The theoretical error on the extrapolation, estimated by varying the Q2 scale in the Monte Carlo,
is 5%.

• The jet energy scale uncertainty leads to a systematic error of 1.5% on this extrapolation.

• The finite number of Monte Carlo events used to calculate α0 jWW leads to an uncertainty of 4.3%.

7

Figure 17. The transverse mass distribution mT

in the H + 0jet analysis for the H → WW∗ chan-
nel, measured by ATLAS [33] after all selection
cuts (except for the cut on mT itself). The op-
timal signal region lies between the two dotted
lines.

the SM, the 2HDM allow for a perfect unitariza-
tion of WLWL scattering. The masses relations
and couplings of the five physical Higgs bosons
in the most general 2HDM can vary significantly
from the mSUSY models, and this could have im-
portant consequences for the LHC.

In a generic 2HDM, the expressions for the vec-
tor boson masses coincide with the ones in the
SM if v2

1 + v2
2 = v2 where v1 and v2 are the

vacuum expectation values (VEVs) correspond-
ing to each of the doublets, and v is the VEV
of the Higgs doublet for the SM. The HZZ and
HWW couplings are controlled by two angles, β
which is defined as usual via tanβ = v2/v2, and
α the mixing angle in the neutral Higgs sector. In
terms of α and β, the couplings of the h0 and H0

to the vector bosons are necessarily suppressed
with respect to the SM Higgs boson couplings
and one has: gh0VV = sin(β − α) × gHVV and
gH0VV = cos(β−α)×gHVV, such that the sum rule
g2
h0VV +g2

H0VV = g2
HVV is verified. A consequence

is that if the HVV coupling vanishes for one of
the CP-even neutral Higgs bosons, either h0 or
H0, such that it decouples from vector bosons at
tree level, then the Higgs coupling of the other
neutral Higgs bosons is SM-like. This has been
considered a ”natural” scenario in mSUSY theo-
ries in which cos(β − α) ∼ 0 might be expected
such that gh0VV saturates the sum rule and is
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Figure 12: The expected signal rate, as a multiple of the SM rate, which is excluded at 95% C.L. by

ATLAS using the H → WW(∗) → !ν!ν, with an integrated data of 35 pb−1 at 7 TeV. The plot show
the ATLAS limit, calculated using the PCL method, compared with the Tevatron observed and expected

limits. As these Tevatron results were calculated using the CLs method the results ATLAS obtained

using it are also shown. The ATLAS CLs results were calculated using asymptotic approximations [59]

while the PCL results were derived from toy MC experiments. Both the CLs and PCL limits overcover;

i.e. the results are conservative in a strict Frequentist sense, but this overcoverage is less for the PCL as

implemented and so the limits tend to be tighter. This is one major reason for its adoption.

27

Figure 18. Upper limit at 95% C.L. on the ex-
pected signal rate for σH×B(H → WW∗ → 2l2ν)
expressed as a multiple of the SM rate. The re-
sults from ATLAS [33]. are shown for two differ-
ent statistical methods and compared to previous
results obtained in Tevatron experiments [34].

SM-like while the gH0VV is highly suppressed.
More generally in a 2HDM, the h0 can be

made SM-like while the other Higgs bosons are
much heavier and decouple from known particles.
There is also the possibility for different fermions
to acquire their mass from different doublets, al-
lowing the implementation of a hierarchy of cou-
plings e.g. between the d-like quarks such as the
bottom quark and u-like quarks such as the top
quark. The 2HDM thus allows for a variety of
configurations with Yukawa couplings enhanced
or suppressed with respect to the SM that could
have dramatic consequences for the phenomenol-
ogy at the LHC. The case where both Higgs
doublets couple with the up and down sectors
lead to flavour changing neutral currents (FCNC)
and are called 2HDM of type III. In general, to
avoid unwanted flavour changing neutral currents
(FCNC) mediated at tree level by Higgs boson ex-
change, it is sufficient that all fermions of a given
electric charge couple to no more than one Higgs
doublet [40]. Models where one doublet couples
to d-like quarks and the other to u-like quarks are
called 2HDM of type II. The Higgs sector of the
MSSM belongs to this class.

In a 2HDM of type I, only one Higgs doublet
couples to fermions but the couplings nevertheless
differ from SM-like couplings because of mixing.
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Figure 19. Reconstructed tau invariant mass dis-
tribution for the sum of the eτh, µτh and eµ final
states, measured by CMS [36]. The observed dis-
tribution (data points) is compared to the sum
of the expected background (shaded histogram),
and a contribution from a Higgs boson signal with
mA = 200GeV/c2 with a normalization corre-
sponding to the upper bound at 95% C.L. on
σH ×B(H → ττ).

For α = 0, the coupling of the h0 are maximal
(for a given tanβ) and the H0 is decoupled (at
tree level) from fermions. For α = π/2, a similar
situation occurs but with the role of the h0 and H0

interchanged. Thus, the h0 (H0) becomes fermio-
phobic for α = π/2 (α = 0). For a fermiophobic
Higgs boson, the ggh0 production is suppressed,
and one is left with WW h0 and Vh0 production,
with h0 → γγ as the main decay mode (via a vir-
tual loop of W bosons) for the observation of a
low mass Higgs boson. A search for the h0 → γγ
in a fermiophobic 2HDM model will be performed
at the LHC during Run I.

The leptonic and quarkonic sectors could very
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(max)
h scenario, by CMS [36]. The re-

sult is compared to exclusion regions previously
established in LEP [38] and Tevatron [39] exper-
iments.

well be organized in a non-symmetric manner
within a 2HDM. The leptons and the quarks need
not be getting their mass from the same Higgs
doublet. It is possible to have the lepton mass to
originate from one doublet while the quark masses
(or only u-like or d-like quarks) originate from the
other doublet. In this way, the h0 can be made
chromophobic. The phenomenology of chromo-
phobic Higgs at the LHC is very interesting and
should be studied in detail during Run I. As for a
fermiophobic Higgs boson, a chromophobic Higgs
boson is only produced via vector boson fusion
or Higgstrahlung. But the main decay channel at
low mass is now the h0 → ττ while the h0 → γγ
still contributes. For a reasonable range of tanβ
and sin(α − β) values, an enhancement of more
than a factor 10 is possible with respect to the
situation with the SM, for the VBF Higgs boson
production followed by a decay in di-taus [41].

The dominance of the VBF Higgs boson pro-
duction for a discovery of the Higgs boson at
low mass, with h0 → ττ (or h0 → γγ) as main
observation channels, is a feature of different
types of models beyond the SM. One could imag-
ine that the vector bosons, the leptons, and the
light quarks receive their mass through a SM-
like mechanism but that the mass of the heavy

quarks in the third generation have a partly, or
completely, different origin. Such a situation is a
feature of some models with top-quark condensa-
tion such as discussed in Ref. [42].

Supersymmetric Matter:
SUSY was mentioned above in the context of

the EWSB, as a mean to stabilize the Higgs bo-
son mass at the electroweak scale, and possi-
bly explain the hierarchy between that scale and
the GUT or Planck scale. But the importance
of SUSY goes far beyond this role in the Higgs
sector. SUSY generalizes the four-dimensional
space-time translation and rotation symmetries
to include mixing with internal quantum dimen-
sions. It is a symmetry between boson and
fermion fields. It predicts the existence of new
particles, the ”super-partners” of each of the ordi-
nary elementary fermions and bosons. To each or-
dinary fermion, the constituents of matter, must
correspond bosonic SUSY partners, the sfermions
(sleptons and squarks). To each boson, the me-
diators of interactions and the Higgs bosons, cor-
respond fermionic SUSY partners, the gauginos
and higgsinos.

To avoid unwanted lepton or baryon number
violating interactions caused by the exchange of
squarks or sleptons, the R-Parity (Rp) is intro-
duced as a discrete symmetry [43]. It distin-
guishes ordinary particles (Rp = +1) from the
super-particles (Rp = −1) and is defined as Rp =
(−1)3B+L+2S where S is the spin, B the baryon
number and L the lepton number. Assuming a
strict conservation of Rp in all physics processes,
the lightest supersymmetric particle (LSP) is sta-
ble and a natural candidate for dark matter. The
escape of the LSP leads to a characteristic E/T

signature in the final state for the SUSY searches
at colliders.

Supersymmetry theory and phenomenology as
well as the experimental searches at colliders have
been a very fertile area of activity in high energy
physics for many decades. Searches at colliders
have been guided in particular by the MSSM, the
archetype of SUSY models which realizes a exten-
sion of the SM which is minimal in fields and cou-
plings, and with a parametrization of the (unspec-
ified) underlying SUSY-Breaking theory. The un-
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derlying physics (e.g. at some Grand Unifica-
tion scale) generally introduces relations among
the SUSY parameters. This the case of mini-
mal Supergravity (mSUGRA) which incorporates
gravity and where this interaction mediates the
SUSY-breaking. This restricts considerably the
parameter space of the MSSM, leaving only five
parameters (free parameters and a sign), and has
been widely used as a benchmark for experimen-
tal searches.

Searching for SUSY matter is a major goal
of the LHC experiments. The early searches at
the LHC have concentrated on the production of
squarks and gluinos. These could could be co-
piously pair-produced in pp collisions via strong
interactions. Some of the search results obtained
with the 2010 data have been expressed as con-
strained in a given model such a mSUGRA, but
the analyses in the CMS and ATLAS experiments
attempt to be more ”model independent” by fo-
cusing on rather inclusive searches based on char-
acteristic event topologies expected for Rp con-
serving SUSY models. The pair-produced spar-
ticles initiate a decay cascade down to ordinary
particles and LSPs, leading to final states with
E/T, multiple jet(s) and 0, 1 or more leptons.

The modest integrated luminosity collected in
2010 has been sufficient to reach unexplored ter-
ritories, beyond the sensitivity of the Tevatron
experiments. This is illustrated in Fig. 21 and 22
with SUSY search results from the ATLAS exper-
iment [44]. Similar results were obtained by the
CMS experiment [46].

6. BEYOND MINIMAL MODELS:
EXTENDED, EXTRA OR EXOTICS

The SM including the Higgs mechanism (see
section 5) allows to contemplate the evolution of
the electromagnetic, weak and strong couplings
up to very high energies (i.e. down to very small
distances). Such an evolution suggest the possi-
bility of a ”Grand Unification” (GUT), a merg-
ing of the SM gauge interactions, at some GUT
scale of O(1016) GeV, into a single interaction
characterized by a larger gauge symmetry. The
presence of new heavy gauge bosons is a generic
feature of many theories with extended gauge

Signal region A Signal region B Signal region C Signal region D

QCD 7
+8

−7
[u+j] 0.6 +0.7

−0.6
[u+j] 9

+10

−9
[u+j] 0.2 +0.4

−0.2
[u+j]

W+jets 50 ± 11[u]
+14

−10
[j] ± 5[L] 4.4 ± 3.2[u]

+1.5
−0.8

[j] ± 0.5[L] 35 ± 9[u]
+10

− 8
[j] ± 4[L] 1.1 ± 0.7[u]

+0.2
−0.3

[j] ± 0.1[L]

Z+jets 52 ± 21[u]
+15

−11
[j] ± 6[L] 4.1 ± 2.9[u]

+2.1
−0.8

[j] ± 0.5[L] 27 ± 12[u]
+10

− 6
[j] ± 3[L] 0.8 ± 0.7[u]

+0.6
−0.0

[j] ± 0.1[L]

tt̄ and t 10 ± 0[u]
+ 3

− 2
[j] ± 1[L] 0.9 ± 0.1[u]

+0.4
−0.3

[j] ± 0.1[L] 17 ± 1[u]
+ 6

− 4
[j] ± 2[L] 0.3 ± 0.1[u]

+0.2
−0.1

[j] ± 0.0[L]

Total SM 118 ± 25[u]
+32

−23
[j] ± 12[L] 10.0 ± 4.3[u]

+4.0
−1.9

[j] ± 1.0[L] 88 ± 18[u]
+26

−18
[j] ± 9[L] 2.5 ± 1.0[u]

+1.0
−0.4

[j] ± 0.2[L]

Data 87 11 66 2

Table 2: Expected and observed numbers of events in the four signal regions. Uncertainties shown are due to “MC statistics, statistics in control regions, other

sources of uncorrelated systematic uncertainty, and also the jet energy resolution and lepton efficiencies” [u], the jet energy scale [j], and the luminosity [L].
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Figure 1: The distributions of meff (separately for the ≥ 2 and ≥ 3 jet regions) and mT2 are shown for data and for the expected SM contributions after application

of all selection criteria – cuts on the variables themselves are indicated by the red arrows. Also shown is the Emiss

T
distribution after the ≥2 jet preselection cuts

only. For comparison, each plot includes a curve showing the expectation for an MSUGRA/CMSSM reference point with m0 = 200 GeV, m1/2 = 190 GeV, A0 = 0,

tan β = 3 and µ > 0. This reference point is also indicated by the star on Figure 3. Below each plot may be seen the ratio of the data to the SM expectation. Black

vertical bars show the statistical uncertainty from the data, while the yellow band shows the size of the Standard Model MC uncertainty.

3

Figure 21. Distribution of the so-called [45]
”stransverse mass” mT2 as obtained by AT-
LAS [44] in a selection targeting heavy q̃ pair
production and requiring with ≥ 2 jets, with a
leading jet with pT > 120 GeV/c, at least another
jet with pT > 40 GeV/c, a E/T > 100 GeV, and
a smallest of the azymuthal separations between
~PmissT and selected jets of ∆φ(Jet, ~PmissT )min >
0.4. The distributions are shown for data and
for the expected SM contributions. The red ar-
row indicates the signal region defined by mT2 >
300 GeV in the final selection. Also shown as
a staggered dotted histogram is the contribu-
tion for a mSUGRA reference point with m0 =
200 GeV/c2, m1/2 = 190 GeV/c2, tanβ = 3, A0 =
0 and µ > 0. Other selections targeting light q̃q̃,
g̃g̃ or g̃q̃ production are described in Ref. [44].

symmetries [47] such as grand unified theories or
left-right symmetric models [48–50]. Resonances
at the TeV scale appear in some SUSY models
with additional U(1)′ gauge symmetries [51] and
in many models concerned with an alternative
to minimal Higgs mechanism for EWSB [52–54]
Heavy resonances also are a generic feature of
models with large or warped extra dimensions
where they appear for instance as Kaluza-Klein
excitations of the SM Gauge bosons [55]. Some
of the early results from the searches at the LHC
for new resonances are presented in the following.
The search for new resonances is another major
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Figure 2: 95% C.L. exclusion limits in the (mg̃, mq̃) plane together with exist-

ing limits [4]. Comparison with existing limits is illustrative only as some are

derived in the context of MSUGRA/CMSSM or may not assume mχ̃0

1

= 0.

ing the exact LO ME for up to 2 → 5 partons. The normalisa-

tion of these samples was fixed by a scaling designed to achieve

a match to data in control regions obtained by reversing the ∆φ

requirements. After this scaling, both sets of simulations were

in agreement within the experimental uncertainties, and there-

fore only PYTHIA QCD simulations are used further in this anal-

ysis. The resulting QCD simulation was found to be consistent

with a data-driven QCD estimate in which high Emiss

T
events

were generated from data by smearing low Emiss

T
events on a

jet-by-jet basis with measured jet energy resolution functions.

This latter technique has no MC dependencies; it provides a

completely independent determination of the QCD background

using only quantities measured from the data. Additional con-

trol regions having reversed Emiss

T
/meff requirements were used

as further checks on the normalisation.

Supersymmetric events were generated with HERWIG++ [19]

v2.4.2. These samples were normalised using NLO cross sec-

tions determined by PROSPINO [20] v2.1.

All non-PYTHIA samples used HERWIG++ or HERWIG-6.510
[21] to simulate parton showering and fragmentation, while

JIMMY [22] v4.31 was used to generate the underlying event.

All samples were produced using an ATLAS ‘tune’ [23] and a

full detector simulation [24].

6. Systematic Uncertainties
The primary sources of systematic uncertainties in the back-

ground estimates are: the jet energy scale (JES), the jet energy

resolution (JER), the luminosity determination, the MC mod-

elling, the lepton efficiencies, the extrapolation from control

regions into signal regions, and the finite statistics of the MC

samples and control regions. The uncertainty on the luminos-

ity determination is estimated to be 11% [25]. The JES un-

certainty has been measured from the complete 2010 data set

using the techniques described in Ref. [7] and, though pT and η
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Figure 3: 95% C.L. exclusion limits in the tan β = 3, A0 = 0 and µ > 0 slice

of MSUGRA/CMSSM, together with existing limits [3, 4] with the different

model assumptions given in the legend.

dependent, is around 7%. The JER measured in data [26] was

applied to all MC simulated jets and was propagated to �Pmiss

T
.

The difference between the re-calibrated and nominal MC is

taken as the systematic uncertainty due to this effect. The un-

certainty on the estimated top background is dominated by the

JES uncertainty. Systematic uncertainties associated with mis-

identification of leptons, jet energy scale inter-calibration, the

rate of leptonic b-decays and the non-Gaussian tail of the jet re-

sponse function have also been incorporated where appropriate.

Systematic uncertainties on the SUSY signal were estimated

by variation of the factorisation and renormalisation scales in

PROSPINO between half and twice their default values and by

considering the PDF uncertainties provided by CTEQ6. Un-

certainties were calculated for individual production processes

(e.g. q̃q̃, g̃g̃, etc.).

7. Results, Interpretation and Limits
The number of observed data events and the number of SM

events expected to enter each of the signal regions are shown in

Table 2. The background model is found to be in good agree-

ment with the data, and the distributions of meff , mT2 and Emiss

T

are shown in Figure 1.

An interpretation of the results is presented in Figure 2 as a

95% confidence exclusion region in the (mg̃,mq̃)-plane for the

simplified set of models with mχ̃0

1

= 0 for which the analysis

was optimised. In these models the gluino mass and the masses

of the squarks of the first two generations are set to the values

shown in the figure. All other supersymmetric particles, includ-

ing the squarks of the third generation, are decoupled by being

given masses of 5 TeV. ISASUSY from ISAJET [27] v7.80 was

used to calculate the decay tables, and to guarantee consistent

electroweak symmetry breaking. The SUSY Les Houches Ac-

cord files for the models used may be found online [28]. The

results are also interpreted in the tan β = 3, A0 = 0, µ > 0 slice

4

Figure 22. Exclusion limits at the 95%C.L. ob-
tained by the ATLAS Experiment [44] in the
mSUGRA/CMSSM parameter space.

objectives for the experiments at the LHC in Run
I.

Di-leptons at the TeV Scale:
As mentioned above, many models of new

physics predict the existence of narrow Z′ reso-
nances, possibly at the TeV mass scale, that de-
cay to a pair of charged leptons. An example
of a search for TeV resonances at the LHC in
the di-lepton invariant mass spectra is shown in
Fig. 23. The dielectron invariant mass spectra
measured [56] by CMS using their complete 2010
dataset is shown along with the expected signal
from Z′SSM with a mass of 750 GeV. The Z′SSM

from a sequential standard model (SSM) and pos-
sessing standard-model-like couplings is used here
as a benchmark for illustration. The expecta-
tions from the various background sources, Z/γ∗,
tt̄, other sources of prompt leptons (tW, dibo-
son production, Z → ττ) and multi-jet events are
also overlaid in Fig. 23. The prediction for Drell–
Yan production of Z/γ∗, is normalized to the ob-
served Z → ll signal. Very small background con-
tributions are expected in the signal region and
the instrumental background from multi-jet back-
ground can be derived from data. All other MC
predictions have been normalized to the expected
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Figure 23. Invariant mass spectrum for di-
electron events measured by CMS [56]. The
data points are shown together with filled his-
tograms representing the stacked expectation
from SM processes: Z/γ∗, tt̄, tW, di-boson pro-
duction, Z → ττ and the multi-jet backgrounds.
The open histrogram illustrates the signal ex-
pected for a Z′SSM with a mass of 750 GeV.

cross sections.
In absence of a signal, exclusion limits at 95%

C.L. have been derived and interpreted in various
possible models. The Z′SSM is excluded for masses
below 1140 GeV. The Z′ψ predicted by grand uni-
fied theories [47] is excluded for masses below
887 GeV. These results are presented in Fig. 24 in
the (cu,cd) plane. The cu and cd parameters con-
tain the information from the model-dependent Z′

couplings to fermions in the annihilation of charge
2/3 and charge−1/3 quarks. In the narrow-width
approximation, the cross section for the process
pp→ Z′ + X → ll + X can be expressed [57,58]
in terms of the quantity cuwu + cdwd, where wu
and wd contain the information about PDFs for
the respective annihilation at a given Z′ mass.
The translation of the experimental limits into
the (cu,cd) plane has been performed [56] in the
context of both the narrow-width and finite width
approximations and similar results were obtained.
In Fig. 24 the limits on the Z′ mass are shown as
lines in the (cd, cu) plane intersected by curves
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Figure 24. CMS results [56] for the lower lim-
its on the Z′ mass at 95% C.L. in the (cd, cu)
plane [57,58]. The cd and cu contain the infor-
mation from the model-dependent Z′ couplings
to fermions in the annihilation of d-like and u-
like quarks. In this plane, the thin solid lines
labeled by mass are iso-contours of cross section
with constant cu+(wd/wu)cd, where wd/wu is in
the range 0.5–0.6. The point labeled SM corre-
sponds to the Z′SSM and lies on the more general
curve for a generalized sequential standard model
(GSM) depending on a mixing angle α. Also in-
dicated are interpretation in the E6 model (see
Ref [56] for more details).

from various models which specify (cd, cu) as a
function of a model mixing parameter α. For the
case of a Kaluza–Klein graviton excitations aris-
ing in the Randall-Sundrum (RS) model of extra
dimensions [55], limits have been derived for two
different values of the free parameters: the mass
of the first graviton excitation and the coupling
k/MPl, where k is the curvature of the extra di-
mension and MPl is the reduced effective Planck
scale. Two values of the coupling parameter that
were considered. Lower mass limits of 855 and
1079 GeV are obtained for k/MPl = 0.05 and 0.1
respectively. For a resonance mass of 1 TeV, the
widths expected for the resonances are 30, 6 and
3.5 (14) GeV for a Z′SSM, Z′ψ, and RS Kaluza–
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Figure 1: Spectra of pT (top), missing ET (center) and mT (bottom) for the electron (left) and muon (right) channels after final event
selection. The points represent ATLAS data and the filled histograms show the stacked backgrounds. Both direct production of leptons and
indirect from τ -leptons are included. Open histograms are W ′ signals added to the background with masses in GeV indicated in parentheses
in the legend. The QCD background is estimated from data. The signal and other background samples are normalized using the integrated
luminosity of the data and the NNLO (near-NNLO for tt̄) cross sections listed in Table 1.

4

Figure 25. Transverse mass (mT ) spectrum mea-
sured for the eν channel by the ATLAS ex-
periment [59]. The data points are shown to-
gether with filled histograms for the stacked back-
grounds. The open histograms illustrate the sig-
nal expected for a W′ of masses ranging from 500
to 1500 GeV.

Klein graviton with k/MPl = 0.05 (0.1), respec-
tively.

The ATLAS and CMS collaborations have
also searched [59,60] for a heavy analogue of the
SM W gauge boson, W′, where the particle de-
cays leptonically to an electron and a neutrino
(W′ → eν). Heavy partners of gauge bosons are
predicted in many extensions to the SM, such as
left-right symmetric models and supersymmet-
ric grand unified theories [48–50]. An example
of a search for W′ resonances at the LHC is
provided in Fig. 25. The Transverse mass (mT )
spectrum measured for the eν channel by the AT-
LAS experiment [59] using their complete 2010
dataset is shown. In absence of a signal, lower
limits have been derived and are shown in Fig. 26
where LHC results are those from Tevatron ex-
periments. The sensitivity to searches of new
heavy bosons has been explored using a reference
model in which the W′ is a copy of the W boson
with the same left-handed fermionic couplings.
Interactions with the SM gauge bosons as well as
with other heavy gauge bosons such as a Z′ are
excluded. As a consequence, the W′ decay modes
and branching fractions are similar to those of
the W boson, with the notable exception of the
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Table 5: Upper limits on W ′ and W ∗ σB. The first two columns
are the mass and decay channel and the following are the 95% CL
limits with headers indicating the nuisance parameters for which
uncertainties are included: S for the event selection efficiency (εsig),
B for the background level (Nbg), and L for the integrated luminosity
(Lint). Columns labeled SBL include all uncertainties and are used
to evaluate mass limits. Results are given for the electron and muon
channels and the combination of the two.

95% CL limit on σB [fb]

mass W ′ W ∗

[GeV] none S SB SBL none SBL

eν 647 649 682 795 679 834

500 µν 625 625 640 786 799 1005

both 413 416 444 583 473 655

eν 390 391 393 416 423 452

750 µν 227 228 228 248 320 350

both 186 184 188 208 232 259

eν 199 200 200 207 217 225

1000 µν 216 216 216 226 320 326

both 108 109 109 115 133 141

eν 149 150 150 153 163 167

1250 µν 213 214 213 220 323 333

both 88 88 88 91 108 112

eν 155 156 156 159 169 173

1500 µν 215 215 215 221 327 336

both 90 90 90 93 111 115

eν 164 163 164 168 171 175

1750 µν 229 229 229 235 324 332

both 95 96 96 98 112 115

Table 6: Lower limits on W ′ and W ∗ masses. The first column is
the decay channel (eν, µν or both combined) and the following give
the expected (Exp.) and observed (Obs.) mass limits.

Mass limit [GeV]

W ′ W ∗

decay Exp. Obs. Exp. Obs.

eν 1370 1370 1390 1390

µν 1210 1290 1100 1210

both 1450 1490 1440 1470
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Figure 5: Normalized cross section limits (σlimit/σtheory) for W ′

a function of mass for this measurement and those from CDF and
CMS. The cross section calculations assume the W ′ has the same
couplings as the standard model W boson. The region above each
curve is excluded at 95% CL.
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Figure 26. Normalized cross section limits
(σlimit/σtheory) for a W′ as a function of the
W′ mass [59]. The region above each curve is
excluded at 95% C.L. The ratio σlimit/σtheory
is proportional to the square of the coupling
strength. The ”theory” calculation assumes that
the W′ as the same couplings as the standard
model W boson.

tb̄ channel, which opens for W′ masses beyond
180 GeV. The leptonic branching fraction is
B(W′ → eν) =8.5% for all masses considered.
A W′ with sequential SM couplings is excluded
at 95% C.L at the LHC below 1.49 TeV. This
surpasses the exclusion of masses below 1.1 TeV
obtained at the Tevatron.

Di-jets in the Multi-TeV Regime:
In the SM, events with at least two high pT

jets arise in collisions involving a constituent par-
ton of one of the incoming proton and a par-
ton from the other proton. The scattering par-
tons undergo showering and hadronization and
manifest themselves in the detector as collimated
hadronic jets. Di-jet invariant mass distributions
and angular distributions provide a test of QCD
in the highly perturbative regime and are sensi-
tive to contributions from physics beyond the SM.
Inclusive searches for narrow resonances in the
di-jet channel have been performed by the LHC
experiments [62,63] and interpreted in terms of
mass constraints in various specific models that
had been considered for instance in searches by
the CDF experiment at the Tevatron [61]. With
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ements and reduces the influence of the effects of PDF convolution.
In the highest mjj bin, used for limit setting, the |yB | criterion
reduces the sample by 16%. These kinematic cuts have been opti-
mized through full MC simulation to assure high acceptance in all
dijet mass bins.

Since event migration also occurs between bins of mjj , studies
of fully simulated jets are used to ensure that migration is small.
This criterion, along with the requirement of a sufficient number of
events, lead to mjj bin boundaries of 340, 520, 800, and 1200 GeV,
with no upper bound on the highest bin. As noted earlier, single-
jet triggers are carefully selected for each bin to be 100% efficient.
Prescaling of triggers leads to a different effective integrated lu-
minosity in each mass bin, with the corresponding numbers being
0.12, 0.56, 2.0, and 3.1 pb−1 in the current data sample for the bins
listed above.

Like the χ distributions, the RC distribution has reduced sen-
sitivity to the absolute JES. However, relative differences in jet
response in η could have a significant impact on the sensitivity.
Hence, for these early studies, the η range is restricted to the
more central regions of the calorimeter where the JES is uniform
to within 1% as determined from cross-calibration studies [8]. The
RC region has been chosen to end at a maximum of |η| = 1.3,
just before the transition region between the central and end-cap
calorimeters.

8. Convolution of systematic uncertainties

As mentioned before, the angular distributions have a reduced
sensitivity to the JES uncertainties compared to other dijet mea-
surements. Nevertheless, the JES still represents the dominant un-
certainty for this analysis. The ATLAS JES has been determined by
extensive studies [23], and its uncertainty has been tabulated in
the variables η, pT , and NV , the number of vertices in the event.
The average NV over the full current data sample is 1.7. Typi-
cal values of the JES uncertainty in the considered phase space
are between 5% and 7%. The resulting bin-wise uncertainties are
up to 9% for the χ observable, and up to 7% for the RC observ-
able.

The dominant sources of theoretical uncertainty are NLO QCD
renormalization and factorization scales, and the PDF uncertainties.
The corresponding bin-wise uncertainties for normalized χ distri-
butions are typically up to 3% for the combined NLO QCD scales
and 1% for the PDF error.

Convolution of these experimental and theoretical uncertainties
is done for all angular distributions through Monte Carlo pseudo-
experiments (PE’s). For all events in the MC sample 1000 PE’s
are performed, three random numbers being drawn from a Gaus-
sian distribution for each PE. The first is applied to the absolute
JES, obtained from the tabulation described above and assumed
to be fully correlated across η. The second number is applied to
the relative JES, extracted from the same tabulation, which de-
pends only on η and restores the decorrelation due to η depen-
dence of the energy scale. The third number is applied to the
PDF uncertainty, provided by the CTEQ6.6 PDF error sets. In a
fourth and final step, the uncertainty due to the NLO QCD renor-
malization (µR ) and factorization (µF ) scales is found by letting
µR and µF vary independently between 0.5, 1 and 2 times the
average transverse momentum of the two leading jets, resulting
in nine samples drawn from a uniform distribution. In a given
PE, the data dijet selection criteria described previously are ap-
plied.

Other sources of uncertainty have been studied in separate sim-
ulations, and have not been included in the PE’s described above.
As determined by in situ studies comparing data to detector sim-
ulation [24], the jet energy resolution (JER) in ATLAS evolves from

Fig. 1. The normalized χ distributions for 340 < mjj < 520 GeV, 520 < mjj <

800 GeV, 800 < mjj < 1200 GeV, and mjj > 1200 GeV, with plotting offsets shown
in parentheses. Shown are the QCD predictions with systematic uncertainties
(bands), and data points with statistical uncertainties. The prediction for QCD with
an added quark contact term with Λ = 3.0 TeV is shown for the highest mass bin
mjj > 1200 GeV.

Fig. 2. Dijet centrality ratio, RC , as a function of mjj , with all events above a mass
of 1400 GeV plotted in the last bin. Shown are the QCD prediction with systematic
uncertainties (bands), and data points with statistical uncertainties. The prediction
for QCD with an added quark contact term with Λ = 2.0 TeV is also shown.

12% to 7% over the pT range from 60 GeV to 1 TeV. To estimate
the effect of JER smearing, the χ and RC distributions were gen-
erated with and without JER variation of this magnitude, and the
differences were found to be negligible. Detector angular resolution
effects in φ and η were studied in a similar fashion, with smear-
ing functions specific to the ATLAS calorimeter segmentation, and
also found to be negligible.

Figure 27. Di-jet centrality ratio as a fonction of
the invariant mass mjj measured by the ATLAS
experiment [71]. Data points are compared to the
QCD expectation with systematic uncertainties
shown as bands. The dotted curve correspond
to the expectation for QCD with a added quark
contact term with Λ = 2.0 TeV.

their early 2010 data and an integrated lumi-
nosity of only ≈ 830 nb−1, CMS [63] has set
mass exclusion limits at 95% C.L. on string reso-
nances [64], below 2.10 TeV, axigluons [65] and
flavour-universal colorons [66] below 1.06 TeV,
excited quarks [67] below 1.14 TeV and E6 di-
quarks [68] below 0.58 TeV. The reach is already
comparable to the one at the Tevatron.

The sensitivity has been recently extended to
the multi-TeV range using angular observables.
Angular observables have been exploited by both
experiments and studied as a function of the
di-jet invariant mass mjj . Both experiments
make use of a variable χ, which is derived from
the rapidities of the two leading (highest pT )
jets, and of a centrality ratio rC . The variable
χjj is related to the di-jet polar scattering an-
gle in the parton-parton centre-of-mass frame
χjj = (1 + | cos θ∗|)/(1 − | cos θ∗|), in a collinear
massless-parton scattering approximation. The
dijet angular distributions do not strongly depend
on the details of the parton distribution functions
in the proton, since the angular distributions for
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the underlying processes, qg → qg, qq′ → qq′,
and gg → gg, are similar. In parton-parton scat-
tering, the angular distribution of the outgoing
partons, is directly sensitive to the spin of the
exchanged particle. The di-jet centrality ratio,
the ratio of the number of events with the two
leading (highest pT ) jets in a central pseudora-
pidity region over the number where both leading
jets are a more forward region, is a measure the
angular distribution of the di-jets and is sensitive
to deviations from the SM. The χ and rC vari-
ables are described in more details in the relevant
CMS [69,70] and ATLAS [71] papers. A measure-
ment of rC as a fonction of the invariant mass
mjj as measured by the ATLAS experiment [71]
is shown in Fig. 27. Using measurements of the
1/σjjdσjj/dχjj differential cross sections as a
function of χjj , a lower limit of Λ = 5.6 TeV has
been obtained at 95% C.L. on the on the contact
interaction scale for left-handed quarks.

Lepton-jet Resonances:
The viability of the SM rests on a somewhat

empirical similarity between the lepton and quark
sectors. The symmetry is essential in achieving
an exact cancelation of chiral (triangular) anoma-
lies. The cancelation demands that the sum of
the electric charges is exactly neutralized in each
generation, which happens thanks to the three
quark colors. But there are no direct couplings
between quarks and leptons in the SM and the
theory is consistent with a separate and exact
conservation of lepton and baryon numbers in all
processes. Maybe the symmetry between the lep-
ton and quark sector is an indication that leptons
and quarks are connected at some fundamental
level through new ”lepto-quark” interactions.

Leptoquarks are colour-triplet scalar or vec-
tor bosons that carry both lepton and baryon
numbers, and a fractional electromagnetic charge.
They appear naturally in many theories beyond
the SM such as Grand Unified Theories (GUTs)
of electroweak and strong interactions [72], com-
posite models [73], Technicolour [74] and su-
perstring inspired E6 models [75]. The actual
searches at colliders have been mostly carried in
the context of effective Lagrangian models for the
leptoquark interactions [76] with leptoquarks re-

stricted to couple to a single lepton-quark gen-
eration. A review of leptoquark phenomenol-
ogy and searches can be found in [77]. There
are no strong reasons for the leptoquarks to be
found at the electroweak scale, if they exists. But
this is not excluded. Several experiments have
searched for leptoquarks, but so far no evidence
has been found. The most recent limits from the
D0 experiment at the Fermilab Tevatron collider
exclude first-generation scalar leptoquarks with
masses below 299 GeV, and second-generation
scalar leptoquarks with masses below 316 GeV
for B = 1, based on proton-antiproton collisions
at
√
s = 1.96 TeV [78].

In proton-proton collisions at the CERN Large
Hadron Collider (LHC) the dominant mecha-
nisms for pair production of scalar leptoquarks
are gluon-gluon fusion and qq̄-annihilation. The
cross section depends on the strong coupling con-
stant and the LQ mass and has been calculated
at Next-to-Leading-Order (NLO) [79]; the de-
pendence on the Yukawa coupling λ to lepton-
quark pair is negligible. Leptoquarks decay to a
quark and a charged lepton of the same genera-
tion with unknown branching fraction B and to
a quark and a neutrino with branching fraction
(1 − B). A search for pair production of first-
generation scalar leptoquarks decaying into elec-
trons and jets, and of second-generation scalar
leptoquarks decaying in muons and jets has been
performed [80] by the CMS experiment with the
34 pb−1 of luminosity collected in 2010. Upper
limits have been set on cross section × branching
ratio2 as a function of the leptoquark mass. First-
generation (second-generation) leptoquarks with
masses below (384 GeV) 394 GeV are excluded
at a 95% confidence level for B = 1, where B is
the branching ratio in an electron (muon) and a
quark.

7. CONCLUSION

The ATLAS and CMS experiments at the LHC
collider have started in early spring 2010 to col-
lect data at the very high pp centre-of-mass en-
ergy of 7 TeV. With integrated luminosities of
up to 40 pb−1 collected in 2010, the experiments
have re-visited the standard model (SM) of elec-
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troweak and strong interactions and performed
first measurements establishing total cross sec-
tions and some differential cross sections for the
Z and W production, WW production, top quark
pair and single top quark production. Complete
analysis strategies have been deployed for the var-
ious production and decay channels accessible for
the search of the SM Higgs boson, and of the ex-
tended Higgs sector of supersymmetric or two-
Higgs doublet models. First significant results
were obtained in the H→WW* channel for the
Higgs boson of a SM-like model augmented with a
fourth fermion family, and for the H→ ττ channel
in minimal supersymmetric models. Constraints
on the production cross section and masses of
sparticles and of new resonances at the TeV scale
have been established beyond the reach of previ-
ous colliders. The aim is now to collect enough
data in this first run over a period of three years
until fall 2012, to validate, or falsify, the SM hy-
pothesis of the existence of a Higgs boson, the
quanta of the scalar field responsible for sponta-
neous electroweak symmetry breaking, while ex-
tending the search for sparticles up to the TeV
scale, and the search for heavy resonances in the
multi-TeV range. New territories are being ex-
plored to look for the long awaited physics beyond
the standard model.
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We give a short introduction, beginning with the Kerr geometry itself, to the basic results, motivation, open

problems and future directions of the Kerr/CFT correspondence.

1. Introduction

In the early 1970’s, work by Bekenstein, Carter,

Christodolou, Hawking, and many others [1–7]

raised profound puzzles about the nature of black

holes. One striking such puzzle was that, while

macroscopic arguments gave the entropy of a

black hole as one quarter of its event horizon area:

S =
A

4h̄G
, (1)

at the time no microscopic accounting for this

entropy was known. It seemed imperative that

we should be able to account for the black hole

entropy microscopically, just as had been done

in the nineteenth century for gases and liquids.

Without such a microstate description, we would

seem to run into serious contradictions.

This problem remained largely unsolved for

more than 20 years. Then in the mid 90’s string

theory was used [8] to explicitly identify the miss-

ing microscopic degrees of freedom for a very par-

ticular kind of black hole. This calculation de-

pended on many specific details of string the-

ory. At the end of a rather lengthy computa-

tion involving numerous factors of 2, π etc., the

Bekenstein-Hawking result (1) was reproduced by

counting microstates. At the time, it was argued

that this precise match provided indirect evidence

for string theory as the correct theory of nature.

However, about a year later, it was shown [9]

that in fact, any consistent, unitary quantum the-

ory of gravity containing those particular black

holes - characterized by a near-horizon region

with an AdS3 factor - as solutions must repro-

duce the entropy in essentially the same way. The

specific details of string theory as the microscopic

UV completion were not necessary. Rather, the

key ingredient followed from the analysis done by

Brown and Henneaux [10] in the 80’s: if we find

a consistent completion of quantum gravity on

AdS3 it has to be described by a 2D conformal

field theory due to purely symmetry considera-

tions. Thus, the detailed matching of the factors

of 2 and π was not really a consequence of string

theory but rather, it simply had to follow because

string theory is a consistent theory of quantum

gravity. Any other consistent theory must by ne-

cessity also reproduce the same result in the same

manner.1

Since then, we have slowly but surely been pro-

gressing in our understanding of the relation be-

tween black holes and 2D CFTs. We started with

5D supersymmetric black holes, then proceeded

to partially supersymmetric and then to the 3D

nonsupersymmetric black holes with near-horizon

AdS3 geometry. Recently, our understanding has

finally evolved to up the point where we can un-

derstand something about 4D Kerr black holes

that we see up in the sky.

The work we are going to discuss is heavily

informed by string theory, but none of it relies

on the conjecture that string theory is the actual

1The other side of the coin here is that these general argu-
ments imply that any consistent quantum theory of grav-
ity must, on an AdS3 background, behave a lot like string
theory – so much so that we might reasonably call it string
theory!
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theory of nature, or on the stringy realizations

of the AdS/CFT correspondence. Instead, all of

our arguments follow from careful study of the

diffeomorphism group together with some basic

consistency assumptions, and do not involve any

details of Planck scale physics. Indeed it would

be very strange if the universal area-entropy law

somehow depended on the exact microscopic de-

tails of how quantum gravity is completed in the

UV!

To emphasize this point further, let us draw

an analogy of the current efforts with the work

of Boltzmann in the 19th century. At that time

thermodynamics was understood, but people did

not know much about atoms and molecules.

Boltzmann wanted to explain the laws of ther-

modynamics by applying statistical, probabilistic

reasoning to the fundamental constituents (de-

grees of freedom) of gases and liquids. How-

ever, he encountered a UV divergence: if a gas

is treated as a continuous medium, then it has

infinitely many degrees of freedom because of the

existence of arbitrarily short wavelength modes.

Any attempt to derive the thermodynamics of

gases by applying statistical reasoning to a the-

ory of a continuous medium, will hit the so called

Rayleigh ultraviolet catastrophe in which all en-

ergy is eventually sucked into the UV modes.

To avoid this problem, a consistent UV cutoff

is needed. People were already talking at that

time about atoms and molecules, so Boltzmann

assumed that there was some theory of atoms, i.e.

he assumed that there was a consistent UV cutoff

for gases and liquids. He did not at all need to

know what the details of this atomic cutoff were;

in fact, the periodic table was not discovered until

more than fifty years later. Boltzmann’s mere as-

sumption that there existed a UV cutoff at some

energy scale was sufficient to derive the univer-

sal laws of thermodynamics from statistical rea-

soning. Of course, having a detailed microscopic

theory can provide more information; for example

if one wants to compute the heat capacity from

first principles, one needs a detailed UV comple-

tion (that is, the actual quantum theory of atoms

and molecules).

We might hope that a similar story holds for

black holes. We should not need to know all the

details of string theory at scales of order 10−38

km in order to understand why the area law (1)

applies to the black hole Sagittarius A* in the

center of our galaxy which is 107 km across! We

should be able to understand the area law just

from the assumption that quantum gravity has

some consistent UV completion.

The stringy microscopic entropy analysis in [8]

was akin to first computing the periodic table and

then using it to compute the laws of thermody-

namics. In this stringy black hole computation

we had far more information than was necessary

to get the area law: we had huge sets of numbers

for degeneracies at any level. Only a tiny part of

this information turns out to be universal. We

are going to see in these lectures that this tiny

universal part can be understood using universal

reasoning and no assumptions about Planck scale

cutoffs. This is exactly as it should be.

In these lectures we will encounter another

much-studied object in theoretical physics which

has a lot of universal behavior: 2D conformal field

theories. Many features we know of 2D CFTs are

independent of the details of a given CFT. Indeed,

we will find a striking match -going far beyond the

entropy formula (1) - between the universal prop-

erties of 2D conformal field theories and those of

black holes.

The plan for the rest of the lectures is the fol-

lowing: we will start with a review of the Kerr

geometry, including the Near-Horizon Extreme

Kerr (NHEK) geometry. Then we will cover

the asymptotic symmetry group, boundary con-

ditions for the NHEK geometry, the CFT descrip-

tion of a quantum theory of gravity in NHEK and

the surprising evidence for hidden conformal sym-

metries far from extremality. We will close with

a discussion of open problems and future direc-

tions.

2. Kerr geometry

2.1. The Kerr solution

There is a famous quote from Chandrasekhar

[11]

“.... Kerr’s solution has also surpassing theoreti-

cal interest: it has many properties that have the

aura of the miraculous about them. ”
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The first “miracle” of the Kerr story is the ex-

istence of the solution itself. It is rumored that

Einstein initially believed that no non-trivial ex-

act solution to the GR equations would ever be

found in closed form. This was quickly proven

wrong by Schwarzschild, but it took another 50

years to discover the Kerr solution. This solution

is arguably the most complicated exact solution

ever found of a nonlinear PDE describing a real

physical object. In Boyer-Lindquist coordinates,

it is

ds2 = −∆

ρ2

(
dt− a sin2 θ dφ

)2
+
ρ2

∆
dr2+

sin2 θ

ρ2

(
(r2 + a2)dφ− a dt

)2
+ ρ2 dθ2, (2)

∆ = r2 − 2Mr + a2, ρ2 = r2 + a2 cos2 θ. (3)

with a = J/M where M is the mass and J is the

angular momentum of the black hole.2 The inner

(r−) and outer (r+) horizons are defined as the

two solutions to ∆ = 0:

r± = M ±
√
M2 − a2. (4)

When a = 0, r+ = 2M and we recover the usual

Schwarzschild black hole. Another interesting

case is the extreme limit for which a = M =
√
J

and r± = M . When J > M2 the roots in the ex-

pression for the horizon radii become imaginary;

there are no horizons but instead a naked ring sin-

gularity in the curvature at r = 0. This violates

cosmic censorship. So cosmic censorship implies

the angular momentum is bounded by J ≤ M2.

Another way to understand this bound is from the

formula for the angular velocity at the horizon:

ΩH =
a

2Mr+
. (5)

When a = M , the equator of the horizon is spin-

ning at the speed of light, and so cannot spin any

faster.

According to Bekenstein and Hawking, the

black hole has a temperature and an entropy

TH =
r+ −M

4πMr+
, S = 2πMr+. (6)

2Here we have used units in which G = c = 1.

Note that if a = M then TH = 0, so these extreme

rotating black holes are a kind of ground state. In

general, the ground states of a system are easier

to understand than the excited states. The fact

that TH = 0 in this special case hints that a =

M , rather than the Schwarzschild case a = 0,

describes the simplest object in the Kerr family.

2.2. Ergosphere

The Kerr geometry has an interesting ergo-

sphere region absent in the Schwarzschild case.

Lines of fixed θ, φ, t and varying r in the Kerr ge-

ometry are space-like as long as we are outside the

event horizon r = r+. If we go to r− < r < r+,

then these lines become timelike, just like in the

Schwarzschild case when we cross r = 2M . For

Schwarzschild, lines with fixed r, θ, φ and varying

t change from spacelike to timelike at the same

surface r = 2M . However, for Kerr, these lines

switch signature at the stationary limit surface,

which is given by the zeros of gtt and is outside

of the event horizon. This surface is described

by solutions to ∆ = a2 sin2 θ and is not spheri-

cally symmetric. The region in between r = 2M
and the stationary limit surface is called the er-

gosphere.

Objects in the Kerr geometry experience a

“frame-dragging” force pushing them around the

black hole. In order to stay at fixed φ out-

side a Kerr black hole we actually need to move

with some speed in the counterrotational direc-

tion. This speed increases as we approach the

stationary limit surface, and becomes the velocity

of light when we reach it. Once inside the station-

ary limit surface if we try to keep φ fixed while

increasing t, we end up moving in a space-like di-

rection. Physically it means that inside this limit

surface - in the ergosphere - physical objects can-

not stay at constant φ because they would need

to move with a speed greater than light to do

so. Instead, all timelike paths rotate in the same

direction as the Kerr black hole.

The ergosphere is a fascinating and observable

region of space-time where effects of general rel-

ativity are large. Measurements which probe the

physics well inside the ergosphere near the event

horizon have been made (see [12] for review). Per-

haps the most-studied example is GRS1915+105
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[13], a Kerr black hole surrounded by an accre-

tion disc made up of matter which is continuously

pulled in from a nearby companion star. As the

matter in the accretion disc spirals inwards, en-

ergy is dissipated into thermal radiation which we

observe. The frequency distribution depends on

a number of factors including the gravitational

redshift which gets larger closer to the horizon.

The accretion disc has an innermost edge which

corresponds to the existence of the so-called in-

nermost stable circular orbit (ISCO) for geodesics

in Kerr. Once matter gets closer to the black hole

than the ISCO, orbits become unstable and the

matter consequently free falls into the black hole

rapidly and does not radiate anymore. Thus, the

observed frequency spectrum encodes the loca-

tion of the ISCO. This location depends on the

angular momentum of the black hole and is given

by a standard GR calculation. For rapidly rotat-

ing black holes, the ISCO almost coincides with

the event horizon, and the maximal redshift be-

comes very large. Hence the maximal redshift is

very sensitive to the deviation from extremality.

The observation of the ISCO thus allows us to get

very accurate information about J/M2 for black

holes in the sky. For example the lower bound on

the ratio J/M2 for GRS1915 + 105 is 0.98. Its

mass is known to much less precision; it is esti-

mated to be between 5 and 15 solar masses. The

sky contains other candidates for rapidly rotating

black holes. For example a measurement of the

maximal redshift of the iron line for the supermas-

sive black hole in the center of the nearby Seyfert

galaxy MCG-6-30-15 indicates J/M2 is greater

than 0.99 [14]. Given the rapid progression of

our knowledge of the sky, it is quite possible that

more such near-extreme Kerr black holes will be

discovered in the near future.

2.3. Killing-Yano tensor

Another amazing property of the Kerr geome-

try is the existence of a Killing-Yano tensor [15].

It is an antisymmetric tensor with properties sim-

ilar to those of Killing vectors. For a Killing vec-

tor Kµ, we have

∇µKν + ∇νKµ = 0. (7)

The Killing-Yano tensor satisfies

fµν = −fνµ, ∇(λfµ)ν = 0. (8)

The explicit expression in Boyer-Lindquist coor-

dinates is

f = a cos θdr ∧ (dt− a sin2 θ dφ)

− r sin θ dθ ∧
(
−adt+

(
r2 + a2

)
dφ

)
. (9)

This is yet another “miracle” of the Kerr story,

since there is no obvious reason for this tensor

to exist. Perhaps we will learn something about

it from Kerr/CFT, whose consistency relies on

the existence of this tensor. Carter used (9) to

construct a symmetric tensor [16]

Kµν = f λ
µ fλν , ∇(µKνρ) = 0 (10)

and an extra conserved charge for geodesics:

Q = ẋµẋνKµν . (11)

Consequently we have 3 constants of motion and

can solve analytically for Kerr geodesics. It also

allows us to separate variables for the Laplace

equation in the Kerr geometry.

Despite having an explicit expression for the

Killing-Yano tensor, we still do not fully under-

stand its geometric origin. An intriguing observa-

tion has been made by Gibbons et. al. [17] relat-

ing it to a novel type of supersymmetry. The con-

served Carter constant is the square of a novel su-

percharge (roughly ψ µfµλ) related to the Killing-

Yano tensor. Of course, there is no actual super-

symmetry in the usual sense for the Kerr solution.

3. NHEK=near-horizon limit of extreme

Kerr

Now we turn to the near-horizon region of the

extreme Kerr black hole where life simplifies dra-

matically. Often in physics if we can not under-

stand a system exactly, we first explore it in a

limit where things simplify. In condensed mat-

ter physics the standard trick is to take the low-

energy limit where atomic/molecular details can

be ignored. In the present case of black holes we

will go to small radii, but small radii correspond

197



to high redshifts so this is also a low-energy limit.

A heuristic explanation for why things simplify

in the near-horizon limit is that inside the er-

gosphere, physical objects have to rotate around

with the black hole. At the horizon of the ex-

treme black hole, they must rotate around at the

speed of light and hence only chiral (co-rotating

as opposed to counter-rotating) degrees of free-

dom appear. Purely chiral excitations are highly

constrained. This is roughly why we expect quan-

tum gravity to simplify in this limit.

3.1. Extreme limit

In the limit a = M , formulae for the full Kerr

geometry simplify:

r± = a = M, S = 2πM2 = 2πJ,

TH = 0, ΩH =
a

2Mr+
=

1

2M
. (12)

The metric reduces to

ds2 = −∆

ρ2

(
dt̂− a sin2 θ dφ̂

)2

+
ρ2

∆
dr̂2+

sin2 θ

ρ2

(
(r̂2 + a2) dφ̂− a dt̂

)2

+ ρ2dθ2, (13)

∆ = (r̂ − a)
2
, ρ2 = r̂2 + a2 cos2 θ. (14)

3.2. Near-horizon limit

We want to study the near-horizon region of

the extreme Kerr solution. This region has en-

hanced isometries just like the near-horizon AdS

regions of various black brane solutions. We fol-

low Bardeen and Horowitz [18] and zoom in on

the region r = M by introducing a scaling pa-

rameter λ→ 0. New coordinates

r =
r̂ −M

λM
(15)

t =
λt̂

2M
, φ = φ̂− t̂

2M
. (16)

are held fixed as λ is scaled. Note that for any

finite r, the original radial coordinate r̂ is forced

to be very near the horizon value M for λ → 0.

In the limit, we obtain the smooth geometry

ds2 = 2Ω2J

[
dr2

r2
+ dθ2 − r2 dt2

+ Λ2(dφ+ r dt)2
]
, (17)

involving two functions of θ given by

Ω2 =
1 + cos2 θ

2
, Λ =

2 sin θ

1 + cos2 θ
. (18)

Formula (17) is known as the near-horizon ex-

tremal Kerr geometry (NHEK). The black hole

angular momentum J appears only as an overall

factor in front of the metric. Since this solution

arises in the limit of a coordinate transformation

of the Kerr solution, it is a solution to the Einstein

equations. The metric (17) is not asymptotically

flat; in fact it has very peculiar asymptotics as

r → ∞.

It is not hard to see that for slices of fixed polar

angle θ, we have a 3D geometry which is locally

a “warped” version of AdS3. At the special value

θ = θ0 : Λ(θ0) = 1 and the local metric is exactly

that of AdS3:

ds2 = 2Ω2J

[
−r2dt2 +

dr2

r2
+ (dφ+ rdt)2

]
. (19)

Since we know that gravity on AdS3 always has

a conformal symmetry [10], this is a strong hint,

which we follow up on below, of an underlying

conformal symmetry for extreme Kerr.

Globally, the θ = θ0 slice of NHEK is a quotient

of AdS3. The reason for this is that the angle φ
is periodically identified φ ∼ φ+ 2π. We already

know [19] that a quotient of AdS3 space is related

to the finite temperature partition function of the

dual conformal field theory. Later we will see that

the identification φ ∼ φ+ 2π plays the same role

in implying a finite temperature in the context of

Kerr/CFT .

The warped AdS3 geometries appearing at

generic fixed θ are of general interest in a num-

ber of contexts [20–31] (for dS3 cousins see [32]).

They are Lorentzian analogs of the squashed S3.

The ordinary round S3 has the isometry group

SU(2) × SU(2). Of course S3 is a Hopf fibra-

tion of S1 over S2 with a specific radius of the
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fiber. If we deform the radius of the S1 fiber,

we break SU(2)× SU(2) down to SU(2)× U(1).

Similarly, one can write quotients of AdS3, which

has isometry SL(2, R)R × SL(2, R)L, as a Hopf-

like fibration of S1 over AdS2 – this is essentially

equation (17). Warped AdS3 is then obtained

by deforming the fiber radius and has the re-

duced isometry group SL(2, R) × U(1). Thus,

every section of fixed θ in the NHEK geometry

has SL(2, R) × U(1). This turns out to give the

full isometry group of NHEK.

4. Asymptotic Symmetry Group

In order to make sense of quantum gravity on

the NHEK space we must specify boundary con-

ditions. This is our next problem. An immediate

issue is that the boundary at r → ∞ is rather

peculiar. It does not look like the boundary of

Minkowski space or that of AdS space. In order

to define the theory we need to say something

about the boundary conditions at this boundary.

An important notion in doing this is the so-

called asymptotic symmetry group (ASG), which

is made up of the allowed diffeomorphisms mod-

ulo the trivial diffeomorphisms

ASG =
Allowed diffeomorphisms

Trivial diffeomorphisms
. (20)

4.1. Allowed diffeomorphisms

To determine which are the allowed diffeomor-

phisms, we need to specify boundary conditions.

Typically these will be of the form

gab = g0
ab + O(r−pab) (21)

as r approaches the boundary at infinity with g0
ab

being a background metric and pab a set of inte-

gers. Given the boundary conditions, the allowed

diffeomorphisms ξ are diffeomorphisms for which

the variation δξg of any allowed metric g results in

a metric that is itself allowed. For example for 4D

quantum gravity in asymptotic Minkowski space

we typically demand that the metric approach

the flat Minkowski metric plus 1/r corrections.

We then are not allowed to consider diffeomor-

phisms which go like r16 because this produces

metric variations which do not vanish at infin-

ity and therefore violate the boundary conditions.

Note that the definition of the allowed diffeomor-

phisms does not require any information about

dynamics.

4.2. Trivial diffeomorphisms

On the other hand, to know what the trivial dif-

feomorphisms are, we do need to know about the

dynamics. Once dynamics are specified, for every

diffeomorphism ζ there is an associated charge Qζ

canonically constructed to obey

{Qζ ,Φ}DB = LζΦ (22)

where {·, ·}DB is the so-called Dirac bracket (the

discussion at this point is classical) and Φ is any

field in the theory. The Dirac bracket is a mod-

ification of the Poisson bracket designed to ac-

commodate local symmetries and the associated

constraints. For example if we have a discrete set

of constraints Ci, then the Dirac bracket of two

fields is defined as

{A,B}DB = {A,B} − {A,Ci}{Ci, Cj}−1{Cj , B}
(23)

with {·, ·} being an ordinary Poisson bracket.

This bracket manifestly vanishes if A is itself a

constraint and so preserves the constraints. In

gravity the index i is continuous and the inverse

matrix {Ci, Cj}−1 is a nonlocal Green’s function.

For local symmetries the generator of the dif-

feomorphism Qζ has the generic form

Qζ =

∫

boundary

X +

∫

bulk

C. (24)

Typically the bulk term vanishes due to the

constraint equations (Gauss’ law for electromag-

netism or the G0µ constraint for gravity), so the

diffeomorphisms are always generated by bound-

ary terms. The most familiar gravity example of

this is the ADM mass. This generates time trans-

lations via the Dirac bracket and is the Hamilto-

nian of the theory. Because of the non-local na-

ture of the Dirac bracket, it is possible for the

boundary term by itself to generate a symmetry

over the entire spacetime.

Returning to our discussion of the ASG and

the quotient (20), a trivial diffeomorphism ζ is
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one for which Qζ = 0. For example any diffeo-

morphism that has compact support and vanishes

at infinity is going to be trivial. The generators

of the ASG can thus be thought of roughly as dif-

feomorphisms which are allowed by the boundary

conditions but die off slowly enough at infinity to

yield nonzero charges.

4.3. Discussion

In the quantum theory, the states should be an-

nihilated by the trivial diffeomorphisms and must

transform in representations of the ASG. Conse-

quently this analysis provides us with the non-

trivial symmetry group of the quantum theory.

There might appear to be much ambiguity in

defining the theory because of the fact that we

can start out with a large variety of boundary

conditions. However, if we start with generic

boundary conditions we will run into trouble if

they are either too strong or too weak. Suppose

we start with 4D Minkowski space and demand

that the metric components fall off as O(1/
√
r)

instead of the more usual O(1/r). Applying (22),

we will find that the generator Q is not always

well-defined since the volume of the boundary

goes like r2, the integrand falls off like r−3/2 (for

some cases) and the integral (22) therefore di-

verges. This illustrates that the generators do

not exist if we impose boundary conditions which

are too weak. In the case of too strong bound-

ary conditions, for example O(r−17), the energy

is always zero and the only consistent theory is

one with a single state which is flat space with no

gravitons or anything. So if we make the bound-

ary conditions too weak, the generators are not

well defined and if we make them too strong, the

theory becomes trivial. In all the examples we

know of there is only a very small window for in-

teresting boundary conditions. Sometimes there

is more than one consistent choice, but typically

very few possibilities arise.

The asymptotic symmetry group is a very im-

portant and subtle concept. It may seem like we

have described a fancy mechanism to reproduce

results we already know, for example that the

Poincaré group is the ASG of asymptotically spa-

tially Minkowskian gravity. Indeed, it often hap-

pens that the ASG is simply the isometry group

of the vacuum. However this is not always the

case. The most famous example is AdS3 [10].

For AdS4, the ASG is the same as the vacuum

isometry group SO(3, 2). Naively we might as-

sume that similarly for AdS3 the ASG is SO(2, 2),

but in fact there is no consistent way to define a

nontrivial theory in AdS3 with SO(2, 2) as the

ASG. If we want to accommodate any finite en-

ergy excitations we need weaker boundary condi-

tions - weak enough to give an ASG generated by

two copies of the Virasoro algebra. The resulting

theory has states transforming in representations

of the 2D conformal group. Simply by analyz-

ing the ASG, we arrive at the far-reaching con-

clusion that any consistent definition of quantum

gravity on AdS3 space has to be a conformal the-

ory in this sense. This was discovered by Brown

and Henneaux in the 80’s. Their analysis did not

provide details about what the consistent defini-

tion, if any, of quantum theory of gravity in AdS3

should be. Indeed it was a decade later [8] before

we found, using string theory and extra compact

dimensions, an example of a consistent UV com-

pletion of quantum gravity in AdS3 space.

Another highly nontrivial example is the ASG

evaluated at future null infinity in asymptoti-

cally Minkowskian spaces. This is an infinite-

dimensional group known as the BMS group. The

full implications of this seem to be yet to be un-

derstood. Some interesting recent observations

appear in [33].

5. Kerr/CFT

A lot of machinery had been developed over

the years [28,34–37] to describe Dirac brackets

and the Qζ generators. We now simply want to

apply this machinery and find a consistent set

of boundary conditions for NHEK. In our first

analysis we impose a restriction to ensure that

our boundary conditions preserve extremality, i.e.

E = M2 − J = 0. (25)

We will discuss nonextremal cases later in these

lectures. A motivation for studying extreme Kerr

black holes first is that they are in some regards

real-world analogs of the extreme black holes we

have successfully analyzed in string theory, and
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may be easier to understand than the general case

involving nonzero energy E . One set of consistent

boundary conditions with E = 0 has been found.

In the several years which have passed since the

original Kerr/CFT paper [38] was published, no-

body has found another solution to this problem.

This suggests they may be unique but there is no

proof.

5.1. ASG for NHEK

The boundary conditions require

htt = O(r2), htφ = hφφ = O(1),

hφr = hθθ = hθφ = hθt = O(r−1),

hrr = O(r−3), htr = hθr = O(r−2). (26)

In terms of the h the E = 0 boundary condi-

tion is the vanishing of an ADM-like integral over

the boundary. The explicit expression is given in

equation (33) below with ζ = ∂τ .

The most general diffeomorphism preserving

these boundary conditions is

ζ =
[
ǫ(φ) + O(r−2)

]
∂φ + [−rǫ′(φ) + O(1)] ∂r

+
[
C + O(r−3)

]
∂τ +

[
O(r−1)

]
∂θ (27)

where ǫ(φ) is an arbitrary smooth function and C
is an arbitrary constant. The subleading terms in

(27) and leading ∂τ term correspond to the trivial

diffeomorphisms i.e they do not contribute to Qζ .

Therefore we can take the leading part

ζ(ǫ) = ǫ(φ)∂φ − rǫ′(φ)∂r (28)

as a representation of the quotient (20). In other

words, this vector field generates the asymptotic

symmetry group of the NHEK geometry. It is

convenient to introduce a basis

ζn ≡ ζ(−e−inφ) = −e−inφ∂φ − in e−inφr ∂r. (29)

The Lie bracket3 of the vector fields ζn satisfies

i [ζn, ζm] = (m− n)ζm+n. (30)

From (30) we learn that the asymptotic symmetry

group is generated by one copy of the Virasoro

algebra. There is no central charge here because

this is just a classical vector field computation.

3[X, Y ] = LXY − LY X

5.2. Central charge

Rather than studying the Lie brackets of ζn,

we now want to consider the Dirac bracket of

the charges generating the ζn diffeomorphisms.

By construction, the Dirac bracket algebra of the

charges satisfies

{Qζ ,Φ}DB = LζΦ. (31)

Using the Jacobi identity, this implies that

{Qζ , Qξ}DB = Q[ζ,ξ] + cζξ, (32)

where cζξ is the central term. Amazingly enough,

the central term in (32) can be calculated us-

ing classical gravity from the explicit expression

for Qζ . Infinitesimal charge differences between

neighboring geometries gµν and gµν + hµν are

given by

δQζ =
1

8πG

∫

∂Σ

Kζ(h, g) (33)

where the integral is over the boundary of the

spatial slice and

Kζ(h, g) = −1

4
ǫαβµνdx

α ∧ dxβ
[
ζνDµh

− ζνDσh
µσ + ζσD

νhµσ +
1

2
hDνζµ

+
1

2
hσν(Dµζσ −Dσζ

µ)
]
. (34)

This expression and its many precursors have

been studied in the literature for a long time,

starting with ADM back in the 50’s, and so has

by now been worked out in great detail. From

(33) we can determine the central charge by ap-

plying it to fluctuations h = Lξg (g here is the

NHEK metric) produced by the allowed diffeo-

morphisms. This results in a very explicit ex-

pression for the central charge:

cξζ =
1

8πG

∫

∂Σ

Kζ(Lξg, g). (35)

In terms of the basis (29) one finds

{Qζm
, Qζn

}DB = Q[ζm,ζn] − iJ(m3 + 2m)δm+n.

(36)
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The classical charges Qζ have units of action so

we can use h̄ to define a dimensionless quantity

h̄Ln = Qζn
+

3J

2
δn (37)

and then apply the usual quantization rules to the

Dirac bracket {·, ·}DB → − i
h̄
[·, ·] for these. The

quantum charge algebra turns out to be

[Lm, Ln] = (m− n)Lm+n +
J

h̄
m(m2 − 1)δm+n.

(38)

From this we can read off the central charge for

the NHEK geometry:

c =
12J

h̄
, (39)

where we have reinstated the factor of h̄ normally

set to one. This means that the E = 0 states in

NHEK with the boundary conditions (26) must

form representations of one copy of the Virasoro

algebra with central charge 12J
h̄

and hence in this

sense comprise a (chiral half of) a 2D CFT4.

From this analysis, we do not know if the CFT

is local or unitary. We also cannot say, without

an explicit microscopic construction, if the con-

formal symmetry persists beyond the semiclassi-

cal limit considered here. However, since Kerr

black holes do exist, we do know that the struc-

ture we have found arises as a limit of a consistent

physical system.

While 2D conformal symmetry often appears

in critical point behavior of real-world condensed

matter systems, this is the first time it has arisen

in limits of observable astronomical systems. The

2D conformal symmetry arises here with a holo-

graphic connection to the 4D diffeomorphism

group (note the radial ǫ′∂r term in (28)). This

connection opens the door to adapting the beau-

tiful insights in string theory holography to real-

world black holes.

5.3. Cardy entropy

Conformal field theories have many universal

properties and we would like to map these to the

4We henceforth take h̄ = 1.

many universal properties of black hole dynam-

ics. The first thing we would like to understand

is whether or not there is some way for us to re-

cover the Bekenstein - Hawking formula for black

hole entropy. For the extreme Kerr geometry

SBH = 2πJ . One would like to understand this

in terms of the microstate degeneracy of a CFT

at finite temperature. This is at first puzzling

since we know that extreme Kerr has zero Hawk-

ing temperature. However there are two relevant

conserved quantities. One of these is the energy

which is conjugate to the Hawking temperature

and the other is an angular momentum conju-

gate to the angular velocity. We are interested

in counting extreme Kerr microstates which are

moving at the speed of light in the near-horizon

region of the black hole. Roughly speaking this

means that the quantum number we are after is a

linear combination of the energy and the angular

momentum. Let’s be specific.

In general, a black hole represents not a pure,

but a mixed, state and the quantum fields around

the black hole are in a thermal state. For a

Schwarzschild black hole, the thermal state is

weighted by the Boltzmann factor

e−ω/TH . (40)

Adding angular momentum changes this to

e−(ω−mΩH)/TH (41)

with ΩH being the angular velocity of the horizon

which for extremal Kerr is ΩH = 1/2M . When

we carefully take the extreme limit of Kerr, TH

goes to zero, but this does not necessarily mean

that the weighting factor (41) is trivial. The rea-

son for this is the possibility of states which have

ω very near mΩH . In the extreme limit TH → 0,

we get ω = mΩH states contributing to a density

matrix weighted by the angular momentum m.

Carefully taking the limit one finds for TH → 0

e−(ω−mΩH)/TH → e−2πm = e−m/TL . (42)

From here we can read off the relevant temper-

ature as TL = 1/2π. We can also note that the

angular momentumm is the eigenvalue of L0. Us-

ing the Cardy entropy formula for a chiral CFT,
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we find the entropy obeys

Scardy =
π2

3
c TL =

π2

3
12J TL = 2πJ. (43)

which matches the Bekenstein - Hawking entropy

(6) exactly!

Note that since we do not know the exact CFT,

we cannot be sure that it is in the class of uni-

tary and modular invariant theories for which the

Cardy formula is known to apply. We only know

some very general properties of this CFT. In or-

der to provide an exact description we would need

to know all the microscopic laws of physics to the

Planck scale and beyond. In string theory we

take a top-down approach: we assume some mi-

croscopic description and that way we know ev-

erything about the dual CFT. That is not what

we are doing in these lectures. Rather we are

taking a bottom-up approach and must live with

some uncertainty about the details of the CFT.

We are trying to understand how the universal

properties of black holes might follow from any

consistent UV completion of the known laws of

physics. We are not trying to find the comple-

tion. So rather than try to prove that the Cardy

formula is applicable, we take the precise agree-

ment of the Bekenstein-Hawking and Cardy en-

tropy formulas resulting from our ASG analysis

as the first piece of evidence both for the appli-

cability of the Cardy formula and the physical

relevance of the picture of extreme Kerr as a 2D

CFT. More evidence will appear below.

Roughly speaking, the Cardy formula works

when we are justified in applying statistical rea-

soning. It pertains to the statistical limit of 2D

CFTs and hence is related to the statistical limit

of black holes as studied in [39]. A sufficient,

though not necessary, condition for the Cardy for-

mula to be valid is that the temperature is large

compared to the central charge. Clearly this is

not the case here. It was also not the case for

the stringy black holes studied in [8]. There, the

temperature was just one of the charges and in

the limit when the supergravity approximation

was valid, the temperature was parametrically

small compared to the central charge. Often, a

sufficient condition for the applicability of the

Cardy formula is that the temperature is large

relative to the gap or lightest excitation of the

theory, which means that a large number of de-

grees of freedom are excited. Essentially it is just

a thermodynamic approximation applied to the

many degrees of freedom in the CFT. We actually

know that the gap for extreme Kerr must be very

small. It was computed in a paper by Preskill,

Schwarz, Shapere, Trivedi and Wilczek [39] two

decades ago using only semiclassical reasoning.

They showed that if the gap for extreme black

holes is sufficiently large, the Hawking calculation

would be invalid since a black hole can not radiate

quanta with energies less than the gap. Therefore

a large gap is inconsistent with the semiclassical

Hawking calculation. This argument can provide

also us with an upper bound on the size of the

gap. For case of Kerr, the L0 gap is of order 1/J .

The temperature TL = 1
2π

is already much larger

than this, so the Cardy formula may plausibly

apply. A similar story justified the string theory

computations [40].

So far in our matching between gravity and

the CFT, we have found agreement with just one

number. However there are many generalizations

of this construction in which the central charge

and entropy are complicated functions of various

geometrical data and the functions are matched

in entirety [41–55]. Further, and qualitatively dif-

ferent, supporting evidence for Kerr/CFT comes

from scattering amplitudes in NHEK. Kerr scat-

tering amplitudes were computed long ago in [56–

60]. They turn out to be complicated products in-

volving ratios of four gamma functions with argu-

ments depending on the energies and spins of the

black hole and the incoming and outgoing waves .

It has been shown in a variety of contexts [61–64]

that these correspond exactly to the finite tem-

perature CFT correlators! Hence the picture of

extreme Kerr as a CFT holds together well.

5.4. Beyond extremality

The natural next question is how to go beyond

extremality, i.e. to the case where E = M2 − J >
0. For infinitesimally small deviations from ex-

tremality, Castro and Larsen [65] and others [66–

68] found an alternate set of boundary conditions

which lead to a second copy of the Virasoro al-

gebra. Since the conserved charge E derives from
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an SL(2, R) isometry of NHEK, the relevant Vi-

rasoro algebra is an enhancement of the SL(2, R)

isometry rather than the enhancement of the U(1)

described above.

In order to go beyond linear deviations from

extremality, we need to include the effects of

backreaction. The backreacted geometry is no

longer asymptotically NHEK and the whole pic-

ture breaks down. It is not clear exactly what

this means or how to proceed further at this point.

One approach is to try to get some insight by em-

bedding Kerr/CFT in string theory and see how

the issue resolves itself in that context.5

We will not further explore this direction in

these lectures. However in the next lecture we

will find encouraging results by approaching the

issue from a different angle. We simply analyze

the form of the scattering amplitudes and entropy

functions and find surprisingly that at low ener-

gies they take exactly the form expected for a

CFT – even far from extremality! We have no

a priori explanation for this “hidden” conformal

symmetry but it seems to indicate more Kerr mir-

acles still await discovery.

6. Hidden conformal symmetry for generic

Kerr

6.1. Wave equation as SL(2, R) Casimir

Consider the scalar Laplacian ∇2 in the Kerr

geometry. Using the Killing-Yano tensor we

can construct a second-order differential opera-

tor fα
µfαν∇µ∇ν which commutes with ∇2. This

allows the wave equation to be separated [16]:

Φ(t, r, θ, φ) = e−iωt+imφR(r)S(θ). (44)

Denoting the separation constant Kℓ we have

−KlS(θ) =

[
1

sin θ
∂θ(sin θ∂θ)

− m2

sin2 θ
+ ω2a2 cos2 θ

]
S(θ), (45)

5Some recent progress along those lines appeared, after
these lectures were given, in [69,70].

and

KlR(r) =

[
∂r(∆∂r) +

(2Mr+ω − am)2

(r − r+)(r+ − r−)

− (2Mr−ω − am)2

(r − r−)(r+ − r−)

+ (r2 + 2M(r + 2M))ω2

]
R(r). (46)

Both of these equations are solved by Heun func-

tions which are known only numerically. How-

ever, we can try to simplify the equations by go-

ing to low frequencies. The last term in (45) can

be neglected if ωM ≪ 1 i.e. for excitation wave-

lengths larger than the black hole radius. In this

case, the geometry can be divided into two regions

“Near” : r ≪ 1

ω
,

“Far” : r ≫M (47)

with large overlaps. We can then solve the equa-

tions (45) and (46) in both the near and far re-

gions, and match the solutions at any value rmatch

of r in the intermediate region

M ≪ rmatch ≪ 1

ω
. (48)

The fact that, in this approximation, the answer

cannot depend on rmatch implies that the solu-

tions in the near region must behave in some

special symmetric way under transformations of

rmatch. Moreover since the redshift factor de-

pends on r, transformations of rmatch are tied to

scale transformations. This strongly hints that

the near region physics should exhibit some kind

of conformal symmetry arising from invariance of

the full answer under shifts of the matching sur-

face. We will see below that this is indeed the

case.

In the limit ωM ≪ 1, the equation (45) sim-

plifies to the spherical Laplacian and is solved

in terms of spherical harmonic functions with

Kl = l(l + 1). The radial equation (46) in the

far region is solved by Bessel functions. In the

204



near region, the equation simplifies to

[
∂r(∆∂r) +

(2Mr+ω − am)2

(r − r+)(r+ − r−)

− (2Mr−ω − am)2

(r − r−)(r+ − r−)

]
R(r) = l(l + 1)R(r),

(49)

whose solutions are hypergeometric functions. In

order to obtain the solution for the full geome-

try we need to do a matching between the two

regions. The fact that the hypergeometric func-

tions form representations of SL(2, R) gives us

further reason to expect some hidden conformal

symmetry.

This near region SL(2, R) symmetry that ap-

pears in the Laplace equation for scalar perturba-

tions can be made explicit by introducing natural

‘conformal’ variables

w+ =

√
r − r+
r − r−

e2πTRφ

w− =

√
r − r+
r − r−

e2πTLφ−t/2M (50)

y =

√
r − r+
r − r−

eπ(TR+TL)φ−t/4M

where

TL =
r+ + r−

4πa
, TR =

r+ − r−
4πa

. (51)

We can define the vector fields

H1 = i∂+

H0 = i

(
w+∂+ +

1

2
y∂y

)
(52)

H−1 = i
(
w+2∂+ + w+y∂y − y2∂−

)

and

H̄1 = i∂−

H̄0 = i

(
w−∂− +

1

2
y∂y

)
(53)

H̄−1 = i
(
w−2∂− + w−y∂y − y2∂+

)

which obey the SL(2, R) algebra

[H0,H±1] = ∓iH±1, [H−1,H1] = −2iH0, (54)

and similarly for H̄0 and H̄±1. The SL(2, R)

quadratic Casimir, written in (t, r, θ, φ) variables,

is

H2 = H̄2 = ∂r(∆∂r)+

(2Mr+ω − am)2

(r − r+)(r+ − r−)
− (2Mr−ω − am)2

(r − r−)(r+ − r−)
. (55)

As a result of this, the equation (49) for Φ(r) in

the near region can be written

H2Φ = H̄2Φ = l(l + 1)Φ. (56)

This gives the solutions for Φ as representations

of SL(2, R) with conformal weights

(hL, hR) = (l, l). (57)

However, although SL(2, R)L × SL(2, R)R is a

symmetry of the near region scalar wave equation,

it is broken by the extra periodic identification

φ ∼ φ+ 2π. (58)

Under the identification (58), the conformal co-

ordinates identify as

w+ ∼ e4π2TRw+, w− ∼ e4π2TLw−,

y ∼ e2π2(TR+TL)y.
(59)

This identification is generated by

g = e−4π2iTRH0−4π2iTLH̄0 ,

g ∈ SL(2, R)L × SL(2, R)R, (60)

which is exactly the form of the identification for

a CFT partition function at finite temperature

(TL, TR).

We stress that the near region discussed above

is not a “near-horizon” region since r can be arbi-

trarily large for fixed M and the conformal sym-

metry, although it acts on solutions of the wave

equation, is not a geometric isometry!

6.2. Cardy entropy

Now let us simply suppose there is some under-

lying CFT at the temperatures (51) for generic

Kerr. Its entropy would be given by the Cardy

formula

S =
π2

3
cLTL +

π2

3
cRTR. (61)
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We only know the central charges cL = cR = 12J
for the extreme case and first order variations

away from extremality. So we further assume that

the central charges behave smoothly and that

they do not change as we move away from the

extremal case. Using (51) for the temperatures,

we arrive at

SCardy =
π2

3
12J

(
r+ + r−

4πa
+
r+ − r−

4πa

)

=
2πr+J

a
= 2πMr+ = SBH ! (62)

Comparing this to the Bekenstein - Hawking for-

mula (6), we see an impressive and detailed match

for general M,J Kerr black holes. One can also

look at the near-region low-energy scattering am-

plitudes. These agree precisely with those of a

CFT [71] even for nonextremal Kerr. Hence the

scattering amplitudes exhibit symmetries which

do not come from manifest symmetries of the ac-

tion. Another example of such ‘hidden’ symme-

tries which are not manifest in the action but ap-

pear in the scattering amplitudes is described in

lectures at this school by N. Arkani-Hamed on 4D

N = 4 SYM theory.

Let us summarize. There is no a priori ASG

or other type of argument indicating that black

holes with generic values of M and J are dual

to 2D CFTs. Nevertheless a phenomenological

analysis of the scattering amplitudes and entropy

formulae reveals that they exhibit a hidden 2D

conformal symmetry: yet another ‘miracle’ of the

Kerr story. The challenge now is to understand

why this should be so.

7. Future directions

While some things have been understood at

this point, there are several remaining, interre-

lated puzzles/questions concerning the theoret-

ical structure of Kerr/CFT, some of which we

have mentioned along the way. Related quan-

tum gravity questions were explored in the previ-

ous Cargèse lectures [72]. These Kerr/CFT puz-

zles/questions include

(i)Boundary conditions are known which give ei-

ther a left or a right -moving Virasoro generating

the ASG. Are there boundary conditions which

simultaneously give both? If not, why not?

(ii)How do we understand the fact that at finite

M2 − J the NHEK region disappears?

(iii)How do we match the instability of extreme

Kerr due to quantum Unruh-Starobinsky super-

radiance to properties of the CFT?

(iv)Where did the hidden conformal symmetry

come from and why does the Cardy formula

work? Is there a generalization of the standard

ASG analysis which can be applied to the r ≪ 1
ω

near-region to explain the hidden conformal sym-

metry?

(v) One might hope to match a thermal state

in a nonchiral CFT with the general Kerr black

hole. Such a state has three parameters: c, TL

and TR, while Kerr has only M and J , and can

therefore at best describe a subspace of the CFT

states. Where does the restriction to a subspace

come from? Is there a holographic dual for the

generic CFT state?

Perhaps the most promising approach to

addressing these questions is by embedding

Kerr/CFT into string theory. Indeed many as-

pects of the parallel Brown-Henneaux analysis of

AdS3 were not understood until a stringy em-

bedding was discovered. Recently (after these

lectures were given), progress has been made in

this direction in the context of charged spinning

black holes in five dimensions with a Kaluza-

Klein S1 [69]. The structure of the correspond-

ing NHEK geometry depends on the value of the

electric charge. When the charge is pushed to

its maximal value, the NHEK geometry locally

approaches AdS3×S3. The dual at the maximal-

ity is then easily identified with standard stringy

methods and has the central charge predicted by

Kerr/CFT. The linearized properties away from

this maximal point also agree with Kerr/CFT ex-

pectations. Even more recently [73], the dual

theory has been identified for all finite submaxi-

mal values of the charge as the low energy limit

of a certain wrapped D-brane configuration with

nonzero charge densities, and found to be related

to the so-called dipole-deformed gauge theories.

One hopes that this intricate construction can be

used to shed light on the general puzzles discussed

above, and suggest answers which do not depend
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on the details of string theory.

Of course since Kerr/CFT applies to the real

world, it is not necessary to understand all as-

pects of its theoretical structure before attempt-

ing to find observational consequences of the sym-

metry. It is often the case in physics that the

comparison of theory to experiment is an ingredi-

ent in understanding both! Kerr/CFT is a state-

ment about a symmetry which applies to objects

seen in the sky. At present, the observational

data from those objects is good and rapidly im-

proving. There are many observed phenomena

which are not understood [13,12]. Symmetries of-

ten provide both predictions about and a useful

framework for organizing the observational data.

They also suggest what to look for. Analyses of

black hole properties tend to focus either on the

non-rotating case or small perturbations in the

rotation parameter. Perhaps interesting simpli-

fications and structures occur near extremality.

This direction seems ripe for exploration in the

near future.
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Time machine creation in the ultra-relativistic proton collisions

Andrey A. Bagrova∗

aDepartment of Theoretical Physics, Steklov Mathematical Institute,
Gubkina str. 8, Moscow, Russia, 119991

In this letter I briefly discuss the mechanism of microscopic time machines creation in the ultra-relativistic
particle collisions. It is shown that in multidimensional theories of strong gravity collisions of lengthy objects
(such as protons and nuclei) could lead to causality violation. Physical parameter of formed time machines have
been estimated.

1. INTRODUCTION

The idea of time traveling has a long story.
It was being seriously considered in theoretical
physics after the renowned publication by Kurt
Goedel [1] where he obtained the solution to Ein-
stein equations which permits test particles to
move along closed timelike curves (CTC). Dur-
ing last sixty years many other metrics with such
property have been constructed. Among them we
can point out the Gott time machine [2], Morris
– Thorne – Yurtsever traversable wormhole [3],
Wheeler wormhole [4]

However most of these solutions seem to be just
toy models. They are important for our under-
standing of the structure of spacetime but they
do not give any chance to find a way to realize
the time machine in terrestrial nor cosmic condi-
tions. Therefore experimental tests of causality
violations are impossible by the present moment.

While trying to understand how the time ma-
chine can be formed we encounter three main
problems:

• Most of known time machine models are
stationary solutions to the equations of
General Relativity. The process of their dy-

∗I am thankful to Prof. Irina Aref’eva and Oleg Groshev
for helpful intense discussions. Especially I would like to
express my deep gratitude to Marina Ivanova who man-
aged me to believe in the possibility of time traveling and
inspired me to formulate this mechanism. This work is
supported by the Ministry of Science and Education of
Russia (state contract 14.740.11.0710) and the non-profit
”Dynasty” foundation.

namical formation from some kind of initial
conditions is absolutely mysterious.

• Almost all stable metrics with CTC violate
the null-energy condition (NEC) which is
held for usual states of matter. Involvement
of exotic unknown matter is necessary for
stability of the time machine.

• The Gott time machine does not violate the
NEC and can be realized starting from sim-
ple initial conditions (some discussions of
possible inconsistency of this metric were
published [5] but I can not pay attention to
them within this letter). But its existence
requires extremely large amounts of energy.
Therefore there is only a little chance that
this time machine could exist even at early
stages of the Universe evolution.

About 13 years ago the new promising
paradigm of the gravitational interactions has
been formulated. In the TeV-gravity models [6]
our space is assumed to be embedded as a 3-brane
into D-dimensional spacetime. Extra D − 4 spa-
tial dimensions are compactified on a manifold
with inverse linear size of about few TeV. Anal-
ogous models where the dimension of spacetime
is restricted to be D = 5 also exist [7]. If one
of these model is true the gravity should become
much strong at energies about few TeV and more.
In this case we may hope to probe some gravita-
tional effects in high energy collisions of particles
at the LHC and in cosmic rays.
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One of possible gravitational effects which can
be observed at the LHC and future colliders is the
creation of a microscopic time machine. This idea
has been discussed in several papers [8], however
dynamical mechanisms of the TM appearance re-
mains unclear. In the next section the construc-
tion similar to the Gott time machine is proposed
within the framework of TeV-gravity.

2. PHYSICAL MODEL

Let us assume that our spacetime is 5-
dimensional, i.e. the Randall – Sundrum model
or the Dvali – Gabadadze – Porrati model is re-
alized in our world. Also we may consider the
Arkani-hamed – Dimopolous – Dvali model with
an anisotropic compactification when one of com-
pactified dimensions is much larger than others (it
is well-known that the 5-dimensional ADD model
is forbidden due to the phenomenological restric-
tions). For simplicity we may impose that the
spacetime is asymptotically flat (in the RS-model
it has AdS-asymptotic, but this does not change
the physical picture qualitatively).

In such spacetime we can analyze a head-on
collision of two protons at energies about 10TeV
or more. What is the specific of their gravita-
tional interaction? First of all we should pay at-
tention to the fact that the proton is relatively
large object, its diameter is dp = 1fm = 10−15m,
while the de Broglie wavelength corresponding to
the energy of 10TeV is about λ ≈ 10−19m. In
comparision with such high-energy particles the
proton is very large, almost infinite object.

In the rest frame of detached observer the pro-
ton is contracted in longitudinal direction due to
the Lorentz transformation. The Lorentz factor
in this case is approximately γ ∼ 10TeV/1GeV =
104. Therefore in the laboratory frame the mov-
ing proton looks like almost homogenous very
wide (dp = 10−15m) and thin (lp = 10−19m) disk.
Its classical gravitational field is negligible in its
own rest frame but significant in the rest frame
of the observer due to effects of TeV-gravity. Ex-
act expression of its metric is very complicated
but near the center of disk we may neglect edge
effects and consider it as a rapidly moving in-
finite homogenous plane in 5-dimensional space-

time. Like a point in (2+1)-dimensional space-
time [9] or a cosmic string in (3+1) dimensions
[2] this object leads to appearance of a conical
topological defect in (4+1) dimensions [10]:

ds2 = −dt2 + dx2
⊥ + dρ2 + ρ2dφ2, (1)

x⊥ = (x1, x2), ρ2 = x2
3 + z2, (2)

where (x1, x2) - transversal coordinates on the
brane, x3 - longitudinal brane coordinate, and z
is the extra dimension. The angle variates in the
range:

0 < φ < α, (3)

α = 2π − δ, (4)

δ = 8πγG5
mp

Sp
=

32γ

M3
Pl,5

mp

d2
p

(5)

Here G5 is a 5-dimensional gravitational constant,
mp ≈ 938MeV is the proton mass, G5 = 1/M3

Pl,5.
It should be note separately that there is impor-
tant difference between true infinite plane and the
proton. For the plane we can define the angle
defect both in static (δ0) and moving (δ) cases.
They are simply related: δ = γδ0. For the proton
we are not able to define the static defect.

In this approximation up to corrections of the
order of O(λ/dp) the metric of two high energy
colliding protons is the 5-dimensional generaliza-
tion of the Gott spacetime. It is schematically
shown in the Fig. 1. Gravitational field of each
proton in the laboratory frame can be represented
as a flat spacetime with cut off wedge. The front
side of the wedge is in the future relatively the
back side. The test point falling on the front side
jumps to the past. So path-tracing around both
wedges can return the particle to its own past if
the angle defects are large enough.

Now we can estimate what energy of protons
is necessary to form closed timelike curves. In
the original paper by Gott following condition for
moving strings is obtained:

γ >
1

sin δ0/2
(6)

For the proton we can define formally δ0 = δ/γ.
In TeV-gravity models MPl,5 ≈ 1TeV. So

δ0 ≈ 1.4 · 10−6 (7)
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Figure 1. Each wedge represents the conical de-
fect generated by moving proton.

The condition of time traveling is held if the
Lorentz factor is

γ > 1.4 · 106 (8)

Unfortunately this value is much larger than
one expected at the LHC. But at least it looks
reasonable and we may hope to reach such ener-
gies at future colliders. Also this Lorentz factor
is typical for cosmic rays.

3. POSSIBLE PHENOMENOLOGICAL

SIGNATURES

We should note that CTC are localized in the
bulk, and usual matter fields can not follow them.
All causality violating interactions occur only
via particles which may leave the brane (like a
Kaluza-Klein excitations).

Path-tracing of intermediate particles leads to
their multiplication and violation of energy and
momentum conservation laws. Quantum conser-
vation laws also can be violated. Therefore a lot
of usually forbidden processes become possible.

But to analyze all this possibilities new ap-
proach to quantum field theory is necessary. All
usual principles and paradigms is inapplicable in

the case of manifolds with nontrivial topology of
time.

By now we can not obtain numerical estimates
on properties of these exotic processes.
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Strong coupling, discrete symmetry and flavour
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Strong coupling and discrete symmetry can work together to generate the flavour structure of the Standard
Model. It is proposed that the full UV theory has a discrete flavour symmetry, typically only associated with
tribimaximal mixing in the neutrino sector. Hierarchies in the particle masses and mixing matrices emerge from
multiple strongly coupled sectors that break this symmetry. This allows for a realistic flavour structure, even in
models built around an underlying grand unified theory.

It is widely believed that strong coupling could
explain several difficult phenomenological puz-
zles. Our purpose here is to revisit one of the
early ideas, namely the proposal of Refs. [1–3]
that strong coupling effects generate the hierar-
chical flavour structure observed in the quark and
lepton masses and mixings. Developments since
that work are encouraging a return to the sub-
ject. Firstly there is now a better understanding
of the neutrino masses and mixings and a large
number of well defined flavour models for the lep-
ton sector [4]. Mostly these rely on non-abelian
discrete symmetries. Strangely though, such dis-
crete symmetries are not particularly helpful in
explaining the quark sector masses and mixings.
In order to accommodate the very different struc-
tures in the quark and lepton couplings, one has
to have peculiar vacuum misalignments. Not only
are these difficult to achieve, but also they do not
sit easily with an underlying grand unified the-
ory (GUT) structure. The second reason is that,
in the interim, the AdS/CFT correspondence has
given us a geometrical way to think about strong
coupling. Interest in strong coupling in flavour
physics has usually been drawn to models with
a single confinement scale. However, the role of
discrete symmetries in any of these scenarios is
obscure: although it can be incorporated into the
model [5,6] the underlying geometric origin is elu-
sive.

In Ref. [7], on which these proceedings are
based, our approach is governed by two principles.
First we assume that strong coupling effects (for
example vastly different compositeness scales) are

responsible for generating hierarchies in masses
and mixings. Second we believe that any dis-
crete symmetries underlying the lepton/neutrino
masses and mixings are also present in the quark
sector, but are broken by the strong coupling ef-
fects. This is hard to avoid if one is interested
in grand unified theories. The general picture we
will explore is related to that of Ref. [3], except
that instead of anarchy in the UV there is dis-
crete symmetry. The quark sector is hierarchical
because quarks are mainly composite states which
feel the strong coupling whereas the leptons, espe-
cially the neutrinos, are more elementary so dis-
play a discrete symmetry.

There are various ways to think about strong
coupling. In the context of N = 1 supersymme-
try Seiberg duality is a powerful tool [8]. Our
initial approach in Ref. [7] is to introduce three
strongly coupled SU(2) gauge groups. Each con-
fines and produces part of a generation of Stan-
dard Model matter as bound states (in terms of
the parent SU(5) theory these correspond to the
10). The confining groups all have their own
dynamics, naturally allowing an exponential hi-
erarchy in the compositeness scales. This hi-
erarchy appears in the superpotential when one
trades bound states of the deconfined theories for
properly normalised elementary fields in the dual
description. Any discrete global symmetries are
present in both the confined and deconfined the-
ories, so determine the detailed structure of the
coupling constants and mixing matrices. The in-
terplay between a Z3 permutation symmetry and
an effective Z2 symmetry (arising from the con-
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finement scheme) then mimics the behaviour of
the more traditional A4 flavour symmetry. Thus
tribimaximal mixing is obtained in the neutrino
sector, whereas Z3 is broken by the strong cou-
pling in the quark sector to allow a realistic form
for the quark mixing matrix.

The more geometrical way to think about
strong coupling is via the AdS/CFT correspon-
dence. One replaces each strongly coupled SU(2)
gauge group with a strongly coupled CFT and
consequently a slice of AdS, or warped throat.
The composite quark and lepton states are lo-
calised on (or near) the infrared brane of each
throat while the elementary states are localised
on (or near) the ultraviolet brane. In order for
there to be interactions one has to sew the three
throats together at the UV end leading to a mul-
tiple throat background [9], each throat corre-
sponding to a single generation. The Z3 becomes
a cyclical permutation symmetry of the throats.
In the holographic interpretation this symmetry
was spontaneously broken by the strong coupling.
This can be manifest geometrically as either dif-
ferent bulk masses in the throats or different
throat lengths [10] or both.

The picture that emerges is shown in Fig-
ure 1. It consistently represents both the
field theory and the holographic approaches.
An important feature is that the up quark
Yukawas are composite-composite-elementary
couplings, the down quark and charged leptons
are composite-elementary-elementary while the
neutrino couplings are elementary-elementary-
elementary. This explains why the down quarks
and charged leptons have similar mass hierar-
chies, the ups have roughly the square of the down
hierarchy and the neutrinos have little or no hier-
archy and large mixing. A key point elucidated by
the geometric picture is what happens to the un-
derlying GUT structure. In the traditional SU(5)
theory Q, ec, uc sit in the antisymmetric 10 and
dc, L sit in the antifundamental 5. The diagram
clearly breaks the SU(5) structure; however it re-
mains approximately intact. It is reasonable to
expect such a slight splitting of wave-functions
to occur since, after GUT symmetry breaking,
different anomalous dimensions can arise within
SU(5) multiplets.

Figure 1. The triple confinement picture. Ele-
mentary states at the node feel the full discrete
symmetry. Bound states are situated at the ends
of “throats”. The discrete symmetry is broken
either by different throat lengths (shown) or by
different localisations of the fields in each throat.

REFERENCES

1. R.R. Volkas and G.C. Joshi, Phys. Rept. 159
(1988) 303.

2. M.J. Strassler, Phys. Lett. B376 (1996) 119,
hep-ph/9510342.

3. A.E. Nelson and M.J. Strassler, JHEP 09
(2000) 030, hep-ph/0006251.

4. G. Altarelli and F. Feruglio, (2010),
1002.0211.

5. C. Csaki et al., JHEP 10 (2008) 055,
0806.0356.

6. A. Kadosh and E. Pallante, (2010),
1004.0321.

7. S. Abel and J. Barnard, JHEP 08 (2010) 039,
1005.1668.

8. N. Seiberg, Nucl. Phys. B435 (1995) 129, hep-
th/9411149.

9. G. Cacciapaglia et al., Phys. Rev. D74 (2006)
045019, hep-ph/0604218.

10. S.S.C. Law and K.L. McDonald, Phys. Rev.
D82 (2010) 104032, 1008.4336.

215



Two-point function probes of thermalization
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We present work in progress on describing the evolution towards thermality in strongly coupled gauge theories

with a gravity dual. Two-point functions serve as nonlocal probes to assess thermalization.

The experimental evidence on relativistic
heavy-ion collisions suggests that the products
of the reaction are strongly interacting and
that their near-equilibrium evolution is well de-
scribed by quasi-inviscid hydrodynamics [1]. Sim-
ple strongly coupled field theories can be stud-
ied holographically through the AdS/CFT corre-
spondence, relating gravity theories in asymptot-
ically anti-de Sitter spacetimes (AdS) to confor-
mal field theories (CFT) on their boundaries. A
thermal field theory state is dual to a black brane
in AdS, while the thermalization process is ex-
pected to correspond to black hole formation in
the bulk.

Various approaches have been pursued to ad-
dress holographically the thermalization dynam-
ics at strong coupling (see for instance [2] and ref-
erences therein). Here we model the equilibrating
field configuration in the bulk by an infalling ho-
mogenous thin matter shell [3], and we study the
onset of thermality via nonlocal probes. This con-
tribution is based on [4] and focuses on equal-time
two-point correlators of gauge invariant operators
O. We refer to [4,5] for a comprehensive analysis
of different probes.

In the dual theory, two-point functions are eval-
uated summing over all bulk paths connecting
the two endpoints. For “heavy” probes of con-
formal dimension ∆ ≫ 1 in the semiclassical
limit, the sum over paths can be approximated
by: 〈O(x, t)O(0, t)〉 ∼ exp[−∆L(x, t)]; L(x, t)
being the length of the geodesic stretching be-
tween the two boundary points [6].

∗Aspirant FWO; Alice.Bernamonti@vub.ac.be

Let us parametrize the d + 1-dimensional in-
falling shell geometry by the Vaidya metric in
Poincaré coordinates

ds2 = −
[
1 − m(v)r−d

]
r2dv2 +2dvdr+r2dx2 ,(1)

where v labels ingoing null trajectories and we
have set the AdS radius equal to 1. The conformal
boundary of spacetime is located at r = ∞, where
the coordinate v coincides with the asymptotic
observer’s time t. The mass profile of the dust
shell is chosen to be

m(v) = (M/2) [1 + tanh(v/v0)] , (2)

where v0 determines the thickness of the shell
falling along v = 0. As v0 goes to zero, the geom-
etry outside the shell (v > 0) is identical to that
of an AdS black brane, while the metric inside
the shell (v < 0) coincides with pure AdS.

The goal is to study equal-time Wightman
functions in a strongly coupled dynamical setup
in the geodesic approximation. This amounts
to solving for spacelike geodesics in the time-
dependent geometry (1) of dimension d = 2, 3, 4.
The geodesic endpoints are located at (v, r, |x|) =
(t0, r0,±ℓ/2), where r0 is a UV cut-off regulariz-
ing the infinite volume of spacetime. The geodesic
equation can be solved analytically in d = 2 in the
v0 → 0 limit, and numerically otherwise.

In Fig.1 left panel (right panel) we plot the pro-
jection on the (v, r)-plane of a sample of these
geodesics for fixed insertion time t0 (spatial scale
ℓ) and varying ℓ (t0) in a 3d bulk with zero-
thickness shell. For small enough ℓ or sufficiently
large t0, the geodesics extend entirely in the ther-
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Figure 1. Geodesics in the (v, r)-plane for fixed t0
and increasing ℓ (left panel from top to bottom),
and for fixed ℓ and increasing t0 (right panel from
left to right). The apparent horizon (in black
dashed) builds up to M = 1 at v = 0.

mal black brane background. We denote the
length of such geodesics Lthermal.

The geodesic length L diverges due to contribu-
tions near the boundary. Therefore, let us define
a renormalized length δL ≡ L − 2 ln(r0/2) by re-
moving the divergent part of the vacuum AdS so-
lution. The renormalized correlator is then com-
puted as 〈O(x, t)O(0, t)〉ren ∼ exp[−∆δL(x, t)].
In Fig.2, we assess the approach to thermality
plotting the deviation from the equilibrium re-
sult δL− δLthermal as a function of t0, for various
values of ℓ. It allows to extract the time until
full thermalization τth(ℓ) at which the curves join
non-analytically the thermal ones. It turns out
that in 2d τth = ℓ/2, while it is slightly shorter
than ℓ/2 for d = 3, 4 field theories. In [4], it is ar-
gued that this apparent violation of causality for
d > 2 may be related to the homogeneity of the
quench. Similar results for a 2d CFT undergoing
a sharp quench were also derived in [7].

As can be seen in Fig.2, complete thermaliza-
tion of the correlator is first observed at short
length scales. This observation is in strong con-
trast with the “bottom-up” scenario [8] apply-
ing to weakly coupled gauge theories. There,
the gauge field thermalizes by first populating
the infrared modes via gluon bremsstrahlung and
then by slowly approaching the equilibrium en-
ergy distribution from the “bottom-up”. From
an AdS/CFT perspective, thermalization natu-
rally proceeds “top-down” in this type of setups,
with UV modes thermalizing first.
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Figure 2. δL−δLthermal as a function of boundary
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All quantities are in units of M .
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An unexpected interplay between the seemingly disparate fields of M-theory and Quantum Information has
recently come to light. We summarise these developments, culminating in a classification of 4-qubit entanglement
from the physics of STU black holes. Based on work done in collaboration with D. Dahanayake, M. J. Duff, H.
Ebrahim, A. Marrani and W. Rubens.

1. Introduction

The irrefutable experimental successes of quan-
tum theory demanded a radical reappraisal of our
long held notions of “physical reality”. Quan-
tum superposition reigns supreme; we reside in a
fundamentally probabilistic universe. The philo-
sophically comfortable tenets of local realism
must be abandoned as phenomenologically insuf-
ficient - a direct consequence of that most quan-
tum of phenomena, entanglement [1, 2]. It sub-
sequently became apparent that, since informa-
tion is created, stored, transformed and destroyed
by physical processes, such a drastic reassessment
of reality must have some profound consequences
for our theories of information and computation.
Quantum Information Theory (QIT) is the out-
come [3]. It is the study of information processing
systems which rely on the fundamental properties
of quantum mechanics. It is anticipated that QIT
may be harnessed to go beyond what is computa-
tionally achievable on any classical device. In this
context entanglement is seen as a resource that
may be created and consumed in the course of a
quantum information theoretic protocol. It is es-
sential to the emerging technologies of quantum
cryptography, computation and communication.
If entanglement is a resource one must address
the question of its classification and quantifica-
tion. It is crucial from both a technological and
foundational perspective.

The other pillar of XX-century physics, Ein-
stein’s General Theory of Relativity, raises its
own set of quandaries. Primarily, direct attempts

at quantizing gravity using perturbative quantum
field theory are plagued by uncontrollable infini-
ties. Yet, a complete description of fundamental
physics requires a consistent theory of quantum
gravity. M-theory, which arose out of pioneering
work on superstrings and supergravity, is a com-
pelling framework for a unified theory of the fun-
damental interactions including quantum gravity.
However, it is fundamentally non-perturbative
and consequently remains largely mysterious, of-
fering up only remote corners of its full struc-
ture. Just as entanglement has been central to
developments in QIT, black holes are an impor-
tant window into the non-perturbative aspects of
M-theory.

For the most part these important endeavors in
quantum information and gravity have led sepa-
rate lives. However, this contribution centres on a
curious and unexpected interplay between these
seemingly disparate themes. It constitutes one
corner of the black-hole/qubit correspondence: a
relationship between the entanglement of qubits,
the basic units of quantum information, and the
entropy of black holes in M-theory [4].

2. Black Holes and Qubits

The entropy formula for the 8-charge (four elec-
tric plus four magnetic) STU black hole [5–7], ap-
pearing in M-theory compactified to four dimen-
sions, is given by the ‘hyperdeterminant’ [8], a
quantity introduced by the mathematician Cay-
ley in 1845 [9]. Remarkably, the hyperdetermi-
nant also shows up in the 3-tangle τABC , which
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Figure 1. The classification of three qubits (left)
exactly matches the classification of black holes
from N wrapped branes (right). Only the GHZ
state has a nonzero 3-tangle and only the N = 4
black hole has nonzero entropy.

measures the degree of tripartite entanglement
shared by three qubits (Alice, Bob and Char-
lie) [10, 11]. A qubit is a two-state (up/down)
quantum system; so three qubits can have eight
different states corresponding to the eight charges
of the black hole. The black hole entropy SBH is
related to the 3-tangle by [8],

SBH =
π

2

√
τABC .

It was subsequently realised that there is in fact
a one-to-one correspondence between the classifi-
cation of 3-qubit entanglement and the classifica-
tion of extremal STU black holes [4, 12]. Three
qubits may be entangled in six physically dis-
tinct ways: (1) Separable A-B-C, (2a) Bisepa-
rable A-BC, (2b) Biseparable B-CA, (2c) Bisep-
arable C-AB, (3) W and (4) GHZ (Greenberger-
Horne-Zeilinger) [13, 14]. See Figure 1. Only W
and GHZ have genuine three-way entanglement
and only GHZ maximally violates local realism
reflected in the fact that it has non-zero 3-tangle.

By embedding the STU model in type II
string theory compactified on a 6-torus one ob-
tains a microscopic interpretation of the black-
hole/correspondence in terms the supersymmet-
ric wrapping configurations of D-branes [4, 15].
Consider the type IIB theory. A subset of
the black hole charges corresponds to D3-branes
wrapping the internal space [16]. To relate this

picture to QIT we split the 6-torus into three two
2-tori, one for each qubit. We demand that each
D3-brane wraps a single circle of each 2-torus.
Denoting a wrapped circle by a cross and an un-
wrapped circle by a nought, we identify an up
(down) qubit state with xo (ox). To wrap or not
to wrap; that is the qubit. Using this dictionary
one finds that the supersymmetric configurations
of one, two, three and four intersecting D3-branes
reproduces precisely the six 3-qubit entanglement
classes. See Figure 1. A fifth effective charge may
be introduced while preserving supersymmetry by
intersecting the fourth brane at an angle [17, 18].
This relates a well-known fact of quantum infor-
mation theory, that the most general real three
qubit state can be parameterized by four real
numbers and an angle [19], to a well-known fact
of string theory, that the most general STU black
hole can be described by four D3-branes intersect-
ing at an angle [17, 18].

Further work [4, 15, 20–30] has led to a more
complete dictionary translating a variety of phe-
nomena in one language to those in the other. It
seems that we are, as yet, only glimpsing the tip of
an iceberg. For example, the much more difficult
problem of classifying 4-qubit entanglement has
recently been addressed by invoking the black-
hole/qubit correspondence [31, 32]. This is of ex-
perimental significance as 4-qubit entanglement is
now achievable in the laboratory [33,34]. The sta-
tionary STU black hole solutions may be studied
by performing a time-like reduction [30, 35–37].
The resulting classification of stationary black
holes is related to 4-qubit entanglement via the
Kostant-Sekiguchi theorem [38,39]. Our main re-
sult is that there are 31 entanglement families
which reduce to nine (in agreement with [40,41])
up to permutations of the four qubits. From the
black hole perspective, we find that the attractor
equations, which determine the amount of super-
symmetry preserved by a particular black hole
solution, display a symmetry consistent with per-
mutations of the qubits. For example, the A-GHZ
state yields a set of attractor equations which are
invariant under a triality corresponding to the
permutation of B, C, D in the GHZ state.

I would like to thank the organisers for a won-
derful school in a beautiful setting.
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Reduction of type IIB on squashed Sasaki-Einstein manifolds
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We present a consistent truncation of type IIB supergravity on squashed Sasaki–Einstein manifolds, leading to
half-maximal gauged supergravity in five dimensions. We comment on the holographic picture of consistency.

1. INTRODUCTION

In the context of the gauge/gravity duality,
consistent truncations of 10- and 11-dimensional
supergravity have proved to be powerful solution-
generating tools. Since they yield a lower-
dimensional model with a restricted number of
degrees of freedom, consistent truncations allow
to tackle several problems in a setup which is
much simpler than the original theory, guarantee-
ing at the same time the lifting of the solutions.

Recently, there has been a revival of interest in
consistent truncations, mainly motivated by the
need to embed into string theory a series of lower-
dimensional models providing a holographic de-
scription of certain condensed matter phenom-
ena, such as superconductivity and quantum crit-
ical points exhibiting non-relativistic scale invari-
ance. A crucial, non-trivial feature required by
these applications is that the truncation preserve
massive and/or charged Kaluza–Klein modes [1].
This can be achieved e.g. via a consistent
truncation of type IIB supergravity on arbitrary
squashed Sasaki–Einstein (SE) manifolds, which
leads to gauged N = 4 supergravity in five di-
mensions [2] (see also [3]).

2. THE REDUCTION

Locally, an SE manifold Y can be seen as a
U(1) fibration over a Kähler–Einstein base BKE :

ds2(Y ) = ds2(BKE) + η ⊗ η , (1)

where η is the globally defined 1-form specifying
the fibration. All 5-dimensional SE manifolds are
also endowed with a real 2-form J and a complex

2-form Ω, both globally defined. These satisfy the
algebraic constraints

η y J = η y Ω = 0 , Ω ∧ J = Ω ∧ Ω = 0 ,

Ω ∧ Ω = 2 J ∧ J = 4 vol(BKE) , (2)

as well as the differential conditions

dη = 2J , dΩ = 3i η ∧ Ω . (3)

Our ansatz for the dimensional reduction is de-
fined by writing a general expression for the vari-
ous tensor fields of type IIB supergravity in terms
of these forms. In doing this, we actually consider
a class of internal metrics which is more general
than (1): we allow for an overall volume param-
eter (the “breathing mode”), as well as for a pa-
rameter modifying the relative size of the U(1) fi-
bre with respect to the size of the Kähler–Einstein
base (the “squashing mode”). Hence we are re-
ducing on squashed SE manifolds.

The fact that the system of differential forms
{η, J, Ω} is closed under the various operations
appearing in the higher-dimensional equations
of motion (exterior derivative, wedge product,
Hodge star) ensures the consistency of the trun-
cation, as it can be verified by reducing both the
type IIB action and equations of motion.

An interesting extension of the universal con-
sistent truncation outlined above can be defined
for the specific SE manifold given by the T 1,1 =
(SU(2) × SU(2))/U(1) coset space [4] (see also
[5]). This enhanced truncation provides the su-
persymmetric completion of a more limited non-
supersymmetric truncation on T 1,1 [6], containing
several physically relevant conifold solutions.
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3. GAUGED N = 4 SUPERGRAVITY

The 5-dimensional model stemming from the
procedure described above can be understood in
the framework of gauged N = 4 supergravity [7].
In order to completely fix it, one needs to spec-
ify just a few data, namely the number of vector
multiplets and the embedding tensor determining
the gauging.

We find that the scalar σ-model manifold is

Mscal = SO(1, 1) ×
SO(5, 2)

SO(5) × SO(2)
, (4)

which is consistent with an N = 4 model with
two vector multiplets. The counting and the cou-
plings of the vector fields agree with this, though
one has to take into account some complications
due to the gauging. Indeed, while ungauged
N = 4 supergravity in 5 dimensions contains
eight vector fields, in our model we find four vec-
tors and four 2-forms. The latter are seen as the
duals of the missing four vectors, the dualization
being required by the gauging at hand.

In order to fully specify the gauging, one com-
putes the embedding tensor mapping the gauge
group generators into the generators of the global
symmetry group, which in the present case is
SO(1,1) × SO(5,2). This determines the various
additional couplings in the lagrangian with re-
spect to the ungauged case, including the scalar
potential. The embedding tensor has components
fMNP = f[MNP ] and ξMN = ξ[MN ], where the in-
dices M, N, P = 1, . . . 7 run in the fundamental of
SO(5, 2), and we find

f125 = f256 = f567 = −f157 = −2,

ξ34 =−3
√

2, ξ12 = ξ17 =−ξ26 = ξ67 =−
√

2k. (5)

The higher-dimensional origin of the f -
components is the geometric flux associated with
the non-closure of the form η, while ξ34 can be
traced back to the non-closure of Ω. The re-
maining non-zero ξ-components are proportional
to the constant k parameterizing the internal
Ramond-Ramond 5-form flux, F flux

5 = k J∧J∧η .
By studying the commutation relations of the

generators identified by the embedding tensor,
one infers that the gauge group is the product of
U(1) with the 3-dimensional Heisenberg group.

4. THE HOLOGRAPHIC PICTURE

The 5-dimensional scalar potential has two ex-
trema, corresponding to AdS vacua. The first has
N = 2 susy, and lifts to the standard AdS5× SE5

solution of type IIB supergravity. The second is
N = 0, and lifts to a IIB solution with squashed
internal metric, originally found by Romans.

By studying the spectrum about the susy back-
ground, we deduce that in the dual N = 1 super
Yang-Mills theory we are keeping just flavor sin-
glets, built in terms of the gauge superfield. Since
this is fermionic, we can construct just a finite
number of non-vanishing combinations; these pre-
cisely match the degrees of freedom in the grav-
ity model. We conclude that our truncation de-
scribes the large N limit of the universal gauge
sector of N = 1 super Yang–Mills theories in 4d.
In the field theory, the consistency of the trunca-
tion translates into closure of the set of preserved
operators under the operator product expansion.
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We quickly review the current status of gravitational duality in General Relativity. We summarize and com-

ment some recent work on constructing dual (topological) charges and understanding how this duality acts in

supergravity theories.

1. Introduction

It is a well known fact that General Relativity’s
equations, when reduced to three dimensions,
possess an hidden SL(2, R) symmetry known as
Ehler’s symmetry. Gravitational duality refers to
an SO(2) subgroup of it. In this sense, it was first
understood as a symmetry of the space of solu-
tions with a Killing vector. The famous example
is the Schwarzschild solution, with mass M , that
is mapped under duality to the Taub-NUT solu-
tion, with NUT charge N . Surprisingly, the story
is not over as it was recently shown in [1] that
the Pauli-Fierz Hamiltonian, describing the four-
dimensional linearized theory, also possesses this
symmetry, without any reference to the presence
of Killing vectors. However, the duality is still
very hypothetical at the non-linear level in the
absence of Killing vectors (See also [2]).

2. Gravitational duality for linearized gen-

eral relativity

In the linearized theory, gravitational duality
interchanges the equation of motion with the
cyclic identity. The Bianchi identity stays invari-
ant. This is obvious when the equations are writ-
ten as (see for example [3] and references therein):

G(a)
µν

= T (a)
µν

, (1)

where a = 1, 2 describes the electric or magnetic
linearized Einstein tensor and we introduced a
magnetic stress-energy tensor in the cyclic iden-

tity. The Riemann tensors are related by:

R(2)
µνρσ

=
1

2
ǫµναβR(1) αβ

ρσ
, (2)

and generic SO(2) transformations of those ten-
sors, together with rotations of the stress-energy
tensors, keep the equations of motion invariant.
This symmetry was made manifest at the level of
the action in [1] where the existence of a generator
of duality and its associated conserved Noether
charge was unveiled.

This work was generalized in the presence of
a cosmological constant in [4]. In this case, the
duality relates the on-shell electric and magnetic
parts of the Weyl tensor. One recovers the results
of the asymptotically flat case in the limit Λ → 0.

3. Existence of dual charges

As magnetic charges are by definition topologi-
cal, one can not proceed through the Noether pro-
cedure to define them. In [3], we defined ten ad-
ditionnal dual charges. These were postulated in
analogy with the analysis of electromagnetic du-
ality. Dual momenta were recovered by a Witten-
Nester construction in [5] 1. The twenty charges
are (8πG = 1):

Pµ =

∫
G

(1)
0µ

d3xµ, Lµν = 2

∫
G

(1)
0[µx

ν]d
3xµ,

Kµ =

∫
G

(2)
0µ

d3xµ, L̃µν = 2

∫
G

(2)
0[µx

ν]d
3xµ,(3)

and we also found a way to express them as sur-
face integrals. Looking at the Kerr-NUT solution,

1See also [6] and [7]
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we find P0 = M, K0 = N, Lxy = Ma, L̃xy = Na
when appropriate delta singularities are taken
into account. It is clear, however, that a proper
treatment of the Lorentz charges in GR should
include information about non-linearities. In
the common approach, usual (electric) Poincaré
charges are recovered by setting the magnetic
part of the Weyl tensor to zero. Allowing it to
be non-zero permits to define the dual momenta
at first order. However, it is not clear how relax-
ing this still makes sense at non-linear order. We
hope to report on this in the near future [10].

In the AdS linearized case, the NUT charge can
be computed using the Cotton tensor [11].

4. Supergravity

In pure N = 2 supergravity, the charged Taub-
NUT solution has a BPS bound M2 + N2 =
Q2 + H2. This solution is supersymmetric as we
computed in [5] the globally well-defined Killing
spinor 2:

ǫ =
1

2

√
r − M

R
e

β

2
γ5

[
eαmγ5 + ie−αqγ5γ0

]
ǫ0(θ, φ) (4)

where β = arctan(N/r), αm = arctan(N/M),
αq = arctan(H/Q), R2 = r2 + N2 and ǫ0(θ, φ)
are the flat space Killing spinors.

To recover the BPS bound from the supersym-
metry algebra, we need to allow for Kµ. Our
guess consists in complexifying it by considering
the complexified Witten-Nester form. We obtain:

{Q, Q∗
} = γµCPµ + γ5γ

µCKµ − i(Q + γ5H)C (5)

where we introduced a new supercharge Q∗. Ac-
tually, we were only able to make sense of this
superalgebra when Pµ = λKµ and in this case
the new supercharge is related to the usual one
by a factor γ5, which is how the fermionic super-
charge transforms when bosonic supercharges on
the rhs rotate under gravitational duality. In this
case, one can re-express this algebra in the usual
hermitian way:

{Q, Q} = γµCP ′
µ
− i(Q′ + γ5H

′)C (6)

2This is equivalent to the expressions given in [5] although

written in a much more compact form.

This analysis shows that supersymmetry seems to
be preserved under duality.

In [8], we also studied this phenomena in N = 1
supergravity where shock pp-waves are half-BPS
solutions. Under gravitational duality, pp-waves
whose metrics are characterized by the knowledge
of an harmonic function F are sent to supersym-
metric (dual) pp-waves characterized by the con-
jugate harmonic function of F . The dual of the
Aichelburg-Sexl pp-wave was denoted the NUT-
wave.

For the gauged N = 2 supergravity with Λ < 0,
supersymmetry of the Plebanski-Demianski solu-
tion was studied in [9]. Supersymmetric solutions
with NUT charge were also considered. Although
electromagnetic duality is broken and also appar-
ently the gravitational duality, the BPS bound is
invariant under a mixed U(1) symmetry ( see also
[11]).
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We present a way of implementing a Kutasov-like duality in the context of gauge/gravity correspondence. It
is achieved using D5-branes wrapping hyperbolic two-cycles of genus g > 1.

1. Introduction

The gauge/gravity correspondence [1] relates
gauge theories in their large ’t Hooft coupling
regime and supergravity theories. Thanks to
it, one can hope to get further understanding
of a gauge theory by constructing and study-
ing its string theory dual. Here the aim is to
find the gravity dual of a theory exhibiting Ku-
tasov duality [2–4]. This duality relates two four-
dimensional gauge theories with N = 1 super-
symmetry: one has gauge group SU(Nc), Nf fun-
damental chiral multiplets and one adjoint chiral
superfield X with superpotential

W (X) = Tr
k∑

l=1

glX
l+1 (1)

where k is an integer; the other theory has gauge
group SU(kNf −Nc), Nf chiral superfields in the
fundamental representation, N2

f mesons, and one
adjoint chiral superfield Y . The superpotential
for Y and the construction of the mesons of the
second theory are related to the details of the first
one. This duality has also been extended to cases
with several adjoint chiral superfields [5]. In the

∗I would like to thank Eduardo Conde and Carlos Núñez
for comments on the manuscript. This work was sup-
ported in part by MICINN and FEDER under grant
FPA2008-01838, by the Span- ish Consolider-Ingenio 2010
Programme CPAN (CSD2007-00042) and by Xunta de
Galicia (Conselleria de Educacion grant INCITE09 206
121 PR).

following, we present a supergravity construction
exhibiting some of the features of Kutasov dual-
ity, and we are in particular able to identify the
integer k with some geometric properties of our
space.

2. The supergravity construction

Field theories exhibiting Kutasov duality are
N = 1 four-dimensional gauge theories. For that
reason, we consider solutions of type IIB super-
gravity of the form R1,3×w X6 where X6 is a six-
dimensional manifold with an SU(3)-structure
and ×w indicates a warped product. In addition,
those theories have fundamental matter. Inspired
by the CNP solution [6], we construct our back-
ground by wrapping D5-branes on two-cycles [7].
However, differently from CNP, we also want ad-
joint matter. This has been shown to come, in
the gauge/gravity context, from branes wrapping
Riemann surfaces of higher genus [8]. Those Rie-
mann surfaces can be obtained by quotienting hy-
perbolic spaces. Our ansatz for X6 will then be
adapted from the conifold ansatz of CNP by re-
placing the spheres with hyperbolic spaces. We
will take X6 ≈ R ×w H2 ×w S̃L2 where there is a
fibration between H2 and S̃L2. S̃L2 is a squashed
version of the universal cover of SL2(R) and can
be built as an S

1 fibre bundle over H2. It can
be parametrised by a set of three left-invariant
one-forms ωi satisfying the following relations:

dωi = −(−1)δi3ǫijk ωj ∧ ωk (2)
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which differ from the ones for S3 by one change
of sign. The metric for S̃L2 is then

ds2 = (ω1)
2 + (ω2)

2 + (ω3)
2 (3)

3. Brane setup

In order for our construction to be dual to a
theory of the type that exhibits Kutasov dual-
ity, we need two different sets of D5-branes. The
first set of Nc branes will be responsible for the
gauge group of the field theory. They will wrap
a two-dimensional compact cycle of genus g > 1
to also create g−1 massless adjoint fermions nec-
essary for Kutasov duality. This particular cy-
cle will come from a combination of the two H2

spaces of our internal manifold (one of them be-

ing inside S̃L2), in a similar way as in [9]. That
requires that one performs the same quotient on
both H2’s.

The second set of Nf branes is wrapping a non-
compact two-cycle inside the internal manifold,
and it is responsible for the fundamental matter
in the field theory. Since one needs to go beyond
the probe approximation (which corresponds to
having Nf ≪ Nc) to study Kutasov duality, it is
technically easier to smear those branes in order
to be able to calculate their backreaction [10].

4. Kutasov duality on the gravity side

Doing a supersymmetry analysis on our system,
we find that the BPS equations (which imply the
equations of motion) are symmetric under the fol-
lowing change:

Nc → 8Vol(S̃L2)

Vol(H2)
2 Nf − Nc , Nf → Nf (4)

That is exactly what one gets in Kutasov duality,

calling k = 8Vol( gSL2)

Vol(H2)
2 . If we look at how we per-

form the quotients of the hyperbolic spaces, we
can rewrite k as

k =
q

g − 1
(5)

where g is the genus of the Riemann surface and
q is a rational number that depends on the de-
tails of the quotient. Note that for well-chosen

quotients, k can be made integer so as to match
Kutasov theories. The way in which the superpo-
tential for the adjoint fields appears in this con-
struction is not clearly understood. It might be in
relation with the winding of the Nc colour branes
around the hyperbolic two-cycles. But a deeper
understanding remains to be found.

5. Conclusion

In this short note, we presented a string theory
construction that is dual to a four-dimensional
N = 1 gauge theory exhibiting a Kutasov-like
duality. Some features of Kutasov theories are
very well captured by our solutions, such as the
duality in terms of the rank of the gauge group
and the number of fundamental quarks (more de-
tails in [7]). However, other points still remain
to be clarified, especially the generation of the
superpotential for the adjoint fields.
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We review some recent results on string solutions in the Sasaki-Einstein manifolds and their marginally β-

deformed versions. We discuss both BPS and non-BPS string solutions, some of their properties and their

energy-spin relations.

1. Introduction

Lately, the quiver gauge theories have attracted
increasing attention. They are N = 1 super-
conformal field theories and can be obtained by
placing the D3-branes at a Calabi-Yau singular-
ity. Their gravity duals are type IIB backgrounds
with the form AdS ×Y p,q[1,2]. This duality is an
interesting example of a reduced supersymmetry
gauge/gravity conjecture. Aiming to understand
better this toric correspondence, we study a class
of string solutions in the gravity dual background
which correspond to particular operators in the
field theory.

The analytical study of string solutions
in the (marginally deformed) Sasaki-Einstein
gauge/gravity dualities is a relatively complex
problem, due to the complicated background met-
ric and the Sasaki-Einstein constraints that the
solutions should satisfy. However, when looking
at the BPS strings it is possible to study them
by using only the toric data of the background
and not the exact form of the metric. Even in
the β-deformed Sasaki-Einstein backgrounds the
most of the properties of the BPS quantities can
be obtained in this way. Hence, it is expected to
find some unique properties for these solutions in
the whole class of manifolds. For the non-BPS
string solutions one needs to take in account the
whole metric information, and the properties of

∗The research of the author is supported by a Claude Leon

postdoctoral fellowship.

the solutions depend stronger on the particular
Sasaki-Einstein manifold.

It should be noted that the marginally de-
formed theory we mention here, has still N =
1 supersymmetry since the TsT deformation to
the original background is done in a way that
the holomorphic (3, 0) form Ω which specifies the
Calabi-Yau structure (together with the Kähler
form) remains invariant.

In the following, we briefly review some recent
analytical results for the BPS and non-BPS string
solutions in these backgrounds, mainly obtained
in [4–6].

2. BPS string solutions

In the undeformed background, the BPS string
solutions and the relevant analysis can be found
in [3]. These point-like strings move along the R-
charge direction and it can be shown that they
are the only BPS solutions, as expected, when
imposing the Sasaki-Einstein constraints [4].

In the β-deformed background the BPS string
solutions were analyzed in [6]. These are point-
like strings that are localized in the space direc-
tions of AdS with global time t = κτ , and move
in the internal manifold with the coordinates de-
scribing the motion being functions of τ . The
constant κ is analogous to the energy of the string
which is equal to the conformal dimension ∆ of
the dual operator. We can express the energy
in a positive definite way in terms of the con-
jugate momenta and the R-charge and minimize
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it appropriately, where by taking into account
the Sasaki-Einstein constraints that the solutions
should satisfy, it turns out that the BPS point-
like strings move in the deformed Sasaki-Einstein
submanifolds where the two U(1) circles shrink
to zero size. In the corresponding T

3 fibration
description, the strings live on the edges of the
polyhedron, where the T3 fibration degenerates to
T1. It should also be mentioned that the Sasaki-
Einstein constraints introduce a lower bound on
the deformation parameter γ, in order for these
solutions to exist. Hence, in the undeformed the-
ory these solutions do not appear as physical since
they do not satisfy these constraints.

3. Non-BPS string solutions

A wide class of non-BPS string solutions is ana-
lyzed in [4–6] where the string is localized in space
directions of AdS and have time dependence sim-
ilar to the point-like strings mentioned above. In
the Sasaki-Einstein manifold the string is allowed
to spin and extend along the three U(1) direc-
tions with linear dependence on the world-sheet
parameters σ and τ , and being localized appro-
priately in the other two directions. This allows
important simplification in the equations of mo-
tion and the Virasoro constraints and makes the
system in most of the cases analytically solvable.

In the undeformed background we do not find
any strong specific pattern that the energy-spin
relations of these string solutions follow for differ-
ent ansatze. Their energy depends always on the
parameter a(p, q) which characterizes the mani-
folds, hence it depends on the particular mani-
fold. Moreover, since the range of this parameter
is constrained by the Sasaki-Einstein constraints,
some of the string solutions are not valid for the
whole class of Y p,q manifolds. Another interest-
ing property we find for some solutions, is that
when the maximum allowed value of a(p, q) cor-
responds to the string approaching the poles of
the squashed sphere in Y p,q, their energy at this
limit approaches the BPS one. Thus certain non-
BPS string solutions in the whole class of Sasaki-
Einstein manifolds, can become BPS in particular
manifolds. This also means that by getting close
to this limit by choosing specific Y p,q manifold,

these solutions become near-BPS which are very
interesting. In the field theory the corresponding
operators should behave in a similar way.

By examining similar string motion in the
marginally deformed AdS × Ỹ p,q, we find that
their energy-spin relation depends additionally on
the deformation parameter γ of the background.
It is interesting to remark here that there exist
solutions where the parameter γ is bounded from
below. For values of γ smaller than this lower
bound, these solutions continue to exist but be-
come complex and not physical. Hence in the de-
formed background there exist certain non-BPS
string solutions that they do not exist in the orig-
inal theory. Moreover, in some cases the string
equations of motion impose an a(p, q) dependence
on γ, but this happens only for this particular
string motion, and this constraint would be re-
laxed if we allow the string to extend or spin in a
non-U(1) direction.

It is worthy to mention that although more
complicated, it is possible to find solutions of
simple string configurations in the (un)deformed
backgrounds where the string is additionally ex-
tended along a non-U(1) direction [5].

The methodology used to find the BPS and
non-BPS string solutions discussed in this note,
could be extended to other similar backgrounds,
where we expect that similar to the main results
presented here will be obtained. For example, a
short discussion on the solutions of cohomogene-
ity two manifolds Lp,q,r is included in [4].
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Post-ISCO Ringdown Amplitudes in Extreme Mass Ratio Inspiral
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We study the late time gravitational wave emission from an extreme mass ratio inspiralling binary system.
The plunge trajectory from the innermost stable circular orbit (ISCO) is special (somewhat independent of initial
conditions). We write an expression for its solution in closed-form and for the emitted waveform. In particular
we extract an expression for the associated black-hole ringdown amplitudes.

This letter is based on the paper [1] and mainly

states the results obtained there.

The evolution of an extreme mass ratio (EMR)

Inspiral is customarily divided into two stages:

an adiabatic inspiral where the system moves on

quasi-bound orbits and slowly loses energy to

gravitational waves, and a plunge phase where

the system is set on a course of collision even

when the self-force is neglected. In this limit

the plunge phase simplifies to consist of geodesic

motion of the projectile till it reaches the hori-

zon of the larger BH. The ISCO is the border

between the two stages, after which the com-

pact object freely falls into the horizon, followed

by merger and ringdown (through quasi-normal

modes (QNM’s)) into a new stationary state.

We consider the plunge trajectory that

starts at the innermost stable circular orbit

(ISCO) at rISCO = 3rs (we use the standard

Boyer-Lindquist coordinates), where rs is the

Schwarzschild radius of the large BH. This tra-

jectory is special since the eccentricity of an orbit

is known to decrease during the Keplerian regime

r >> rs of the inspiral [2], thus being a “Keple-

rian attractor” and hence only weakly dependent

on initial conditions. In the case that the inspiral

has been going on for enough time for the eccen-

tricity to be essentially radiated away by the time

ISCO is reached, then the plunge trajectory will

indeed start from roughly ISCO. It can be shown

that this result is true, for the mass ratios we

are interested in, even outside of the Keplerian

regime ([3]).

First we solved analytically for the plunge tra-

jectory, namely the trajectory with energy and

angular momentum identical to the ISCO values

Ẽ = ẼISCO ≡ 2
√

2

3

L̃ = L̃ISCO ≡
√

3 rs , (1)

where ẼISCO, L̃ISCO are the particle’s energy per

unit mass and angular momentum per unit mass

at ISCO. The expression for r = r(φ) is known

to be especially simple and we also obtained a

closed form expression for the time dependence.

This is possible due to the special form of the

radial effective potential in this marginally stable

orbit. For example, we obtained the explicit t− r
dependence

tp(r)/rs =
2 r
(
1 − 12rs

r

)

rs
√
χ

+ 2 tanh−1 (
√
χ)

− 22
√

2 tan−1
(√

2χ
)
,

(2)

where χ := 1
2

(
rISCO

r
− 1
)
.

The trajectory in hand, we could write down

the stress-energy tensor corresponding to the

plunging projectile. Thanks to the EMR we can

treat the problem in the framework of BH per-

turbation theory. The projectile is modeled as a

point source, traveling on a geodesic in the back-

ground of the large BH (self-force effects are ne-

glected as they make their first appearance only

at higher orders in the mass ratio). The prob-

lem at leading order in the mass ratio reduces to

Zerilli/Regge-Wheeler (Z/RW) [4,5] theory for ra-

diation in the background of a Schwarzschild BH
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for a given source of energy-momentum. That

is, after decomposition into spherical harmon-

ics and transforming into the tortoise coordinate

r∗ = r + rs log(r/rs − 1), the physics reduces to

that of a (1 + 1) dimensional wave equation with

a potential and source term which can be be writ-

ten in the frequency domain as

[
∂2

∂r2∗
+ ω2 − V l

Z/RW(r)

]
ψlm

Z/RW(r, ω)

= Slm
Z/RW(r, ω) , (3)

where ψlm
Z/RW(r, ω) is a specific linear function of

the metric perturbations and their derivatives,

V l
Z/RW(r) is the Z/RW potential (e.g. V l

RW(r) =
(
1 − rs

r

) [
l(l+1)

r2 − 3rs

r3

]
) and Slm

Z/RW(r, ω) is the

source term, which is a specific linear function of

the stress-energy tensor. We used the gauge in-

variant formalism of Martel-Poisson ([6]). Using

our expressions for the trajectory we obtained the

(time domain) source terms and Fourier trans-

formed them into the frequency domain, obtain-

ing closed form expressions for the frequency do-

main source terms, in which all frequency and r
dependence is completely explicit. For example,

the RW source term is given by, for rs < r < 3rs

Slm
RW(r, ω) =

32
√

3π m̃ rs
(
1 − rs

r

)

r
B(l,m)

× e−i(ωtp(r)+mφp(r))

×
[
9iω

((
r

r − 3rs

)3(
1 + 3

(rs
r

)2
))

− im
6
√

6 rs r

(3rs − r)3
+

√
2 r1/2 (3rs − 4r)

(3rs − r)5/2

]
(4)

where B(l,m) is a known function of l,m. tp(r)
and φp(r), as stressed above, are known functions.

For r /∈ (rs, 3rs), S
lm
RW(r, ω) = 0.

We went on to calculate the radiation in the

ringdown stage. We wrote the wavefunction in

the time domain in terms of the frequency do-

main Green’s function. The integration (over all

frequencies) contour, then, can be deformed from

the real frequency axis and into the complex plane

and the residues’ contributions from the poles can

be collected. Finally, the ringdown waveform is

given by

ψlm
o/e(r, t) =

∑

nl

eiωnl(t−r∗)

2ωnl βnl

(5)

×
∫ 3rs

rs

ul
hor(r

′
∗)S

lm
o/e(r

′
∗, ωnl) dr

′ ,

where the index n runs over all QNM’s for a given

l.
We identified the coefficient of eiωnl(t−r∗) with

the ringdown amplitude

Rnlm :=
1

2ωnl βnl

∫ 3rs

rs

ul
hor(r

′
∗)S

lm
o/e(r

′
∗, ωnl) dr

′

(6)

where ul
hor(r

′
∗) is a homogenous solution of the

Z/RW equation satisfying ingoing wave boundary

conditions at the horizon, ωnl is the (n, l) quasi-

normal frequency and βnl is a frequency depen-

dent coefficient. This is our main result for the

ringdown amplitudes.

The final expression for each post-ISCO ring-

down amplitude calls for solving certain ordinary

differential equations (the radial wave equations)

at the QNM frequencies and performing a certain

weighted radial integral over the source. These is-

sues are being addressed numerically.
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In this short note we present calculational tools allowing for the evaluation of superstring correlators involving
bosons and fermions in even space-time dimensions D. We show methods for tree-level scattering as well as
scattering at arbitrary loop order. This summarizes our work [1,2].

1. Introduction

Superstring amplitudes with many external
legs are of considerable theoretical interest in the
framework of a full-fledged superstring theory.
Tree- and higher-loop amplitudes in various di-
mensions can be used to test multiple aspects of
duality symmetries relating different string vac-
cua. In addition string scattering in four space-
time dimensions may become relevant in describ-
ing corrections to jet cross sections from low
string scale or large extra dimensions physics [3].

In the Ramond–Neveu–Schwarz (RNS) formal-
ism of superstring theory one of the obstacles in
computing scattering amplitudes is the interact-
ing nature of the Neveu–Schwarz (NS) fermion ψµ

and the Ramond (R) spin field Sα [4]. As these
RNS fields appear in the vertex operators of the
underlying super conformal field theory (SCFT)
the corresponding correlation functions are dif-
ficult to obtain. The focus of this note lies on
providing tools to calculate such correlators at ar-
bitrary genus g in D = 4, 6, 8 and D = 10 space-
time dimensions.

2. The RNS CFT

The operator product expansion (OPE) gov-
erns the short distance behavior of the fermions
ψµ and the left- and right-handed spin fields

Sα, S
β̇. The interaction between two fermions or

one fermion and one spin field does not depend
on the number of dimensions D. However, the
conformal weights of the spin fields depend on D.

According to the chiral structure of the charge
conjugation matrix C we encounter different sce-
narios [5]:

• D = 0 mod 4 OPEs:

Sα(z)Sβ(w) = (z − w)−D/8 Cαβ + . . . ,

Sα(z)Sβ̇(w) =
(γµC)α

β̇

√
2

× (z − w)−D/8+1/2 ψµ(w) + . . . , (1)

• D = 2 mod 4 OPEs:

Sα(z)Sβ̇(w) = (z − w)−D/8 Cα
β̇ + . . . ,

Sα(z)Sβ(w) =
(γµC)αβ√

2

× (z − w)−D/8+1/2 ψµ(w) + . . . . (2)

From the OPEs above we can construct every
RNS correlator at tree level. Note that the second
equations in (1) and (2) can be inverted and ev-
ery NS fermion in a correlation function can thus
be replaced by two R spin fields. This can also
be applied to loop calculations.

3. Loop techniques

A simple way to evaluate loop correlators is to
express the RNS fields in D = 2n dimensions by n
copies of an SO(2) spin system. The correlation
function then factorizes into n SO(2) correlators,
which can be calculated fairly easy [6]. Gener-
alized theta functions shifted according to some
spin structure ~a,~b appear in the calculation. They
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ensure the required periodicity of the result along
the homology cycles of the g-loop string world-
sheet. Additionally, the prime forms E(z, w) de-
rived from the generalized theta functions capture
the short distance behavior (1) and (2).

However, making use of the SO(2) spin sys-
tems it is a difficult task to give results for the
RNS correlators in Lorentz covariant form. This
has been achieved up to 6-point level and certain
correlation functions with arbitrary many fields
in [2,7] for D = 4, 6, 8 and D = 10.

4. General results

A general formula for loop correlation functions
involving an arbitrary number of NS fermions and
two spin fields in D = 4 has been proven in [7].
We find similar expressions for this type of corre-
lators, i.e.

〈ψµ1 . . . ψµm Sα Sβ〉~a~b ,
〈ψµ1 . . . ψµn Sα S

β̇〉~a~b , (3)

in D = 6, 8 and D = 10 dimensions [2]. Due
to the chirality structure of C in D = 4, 8 the
number m (n) has to be even (odd) for the cor-
relation functions not to vanish. This is reversed
for D = 6, 10.

5. D = 4

RNS tree-level correlators in D = 4 dimensions
can be solved in full generality [1]. As a first step
we invert the second equation in (1) and replace

every NS fermion ψµ by two spin fields Sα and Sβ̇.
By bosonization one can then prove that only for
D = 4 the resulting spin field correlation function
factorizes into correlators containing only right-
or left-handed spin fields. A general formula for
these sub-correlators has been derived by induc-
tion.

At loop-level bosonization cannot resolve the
spin structure of the spin fields and therefore the
factorization technique cannot be applied. How-
ever, one can still derive general expressions for
the correlators of 2n left-handed spin fields, as
well as 2n left-handed and two or four right-
handed spin fields [7].

6. D = 6

In D = 6 dimensions a formula for the corre-
lation functions 〈Sα1

. . . Sαn
Sβ̇1 . . . Sβ̇n〉~a~b at arbi-

trary genus g can be worked out. By replacing
spin fields with fermions using (2) we find results
for the correlators:

〈ψµ1 . . . ψµk+l Sα1
. . . Sαn−2k

Sβ̇1 . . . Sβ̇n−2l〉~a~b . (4)

7. D = 8

In the case D = 8 the fermion and spin field
have both conformal dimension 1/2. This is re-
lated to the S3 permutation symmetry of the
SO(8) Dynkin diagram, also referred to as tri-
ality. Therefore we can calculate a certain tree-
level correlator, state the result in triality covari-
ant form and then permute the RNS fields to find
a so-far unknown correlation function. Details
and examples are found in [2].

Triality does not carry over to higher genus.
The different global properties of the RNS fields
under transport around the world-sheet’s homol-
ogy cycles break this covariance. Therefore corre-
lators, which are related by triality at tree-level,
differ at loop level in the terms that depend on
the spin structure, i.e. Θ~a

~b
. Hence, each correlator

has to be calculated separately.

8. D = 10

Due to the large number of index terms we are
not able to find a general formula for certain cor-
relators as it was possible in D = 4 and D = 6.
Hence, every RNS correlator at tree- and loop-
level has to be calculated by hand.

An easy example is the correlator of one
fermion and two left left-handed spin fields,

〈ψµ(z1)Sα(z2)Sβ(z3)〉~a~b =
(γµC)αβ

(2E12E13)1/2E23
3/4

×
Θ~a

~b

[
1
2 (

∫ z1

z2

~ω +
∫ z1

z3

~ω)
]
Θ~a

~b

[
1
2

∫ z2

z3

~ω
]4

Θ~a
~b
(0)5

, (5)

where ~ω is the period on the genus g string world-
sheet and Eij ≡ E(zi) − E(zj). For g = 0 this
reduces to the tree-level result as Θ~a

~b
→ 1 and the

prime form becomes E(z, w) → (z − w).
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9. Conclusions

We have presented tools to calculate string
scattering amplitudes in various even space-time
dimensions at tree-level and to arbitrary loops.
Our results can be applied to theories allowing
for a CFT description, especially heterotic and
superstring theories.
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In order to check exact zero result of the amplitude of three massless points (CAA) in both string theory and
field theory side for p = n case and to find all gauge field couplings to R-R closed string, we follow the disk level
S-matrix element of one Ramond-Ramond field and two gauge field vertex operators in the world volume of BPS
branes.

1. Introduction

Dp-branes are the source of Ramond-Ramond
(p+1)-form fields in IIA and IIB string theories
[1]. They have been studied and many proper-
ties of them have been investigated [2,3], being
the center of attention both in theory and phe-
nomenology. The stable Dp-branes (p is even in
IIA and odd in IIB theory) preserve half of su-
persymmetry.

In fact, stability, supersymmetry, conserved
Ramond-Ramond (RR) charge and having no
tachyons are all properties of these type II Dp-
branes. All supersymmetric Dp-branes in IIA
can be generated as bound states of D9-branes
[4]. They can also be derived from K-theory [5].
At leading order, the low-energy action for fields
corresponds to the dimensional reduction of a ten-
dimensional U(1) super-Yang Mills theory. When
derivatives of the field strengths are small on
the string scale, then the action to all orders in
the field strength takes the Born-Infeld form [6,7]
(also see [8]). The low energy action describing
the dynamics of Dp-branes consists of two parts.
The first part is Born-Infeld action (for more de-
tails see [9]). In addition BI action provides the
kinetic terms for the world-volume fields, it also
contains the couplings of the Dp-brane to the
massless Neveu-Schwarz fields in the bulk. The
second part is the Wess-Zumino action, which
contains the coupling of the U(N) massless world
volume vectors to the closed string RR field [1,10]
One method for finding these effective actions is

∗ehsan.hatefi@cern.ch

the BSFT [11]. To study WZ couplings for BPS
branes we use the second approach, which is the
S-matrix method.

2. The Three Point Superstring Scattering

(CAA)

One important tool in string theory is scatter-
ing theory[12]. In this section, using the confor-
mal field theory technique[13] we evaluate this
scattering amplitude to find all couplings of one
closed string RR field to two gauge fields on the
world-volume of a single BPS Dp-brane with flat
empty space background. A great deal of ef-
fort for the scattering amplitudes at tree level
has been made [14].Some previous works on scat-
tering that involved a Dp-brane and some other
works about applications on Dp-branes can be
found in [15].

To calculate a S-matrix element, one needs to
choose the picture of the vertex operators appro-
priately. The sum of the superghost charge must
be -2 for disk level amplitude. Hence, this S-
matrix element is given by the following corre-
lation function:

AAAC ∼
∫
dx1dx2dzdz̄ 〈V (−1)

A (x1)V
(0)
A (x2)

×V (−1/2,−1/2)
RR (z, z̄)〉 (1)

Where the vertex operator and the “doubling
trick” are mentioned in [16]. To find the corre-
lator of ψ, we use Wick-like rule [17]. The only
subtlety in using this formula for currents is that
one must not consider the Wick-like contraction
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for the two ψ’s in one current [18] . One eventu-
ally finds the integrand as the following

ACAA ∼
∫
dx1dx2dx3dx4(P−H/ (n)Mp)

αβIξ1a

×ξ2bx
−1/4
34 (x23x24)

−1/2
(
aa
1a

b
2 + 2ik1cI

bac
)

where

I = |x12|−2s|x13x14|s|x23x24|s|x34|−2s,

aa
1 = ika

2

(
x32

x13x12
+

x42

x14x12

)

ab
2 = 2−1/2x

−3/4
34 (x23x24)

−1/2(γbC−1)αβ

For finding Ibac see [16]. We define Mandelstam
varieable as s = −(k1 + k2)

2.One can easily show
that the integrand is invariant under SL(2,R)
transformation. Gauge fixing this symmetry by
fixing the position of the closed string vertex op-
erator as

x1 = x, x2 = −x, x3 = i, x4 = −i,
the amplitude ultimately becomes :

A = A1 + A2 + A3 (2)

where

A1 ∼ ika
2 (2i)−2s2−1/2ξ1aξ2bTr (P−H/ (n)Mpγ

b)

×
∫ ∞

0

dx
1

x
(x2 − 1)(2x)−2s(x2 + 1)2s−1

A2 ∼ −k1c(2i)
−2s21/2ξ1aξ2bTr (P−H/ (n)MpΓ

bac)

×
∫ ∞

0

dx(2x)−2s(x2 + 1)2s−1 (3)

A3 ∼ −k1c(2i)
−2s21/2ξ1aξ2b(η

cbTr (P−H/ (n)Mpγ
a)

−ηabTr (P−H/ (n)Mpγ
c))

×
∫ ∞

0

dx
1

2ix
(−x2 + 1)(2x)−2s(x2 + 1)2s−1

So as we can see the only non vanishing integral
is the second one and the result is as the following
∫ ∞

0

dx(2x)−2s(x2 + 1)2s−1 =
π1/2Γ[−s+ 1/2]

2Γ[−s+ 1]

To compare the field theory which apparently
has massless field i.e., the WZ action, with the

above amplitude, one must expand the amplitude
such that the massless pole of the field theory sur-
vives and all other poles disappear in the form of
contact terms. Note that the S-matrix element
of all four point massless vertex operators in su-
perstring theory has also been found in standard
books [19,20].

3. Momentum expansion

We want to examine the limit of α′ → 0 of the
above string amplitude. Using the momentum
conservation along the world volume of brane,
one finds the Mandelstam variable satisfies the
following constraint

s = −pap
a/2. (4)

It has been argued in [16], generally speaking
that the momentum expansion of a S-matrix el-
ement should be around (ki + kj)

2 → 0 and/or
ki ·kj → 0. The amplitude must have only mass-
less pole in the (k1 + k2)

2channel, so correct mo-
mentum expansion at the low energy limit for t-
channel must be around (k1 + k2)

2 → 0 . Us-
ing the on-shell relations one can rewrite them in
terms of the Mandelstam variable as s → 0. In-
cluding the constraint (4), one should realize that
pap

a → 0 which is possible for D-branes. There-
fore the S-matrix element can be evaluated for
BPS branes. Expansion of the functions around
the above point is

(2)−2s π
1/2Γ[−s+ 1/2]

Γ[−s+ 1]
= π

(
∞∑

n=−1

bn(s)n+1

)
.

where some of the coefficients bn are

b−1 = 1, b0 = 0, b1 =
1

6
π2, b2 = 2ζ(3).

Note that the coefficients bn are exactly the coeffi-
cients that appear in the momentum expansion of
the S-matrix element of one RR, two gauge fields
and one tachyon vertex operator [21].

4. Low Energy Field Theory

We are interested in the part of effective field
theory of D-branes which includes only gauge
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fields. It should be possible to extract the nec-
essary terms from the covariant Born-Infeld ac-
tion constructed as the effective D-brane action .
The Born-Infeld action is an action for all orders
of α′ . The low energy non-abelian extension of
the action was proposed to be the symmetrized
trace of non-abelian generalization of Born-Infeld
action (with flat background in the bulk). The
non-abelian field strength and covariant deriva-
tive of the gauge field are defined respectively as

F ab = ∂aAb − ∂bAa − i[Aa, Ab], (5)

DaFbc = ∂aFbc − i[Aa, Fbc].

where Aa = Aα
a Λα and Λα are the hermitian ma-

trices. Our conventions for Λα are
∑

α

Λα
ijΛ

α
kl = δikδjl , Tr (ΛαΛβ) = δαβ .

5. p = n+ 2 case

Only A2 is non-zero. We are not interested in
fixing the overall sign of the amplitudes. Taking
into account the related trace, the string ampli-
tude becomes

ACAA = ±(µpπ
1/2)

32

(p− 2)!
k1cξ1aξ2bǫ

baca1···ap−3

×Ha1···ap−3
(2)−2sπ

1/2Γ[−s+ 1/2]

2Γ[−s+ 1]

where we normalized the amplitude by
(µp2

1/2π1/2). The above amplitude is anti-
symmetric upon interchanging the gauge fields.
So the whole amplitude is zero for an abelian
gauge group. The amplitude also satisfies the
Ward identity. Since Gamma function has no
tachyon/massless pole, then the amplitude has
only contact terms. The leading contact term is
reproduced by the following coupling

1

2!
µp(2πα

′)2Tr (Cp−3 ∧ F ∧ F ). (6)

The non-leading order terms should correspond
to the higher derivative extension of the above
coupling. So the higher vertice will be

V (Cp−3, A3, A) =
µp(2πα

′)2

(p− 2)!
ǫa1···ap+1Ha1···ap−2

×ξ1ap−1
k1ap

ξ2ap+1

∞∑

n=−1

bn(α′k1.k2)
n+1,

6. p = n case

Both A1,A3 in the string side are zero for this
case. However we would like to do the calcula-
tions in field theory side to conclude that ,there
is no any compensation of the massless pole .

A = V a
α (Cp−1, A)Gab

αβ(A)V b
β (A,A1, A2),

where the vertices and propagator are

V a
α (Cp−1, A) =

iµp(2πα
′)

(p)!
ǫa0···ap−1a

×Ha0···ap−1
Tr (Λα),

V b
β (A,A1, A2) =

[
ξb
1(k1 − k).ξ2 + ξb

2(k − k2).ξ1

+ξ1.ξ2(k2 − k1)
b

]
(−iTp(2πα

′)2Tr (λ1λ2Λβ)),

Gab
αβ(A) =

iδαβδ
ab

(2πα′)2Tp(s)
.

where the propagator is derived from the stan-
dard gauge kinetic term arising in the expansion
of the Born-Infeld action. Note that the ver-
tex V b

β (A,A1, A2) is found from the standard non
abelian kinetic term of the gauge field, and also
the vertex V a

α (Cp−1, A) is found from WZ cou-
pling Cp−1 ∧ F . In the above formula k is the
momentum of the off-shell gauge field. The im-
portant point is that the vertex V b

β (A,A1, A2) has
no higher derivative correction as it arises from
the kinetic term of the gauge field. This vertex
has already been found in [16]. Considering those
vertexes the amplitude becomes

A = [ξb
1(k1 − k).ξ2 + ξb

2(k − k2).ξ1 + ξ1.ξ2

(k2 − k1)
b]δabiµp(2πα

′)
1

(p)!s
Tr (λ1λ2)

×ǫa0···ap−1aHa0···ap−1

which of course describes apparent massless pole
in field theory side .

Meanwhile there is no masslesss pole in string
theory side.
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7. Remarks

Probably in this case there is no massless pole
at s = 0 .Perhaps we may conclude that the kine-
matic factor provides a compensating factor of s
but we do not know how compensation can be
done .

The above amplitude which is calculated in
the field theory side gives zero result because
Tr (λ1λ2) is symmetric under interchainging 1 to
2 while the quantity in square brackets is anti-
symmetric so the result is zero as it appeared in
the string theory side (which is quite interesting).
Note that the amplitude is zero because of the
above reason not because of compensating factor
(which related to the contact terms). Notice that
for p = n case note only we do not have massless
pole but also we donot have any contact terms or
infact the amplitude in both string and field the-
ory side is zero ,where shows two concrete points
as the following

First ,regarding gauge fixing, upper and lower
bound of the integrand in string theory have been
chosen correctly .

Second,there was a masslees pole in field theory
side ,however because of kinematic reasons the
amplitude vanishes not because of compensating
mandelstam variable. There is no inconsistency
between string theory and field theory even for
this particular case.
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Heterotic domain-wall supersymmetry breaking

Johannes Helda∗,
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We describe briefly our new method to construct non-supersymmetric vacua in the setting of heterotic string
theory compactifications with intrinsic torsion and background fluxes. This method is based on domain-wall

supersymmetry breaking that was developed in the context of type II compactifications.

1. Introduction

During the last decade a lot of effort has been
put into the understanding of string theory com-
pactifications including background fluxes. Espe-
cially supersymmetric settings are up to now well
understood (see [1] and references therein).

Nonetheless, in order to make contact to par-
ticle physics an important issue is how to incor-
porate supersymmetry breaking into string the-
ory. In the setting of type II theory it is known
that one can induce SUSY breaking by the in-
clusion of background fluxes [2]. In [3] it was
possible to give clear conditions which a non-
supersymmetric vacuum has to satisfy to be con-
sistent. However, also in the heterotic case one
can turn on non-trivial background fluxes and
hence by duality arguments find consistent non-
supersymmetric vacua [4]. This leaves open the
question if these vacua can be constructed di-
rectly from the ten-dimensional heterotic super-
gravity action, which we answered affirmatively
in [5], using the techniques of [3]. This article is
a short review of this work.

2. BPS-like potential

In order to analyze non-supersymmetric vacua,
we must first understand the supersymmetric
case. To this end we start with the bosonic ac-
tion of heterotic N = 1 supergravity up to O(α′)
as given in [6]. To maintain supersymmetry in

∗I would like to thank Dieter Lüst, Fernando Marchesano,

and Luca Martucci for fruitful collaboration.

four dimensions we have to compactify this theory
on a six-dimensional manifold M that admits an
SU(3)-structure (for information on G-structures
see [7] and references therein). Including a warp
factor A the metric takes the form

ds2
X10

= e2Ads2
X4

+ ds2
M . (1)

Using this ansatz we can rewrite the action as a
four-dimensional integral over an effective poten-
tial S = −

∫
X4

d4xV , that depends on the six
dimensional metric g, the dilation φ, the warp
factor A, and the Neveu–Schwarz three form flux
H . The equations of motion for these fields imply
then that X4 has to be Minkowski, A has to be
constant, and that V vanishes on-shell.

For the next step the SU(3)-structure of M is of
main importance. On the one hand, it is possible
to express the curvature scalar in terms of the
SU(3) invariant forms J and Ω, as was done in
[3]. On the other hand, also the supersymmetry
conditions are expressible in terms of these forms
[8] and read

d(e−2φΩ) = 0 (2a)

d(e−2φJ ∧ J) = 0 (2b)

e2φd(e−2φJ) = ∗H . (2c)

Using these two facts one can rewrite the poten-
tial V in a BPS-like form. Meaning that it be-
comes a sum of terms quadratic in the supersym-
metry conditions and that hence all equations of
motion are satisfied as long as SUSY holds.
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3. Supersymmetry breaking

We will now break SUSY by imposing that (2a)
is not satisfied anymore, but still demand that

Ω̄yd(e−2φΩ) = 0 . (3)

This has two interpretations. On the one hand
it means that the manifold M is not complex,
although still an almost complex structure can
be defined on it. On the other hand (2a)
can be interpreted as a calibration condition for
NS5-branes wrapping a non trivial three-cycle of
M [9]. These branes appear as domain walls
in four dimensions. Hence the SUSY break-
ing mechanism we use was dubbed domain-wall

SUSY breaking in [3], since it is induced by non-
calibrated domain-walls.

An advantage of this ansatz is that its impli-
cations remain tractable. In fact one finds that
there are only few conditions to be satisfied in
order to obtain consistent non-supersymmetric
vacua [5]. On-shell the potential has to be zero
still, which is only possible if

|e2φd(e−2φΩ)|2 = |J ∧ dΩ|
2 . (4)

is satisfied. Furthermore, the equations of motion
are not any longer guaranteed by (2b), (2c), and
(3) but lead to additional constraints on M . Last
by O(α′) effects the SUSY breaking scale has to
be much lower then the compactification scale,
meaning that we indeed describe spontaneous su-
persymmetry breaking.

As is shown in more detail in [5], these con-
ditions can all be satisfied for elliptic fibrations
of K3, which were also considered in [4,10]. For
these models we find a stabilization of the dila-
ton φ and the elliptic fiber volume. Also, one gets
that the gravitino mass is inverse proportional to
the volume of K3 and hence SUSY breaking is
small for large base manifolds.

REFERENCES

1. M. Grana, Phys. Rept. 423 (2006) 91-158.
[arXiv:hep-th/0509003].

2. S. B. Giddings, S. Kachru and J. Polchin-
ski, Phys. Rev. D 66 (2002) 106006
[arXiv:hepth/0105097].
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5. J. Held, D. Lüst, F. Marchesano and
L. Martucci, JHEP 1006 (2010) 090
[arXiv:1004.0867 [hep-th]].

6. E. A. Bergshoeff and M. de Roo, Nucl. Phys.
B 328 (1989) 439.

7. P. Koerber, [arXiv:1006.1536 [hep-th]].
8. J. P. Gauntlett, D. Martelli, D. Waldram,

Phys. Rev. D69 (2004) 086002. [arXiv:hep-
th/0302158].

9. L. Martucci, P. Smyth, JHEP 0511 (2005)
048. [hep-th/0507099].

10. J. -X. Fu, S. -T. Yau, J. Diff. Geom. 78

(2009) 369-428. [arXiv:hep-th/0604063].

240



The chiral de Rham complex and quantum non-linear sigma models
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In [1,2], the interpretation of the chiral de Rham complex as a formal quantization of 2d non-linear sigma models
in the Hamiltonian framework was suggested and used to compute symmetry algebras for quantum models with
non-flat target spaces. Here we review the construction.

1. Introduction

A 2d non-linear sigma model is a theory of
maps from a two-dimensional world sheet into
some target space M. We will here describe a
framework where the notion of invariance under
target space coordinate transformations for su-
persymmetric models can be defined in the quan-
tum setup. Carefully applying this framework al-
lows us to compute symmetry algebras for certain
non-linear sigma models. We refer to [1,2] for
more details of the construction outlined below,
and more references.

2. Sigma models and the chiral de Rham

complex

We start with the classical theory. We work
in the Hamiltonian framework. We now de-
scribe the phase space which many supersym-
metric sigma models have. Consider the super-
loop space LM = {S1|1 → M}. S1|1 is a circle
with one odd and one even coordinate. The su-
perloop space is the space of embeddings of this
circle into M. The phase space of our models
is the cotangent bundle T ∗LM of the superloop
space. T ∗

LM carries a natural symplectic struc-
ture, which induces a Poisson bracket given by

{
φi(σ, θ), Sj(σ

′, θ′)
}

= δi

j
δ(σ−σ′)δ(θ−θ′). (1)

Here, (σ, θ) are coordinates on S1|1 and(
φi(σ, θ), Si(σ, θ)

)
, i = 1, 2 . . . , n = dimM, are

local coordinates on T ∗LM. Note that Si is odd.
Let us now consider a trivial but important fact.

If we make a change of coordinates on M, with φi

transforming as coordinates and Si as one-forms:

φ̃a = fa(φ), S̃a =
∂gi

∂φ̃a

Si, g = f−1, (2)

the Poisson bracket (1) is invariant. Hence, we
can define the phase space structure in local co-
ordinates, and then glue it around the different
patches on the target manifold to construct a
global object. If we formally pass from the clas-
sical to the quantum setup, (φi, Si) are promoted
to operators and the Poisson bracket (1) becomes
the equal time commutator between operators.
(φi, Si) still carries the interpretation of local co-
ordinates. Formally, under a change of coordi-
nates, (φi, Si) transform as in (2). One can try
and ask whether the equal-time commutator is in-
variant under this change of coordinates. In order
to ask (and answer) this question we need a for-
malism which makes sense of (2), when (φi, Si)
are operators. This is where the construction
known as the chiral de Rham complex (CDR)
comes into play. The CDR was introduced in [3].
Formally, it is a sheaf of supersymmetric vertex
algebras over a manifold. A vertex algebra is the
mathematical counterpart of a 2d conformal field
theory. A summary of the aspects of vertex alge-
bras relevant for the construction of the CDR can
be found in [1], and below we will use some no-
tions of vertex algebras without further explana-
tions. More extensive treatments of vertex alge-
bras are given in [4,5]. In [3], the authors consider
n copies of the vertex algebra known as the βγ−bc
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system. In superfield language, this system con-
sists of 2n superfields (φi, Si), i = 1, 2 . . . n. In
terms of these superfields, the non-trivial oper-
ator product expansions (OPE) of the βγ − bc

system is written

[φi(z, θ), Sj(z
′, θ′)] = ~δi

j
δ(z−z′)δ(θ−θ′). (3)

The authors in [3] noticed that if one defines new
fields (φ̃, S̃) via

φ̃a = fa(φ), S̃a =:
∂gi

∂φ̃a

Si :, g = f−1, (4)

the OPE’s between the new fields (φ̃, S̃) is the
same as the OPE’s between the original fields
(φ, S). In (4), : : denotes the normal ordered
product, which has to be used since we are multi-
plying fields which do not commute. With this
automorphism of the βγ − bc system at hand,
the authors in [3] did the following construction:
On each coordinate patch of M they attached a
βγ − bc system, identifying φi as coordinates and
Si as one-forms. Using (4), this local construction
can be glued around to construct a global object,
a sheaf of vertex algebras. Identifying the formal
parameter z with the circle coordinate σ above,
the resemblance between the βγ − bc system and
the phase space structure is striking and it is nat-
ural to interprete the OPE (3) as the equal time
commutator between coordinate and momenta,
and to interprete the CDR as a framework for
canonical quantization of non-linear sigma mod-
els. This interpretation was made in [1]. The
construction only works for the combined βγ− bc

system, and hence only for supersymmetric sigma
models. (4) is not an automorphism when re-
stricted to the bosonic βγ system.

3. Computing symmetry algebras on

curved target spaces

Classically, symmetries of a theory are de-
scribed by currents, which are functionals on the
phase space. Using (1), we can compute the Pois-
son bracket between the currents and obtain a
symmetry algebra. It is an interesting question
whether the symmetry algebra is preserved in the
quantum theory. The CDR framework allows us

to address this question for sigma models. De-
tails of how this is done in general can be found
in [2]. An example where a careful application
of the CDR framework has led to an interesting
result is for the sigma model defined by the action

S =

∫
dσdtdθ−dθ+gijD+ΦiD−Φj . (5)

Here gij is the metric on M, Φi are N=1 super-
fields and D± are spinor derivatives. Classically,
if the target space is a Kähler manifold, this
model has N=(2,2) superconformal symmetry.
Quantizing this model in the CDR framework and
calculating the equal time commutators between
the currents we find an anomaly in the N=(2,2)
superconformal algebra. The anomaly vanishes if
the target manifold is Calabi-Yau, with a Ricci-
flat metric. This raises an interesting puzzle,
since multi-loop calculations performed in the
1980’s shows that the model has superconformal
symmetry on a Calabi-Yau manifold, but only
with a non Ricci-flat metric [6]. Understanding
this mismatch is an interesting open problem.

We end by noting that the CDR is applicable
to a wide range of sigma models, opening up
many interesting directions of future research.

Acknowledgement : I would like to thank J. Ek-
strand, R. Heluani and M. Zabzine for enjoyable
collaborations.
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Cosmic strings are linear concentrations of energy of macroscopic size. Since cosmic superstrings can form
junctions, observing them would give some support to string theory. In the following, we study the lensing cosmic
string junctions create, the shift in photons’ wavelength passing through (leading to the Kaiser-Stebbins effect),
and the gravitational radiation they emit.

1. Cosmic strings

Cosmic strings can be seen as linear concen-
trations of trapped energy : They are one di-
mensional topological defects [1] that form during
phase transitions as the universe cools down.

1.1. The U(1) abelian string
A simple model is the U(1) abelian string when

the general group which gets broken is a global
U(1). We can consider a model in which the sym-
metry breaking is realized by means of a Higgs
scalar field doublet with a “Mexican hat” poten-
tial :

L = ∂µφ∂µφ −
1

4
λ(φφ − η)2 (1)

where λ is a dimensionless coupling constant and
η denotes the symmetry breaking amplitude of
the field φ.

The space of ground states (vacuum manifold)
is a circle of radius η. A cosmic string configura-
tion is obtained when the field value rotates about
the minimum of the potential as we move around
a circle C in space. If this is the case, then field
continuity implies that there must be a point in
space on the disk bounded by the circle C where
the field vanishes. This is a point on the defect.

1.2. Cosmic superstrings
We describe them by simply using Nambu-

Goto action S = −µ
∫

d t d σ
√
−|γ| , where µ is

the tension of the string and γmn is the metric
induced on the string γmn = gµν∂mXµ ∂nXν .
and |γ| is its determinant. Here m, n = {t, σ}

are the coordinates along the string worldsheet,
Xµ are the space-time coordinates and gµν is the
space-time metric.

An important property of cosmic superstrings
is that they can form junctions made of composite
of F-strings and D1-branes or (D-strings).

2. Observational signatures

2.1. Lensing due cosmic strings
We derive our results in the weak field approx-

imation and get the necessary metric to compute
the lensing effect. The presence of a string cre-
ates a conical space : there is a deficit angle,
∆ = 8πGµ and thus, going around a cosmic string
doesn’t require a 360 degrees rotation but only a
(2π − ∆) one. As a consequence, there is a lens-
ing where we would see two exact identical images
(possibly shifted with respect to each other).

Figure 1. The metric around a cosmic string is
conical
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Figure 2. In this figure, the multiple lensing by
N co-planar strings at a junction is sketched.
The object A and its lensing counterparts Ai, i =
1..N − 1, form a closed loop. Each image is the
source for the nearby images via the enclosed
string.

When looking at an object located behind a
static junction of semi-infinite strings, one natu-
rally expects multiple images to form.

Without loss of generality, we may suppose
that the light rays are emitted along the nega-
tive z-direction in the y-z plane. Knowing that
along each string xi = li ~ni, our final solution for
the metric perturbation is [2]

hab = 4 G
∑

i

µi (δab − ni a ni b) ln

(
r − ~r . ~ni

r0

)
, (2)

where r = |x| is measured from the point of the
junction and r0 is a constant of integration.

The angle between the two light rays at their
crossing point corresponds to the total deficit an-
gle : ∆ = |δ~v| = 8πGµeff = 8πG|~k ×

∑
i ~µi|,

where the unit vector ~k represents the direction
of the light rays at infinity (line of sight).

2.1.1. Kaiser-Stebbins effect
Each string at the junction produces its own

CMB anisotropy. The change in the CMB tem-
perature across the i-th string is given by [2] :
δT
T = 8πGγ |~v.(

∑
i ~µi ×

~k)| where ~v is the ve-
locity of the junction. Interestingly enough, the
temperature anisotropy is different for different
legs of the strings at the junction, depending on
the tensions and orientations of the strings.

2.2. Gravitational radiation emitted by ex-
cited abelian cosmic strings

Radiation of gravitational waves is a generic
phenomenon by the time-varying fluctuation of

the metric. They are tensor perturbations that
correspond to the traceless and transverse parts
of the metric perturbation : hi

i = 0 and hi
j,i = 0.

Gravitational radiation would come predomi-
nantly from loop radiation : loops shrink and
lose energy until they disappear. Straight cos-
mic strings don’t produce gravitational radiation
since we need the interaction of both right and
left movers to enable the possibility of an emis-
sion. Here, we show that Y-junctions with an
incoming wave on one of their strings do. Indeed,
there will be a part reflected back at the junction
and the other part will go to the 2 other strings
forming the junction. When left movers and right
movers will interact, gravitational radiation emis-
sion will occur.

The power emitted in direction k per solid an-
gle Ω, integrating over the frequencies ω of the
emitted waves, is given by

dE

dΩ
= 2G

∫ ∞

0

dωω2

[
T λν∗(k)Tλν(k) −

1

2
|T λ

λ (k)|2
]

, (3)

The simplest case is when the junction remains
stationnary and does not not dislocate on the
strings [3].

The power radiated per unit of length for a
fixed junction point is :

dP

d l
=

Gµ2
1π

16

ν2
1

µ2
ǫ4κ . (4)

where µ ≡ µ1 + µ2 + µ3, ν1 ≡ µ2 + µ3 − µ1 , ǫ
is a small number controlling the amplitude of
the perturbations, and κ is the frequency of the
left(right)-moving perturbations. We found the
same result for a semi-infinite string attached to
a rigid wall. This is not so surprising.
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Causality and Lifshitz Holography
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We study signal propagation in theories with Lifshitz scaling using the gravity dual and show that backgrounds

with z < 1 are incompatible with causality of the strongly coupled theory. We argue that causality violations in

z < 1 theories show up in boundary correlation functions as superluminal modes.

1. Holography and anisotropic scaling

The AdS/CFT correspondence [ 1, 2] has been
extensively used as a tool to extract properties of
strongly coupled systems. Recent developments
are directed towards the inventing similar tech-
niques for strongly coupled critical points appear-
ing in condensed matter systems [ 3, 4]. Although
critical points show some kind of scale invariance,
Lorentz symmetry is usually broken so the time
coordinate can scale differently to the space co-
ordinates t → λzt ,x → λx, where z is known
as the dynamical critical exponent. Systems with
dynamical scaling have been studied for a long
time in condensed matter theory [ 5].

Consider a mean field description of massless
scalar fluctuations around a critical point with
dynamical exponent z. The effective Lagrangian
would be

L = (∂tφ)2 − c2ℓ2(z−1)φ(−∂2
x)zφ , (1)

where ℓ has units of length and c is the speed of
light. The dispersion relation and phase velocity
read

ω2 =
c2

ℓ2
(ℓk)2z , vph =

ω

k
= c(ℓk)z−1 . (2)

The metric proposed for a holographic descrip-
tion of a critical point with dynamical exponent
z is [ 6, 7]

ds2 =
L2

r2

(
− κ2dt2

r2(z−1)
+ dr2 + dx2

)
. (3)

The local speed of light at a fixed value of the
radial coordinate has a dependence on 1/r that

is the same as the phase velocity in (2) with k,
namely

c(r) = c ℓ(z−1)r−(z−1) . (4)

In [ 8] (full version of the paper) we show that the
local speed of light is always related to the phase
velocity at small wavelengths even in situations
where there is no exact scale invariance.

2. Causality

We will now perform an analysis in the spirit
of [ 9]. Consider a source in the field theory local-
ized in time and in one of the spatial directions
x. This will produce a planar perturbation propa-
gating along x. In the holographic description the
source is a boundary condition that will produce
a shock wave-like perturbation propagating along
null geodesics in both the radial and the spatial
directions. We place a static probe extended in
the radial direction. When the shock wave crosses
a probe, it will produce a perturbation that will
propagate towards the boundary along radial null
geodesics producing a signal that can be inter-
preted as the position of the front (Fig. 2). We
can find the null geodesics by solving the varia-
tional problem with Lagrangian

L = −κ2ṫ2

r2z
+

ẋ2 + ṙ2

r2
, (5)

and imposing the constraint L = 0. Standard
calculation [ 8] gives

dt

dr
=

Er2(z−1)

κ2

√
E2r2(z−1)

κ2 − P 2

,
dx

dr
=

P√
E2r2(z−1)

κ2 − P 2

, (6)
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boundary

radiation

probe

shock wave

where P and E are integrals of motion. Let us
assume that the initial point for the geodesic de-
scribing the shock wave is at r = ℓ, t = 0, x = 0.
In order to have a sensible solution we need the
momentum to be timelike p2 ≡ E2ℓ2(z−1)

κ2 −P 2 > 0.
We see now a clear different qualitative behavior
between z > 1 and z < 1.

For z > 1 the argument inside the square
root in (6) is always positive, so the geodesic ex-
tends to all values of r. For z < 1 that argu-
ment becomes negative at a finite value of the ra-
dial coordinate, when r1−z

0 = E/(κ|P |), or using
κ = cℓz−1 and assuming P > 0,

(r0

ℓ

)1−z

=
E

cP
. (7)

Although the slope diverges, the values of both t
and x approach a finite value, so the null geodesic
is tangent to the slice of constant r at that point,
and it will bounce back towards the boundary. In
the above formula r0 represents the turning point
of the bulk gravitational potential.

The local speed of light at r = ℓ is c, that is
also the speed of light of the dual theory, we can
compare this value with the average velocity of
the shock wave. Using (6) and (7) and assuming
that r0 ≫ ℓ for ρ = r/r0 we get

vshock

c
=

∆x

c∆t
≃ z

E

cP
. (8)

Since r0 ≫ ℓ, due to (7) the latter ratio is big-
ger than unity, thus the shock wave travels faster
than light signals at the boundary vS > c. One
can show that the front of radiation will coin-
cide with the shock wave at the boundary, so its

average velocity is also larger than the bound-
ary speed of light. As was argued in [ 10] for
asymptotically AdS spaces, whenever there is a
null geodesic returning to the boundary it im-
plies superluminal propagation one the boundary,
which is totally incompatible with a holographic
interpretation of a causal theory.
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Scattering Amplitudes in supersymmetric Chern-Simons theory
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We propose a contour integral formula for scattering amplitudes of the N = 6 supersymmetric Chern-Simons

theory, and use it to give a formal proof for Yangian invariance of all tree level super-amplitudes.

1. INTRODUCTION

On-shell methods for computing scattering am-
plitudes in perturbative Yang-Mills theories have
been greatly improved over the years, as ex-
plained in Z. Bern’s lectures at this workshop.

One of the most remarkable recent develop-
ment was the work of Arkani-Hamed et al. [1],
where they proposed a remarkably simple contour
integral formula for the tree level scattering am-
plitudes of planar d = 4, N = 4 supersymmetric
Yang-Mills theory.

In this short review, we propose a similar in-
tegral formula for all tree level scattering ampli-
tudes of planar d = 3, N = 6 supersymmetric
Chern-Simons-matter theory (SCS6), and give a
formal proof of Yangian invariance. More infor-
mation can be found in the original articles [2,3].

In three dimensions, null momenta can be writ-
ten as bi-spinors: pαβ

i = λα
i λ

β
i . The tree level

amplitudes take the simplest form when they are
written as rational functions of the Lorentz in-
variant products 〈ij〉 ≡ ǫαβλ

α
i λ

β
j .

The on-shell superfield for SCS6 involves three
fermionic coordinates ηI in addition to λα [4], and
has the expansion (η3 ≡ 1

6ǫIJKη
IηJηK)

Φ = φ4 + ηIψI + 1
2ǫIJKη

IηJφK + (η3)ψ4 ,

Φ̄ = ψ̄4 + ηI φ̄I + 1
2ǫIJKη

IηJ ψ̄K + (η3)φ̄4 . (1)

The superfields Φ and Φ̄ in (1) transform in mu-
tually complex conjugate representations of the
gauge group; a prime example is U(N) × U(N)
gauge group [5] with Φ transforming in (N,N)

and Φ̄ in (N,N). The external legs alternate be-
tween Φ and Φ̄. So, the main objects of interest
are the 2k-point color-ordered super-amplitudes

A2k(Λ) = A2k(Λ1,Λ2, · · · ,Λ2k), (2)

where we Λi = (λα, ηI)i. By convention, we as-
sociate Λodd/even to Φ̄/Φ.

The superconformal symmetry acting on A2k

is generated by graded quadratic products of

ZA
i = (Λ, ∂/∂Λ)i = (λα, ηI , ∂/∂λα, ∂/∂ηI) . (3)

The bosonic generators realize the metaplectic
representation for the Sp(4,R) ≃ SO(2, 3) con-
formal symmetry as well as the Clifford represen-
tation for the SO(6) R-symmetry.

2. CONTOUR INTEGRAL FORMULA

AND YANGIAN INVARIANCE

Our proposal for the contour integral formula
for the 2k-point amplitude is [2]

A2k(Λ) =

∫
dk×2kC

vol[GL(k)]

δ(C · CT ) δ(C · Λ)

M1M2 · · ·Mk
. (4)

The integration variable C is a (k × 2k) matrix.
The dot products denote (C · CT )mn = CmiCni,
(C · Λ)m = CmiΛi. Mi represents the i-th minor
of C defined by

Mi = ǫm1···mkCm1(i)Cm2(i+1) · · ·Cmk(i+k−1) . (5)

The vol[GL(k)]−1 factor is a reminder that the
GL(k)-left action on C is an exact symmetry of
the integral and should be “gauge-fixed”.
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At the time of writing, the formula (4) has
passed a number of non-trivial tests.

1. It exhibits the correct cyclic symmetry of
the color-ordered super-amplitudes.

2. It has the full superconformal symmetry.

3. It reproduces the known four-point [7,8] and
six-point [4] amplitudes.

4. It computes the eight-point amplitude
which matches an independent computation
based on a recursion relation [3].

Additional properties of the formula include

5. The integral is defined over the orthogonal
Grassmannian manifold OG(k, 2k). [3]

6. It exhibits a Yangian symmetry, which sug-
gests a dual superconformal symmetry [9].

We end this section with a sketch of the formal
proof for Yangian invariance. We follow the meth-
ods developed in [10] for four-dimensional ampli-
tudes. As shown in [6,4], the level one Yangian
generators can be written in the bilinear form,

JA
B =

∑

i<j

(−1)C
(
JA

i CJ
C
j B − JA

j CJ
C
i B

)
, (6)

where Ji
A
B are the superconformal generators

acting on the i-th particle. In terms of ZA
i de-

fined in (3), the generators can be written as

∑

i<j

[
ZA

i ZBjZC
i ZCj − iZA

i ZBi − (i↔ j)
]
. (7)

The key insight we adopt from [10] is that ZC
i ZCj

generates an O(2k) action on {Λi}. Using the
covariance of δ2k|3k(C · Λ), we can trade it with
an inverse O(2k) action on the matrix C. The
factors dC and δ(C ·CT ) are invariant under the
O(2k) action, so we can do an integration by parts
to make Oij act on the denominator. Following
the same steps as in [10], we can show that the
quartic and quadratic terms in (7) acting on A2k

cancel each other.

3. OUTLOOK

Much work remains to be done to take full
advantage of the formula (4). First, a precise
prescription for the integration contour will be
needed to prove that it reproduces all tree level
amplitudes. The contour problem would require
a closer look at the geometry of the orthogonal
Grassmannian. Second, it would be nice to give
an alternative proof of the Yangian invariance by
rewriting the amplitude in terms of the “momen-
tum super-twistor” variables [11,12]. Finally, it
would be interesting to see how the formula can
be used to address questions on loop amplitudes.

This work was initiated with inspiration from
the lectures of N. Arkani-Hamed and Z. Bern and
discussions with A. Lipstein during the workshop.
This work was supported in part by National Re-
search Foundation of Korea (NRF) Grants No.
2009-0072755 and 2009-0084601.
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Dual Superconformal Symmetry of the ABJM Theory

Arthur E. Lipsteina
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We summarize the proof that all tree-level amplitudes of the ABJM theory enjoy dual superconformal symmetry.

This note is based on arXiv:1008.0041 [hep-th] and arXiv:1012.5032 [hep-th].

1. Introduction

Recent studies of scattering amplitudes in the
N = 6 superconformal Chern-Simons theory dis-
covered by Aharony, Bergman, Jafferis, and Mal-
dacena (ABJM) [1] have revealed that the ABJM
theory has dual superconformal symmetry, which
is inequivalent to the original superconformal
symmetry and is hidden form the point of view of
the action [2–4]. In section 2, I define the dual su-
perspace and show that the four-point tree-level
superamplitude has dual superconformal symme-
try. In section 3, I describe a recursion relation
that allows one to construct higher-point ampli-
tudes from lower point amplitudes in the ABJM
theory. In section 4, I will schematically demon-
strate that the recursion relation preserves dual
superconformal symmetry. Unless other wise in-
dicated, the material in section 2 is taken from
[3] and the material in sections 3 and 4 is taken
from [4].

2. N = 6 Superspace

The momentum of a massless particle in three-
dimensions can be written in bi-spinor form as
follows

pab = pµσµab = λaλb (1)

where σµ are the Pauli matrices and λ is a
two-component spinor. Since the ABJM theory
has N = 6 supersymmetry, the on-shell scat-
tering amplitudes can be parameterized using a
spinor λa, as well as three Grassmann-odd co-
ordinates ηI for each external particle [2]. These
Grassmann-odd coordinates transform in the fun-
damental representation of a U(3) subgroup of

the SO(6) R-symmetry group. We shall refer to
the coordinates (λi, ηi) as the on-shell superspace.
Using Feynman diagram calculations, the four-
point superamplitude of the ABJM theory was
found to be

A4 =
δ3(P )δ6(Q)

〈12〉 〈41〉 (2)

where P ab =
∑4

i=1 λa
i λb

i , QaI =
∑4

i=1 λa
i ηI

i , and
〈ij〉 = ǫabλ

a
i λb

j [2].
The four-point superamplitude can also be

written in terms of coordinates in a dual super-
space which are defined as follows:

xab
i − xab

i+1 = λa
i λb

i , θaI
i − θaI

i+1 = λa
i ηI

i . (3)

Supermomentum conservation implies that x1 =
x5 and θ1 = θ5. In terms of these dual coordi-
nates, the four-point superamplitude is given by

A4 =
δ3 (x1 − x5) δ6 (θ1 − θ5)√

(x1 − x3)
2
(x4 − x2)

2
. (4)

It is straightforward to define inversion in the
dual space:

I
[
xab
]

=
xab

x2
, I

[
θaI
]

=
xab

x2
θI

b . (5)

From these definitions, it follows that the four-
point amplitude transforms covariantly under
dual inversion:

I [A4] =
√

x2
1x

2
2x

2
3x

2
4A4. (6)

It therefore transforms in the following way under
a dual conformal boost:

KabA4 = I

[
4∑

i=1

∂

∂xiab

I [A4]

]
= −1

2

4∑

i=1

xab
i A4.(7)
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This implies that the four-point superamplitude
is invariant under the modified dual conformal
boost generator K̃ab = Kab + 1

2

∑n
i=1 xab

i , where
n is the number of external particles.

By analogy with N = 4 super Yang-Mills, we
can also define dual supersymmetry generators:

QAa =

n∑

i=1

∂

∂θAa
i

, QA
a

=

n∑

i=1

(
θAb ∂

∂xab
i

+ ηA
i

∂

∂λa
i

)
(8)

Note, however, that the second generator is not
consistent with the second constraint in eq. (3) ,
i.e. QA

a

(
θbI

i − θbI
i+1

)
6= QA

a

(
λb

iη
I
i

)
. To fix this, we

must introduce three additional Grassmann-even
coordinates to the dual space, which satisfy the
following constraints:

yab
i − yab

i+1 = ηa
i ηb

i . (9)

Furthermore, we must modify the definition of
the dual supersymmetry generator as follows:

Q̃A
a =

n∑

i=1

(
θAb ∂

∂xab
i

+ ηA
i

∂

∂λa
i

+
1

2
yAB

i

∂

∂θBa
i

)
(10)

After doing so, this generator commutes with all
the constraints relating the on-shell superspace to
the dual superspace. Note that all the other dual
superconformal generators can be obtained by
commuting the dual conformal boost generator
with the dual supersymmetry generators. Fur-
thermore, the dual supersymmetry generators re-
duce to ordinary supersymmetry generators when
restricted to the on-shell superspace. It follows
that the four-point superamplitude of the ABJM
theory has dual superconformal symmetry.

3. Recursion Relation

To extend dual superconformal symmetry to
all tree-level amplitudes, it is convenient to have
a recursion relation that relates higher-point on-
shell amplitudes to lower-point on-shell ampli-
tudes. For quantum field theories defined in four
or higher dimensions, this can be done using the
BCFW recursion relation, which involves a com-
plex deformation of two external momenta:

pi → pi + zqi, pj → pj − zq, (11)

where z is a complex number [5]. This defor-
mation preserves momentum conservation since
pi + pj is invariant. Furthermore, the external
momenta will remain on-shell if

pi · q = pj · q = q2 = 0. (12)

In three dimensions, the only solution to these
equations is q = 0.

In order to generalize the BCFW approach to
three-dimensions, we must allow the deformation
to be nonlinear in z. The deformation can be
written in terms of spinors as follows:

(
λi

λj

)
→
(

z+z−1

2 − z−z−1

2i
z−z−1

2i
z+z−1

2

)(
λi

λj

)
. (13)

One can define a similar deformation for the
fermionic coordinates of the on-shell superspace,
which will preserve supermomentum conserva-
tion.

After applying the deformation to an on-shell
amplitude, it acquires poles in the complex pa-
rameter z. Near these poles, the amplitude fac-
torizes into two lower-point on-shell amplitudes,
which we denote AL and AR, connected by a
propagator. The poles of the amplitude in this
factorization channel are therefore given by the
roots of p2

f (z) = 0, where f labels the factoriza-
tion channel and pf (z) is the momentum in the
propagator. If the amplitudes vanish at z = 0
and z = ∞, it follows that undeformed ampli-
tude An(z = 1) is given by

An(z = 1) = (14)

−1

2πi

∑

f,i

∫
d3η

∮

z=zi,f

dz

z − 1

AL(z, η)AR(z, iη)

pf(z)2

where the index i labels the roots of p2
f (z) = 0,

which we denote as zi,f . For any channel, p2
f (z)

has the form afz−2 + bf + cfz2, so the roots are
obtained by solving a quadratic equation. The
amplitudes of the ABJM theory were shown to
vanish at z = 0 and z = ∞ under the deformation
in eq. (13), so the recursion relation above is
applicable.
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4. Dual Superconformal Symmetry of All

Tree-Level Amplitudes

We will now argue that the recursion relation
in eq. (15) is consistent with dual superconfor-
mal symmetry. Note that the dual coordinates
defined in eqs. (3,9) are defined up to an over-
all translation in the dual superspace. We are
therefore free to choose the origin of the dual su-
perspace such that

x1 = −xn, θ1 = q1 (15)

where qi = λiηi. This choice is convenient be-
cause if we apply the deformation in eq (13) to
legs 1 and n of an n-point amplitude, this only
shifts (x1, θ1) in the dual space. Furthermore,
the magnitude of x1 is invariant under the shift,
i.e. x1(z)2 = x2

1.
Consider a factorization channel where AL is

a j-point amplitude and AR is a (n − j + 2)-
point amplitude. When written in terms of dual
coordinates, AL is a function of x1(z), x2, ..., xj ,
AR is a function of xj , xj+1, ..., xn, x1(z), and the
momentum in the propagator connecting the two
amplitudes is pf(z) = x1(z)− xj . Assuming that
AL and AR transform covariantly under dual in-
version, i.e.

I [AL] =
√

x2
1...x

2
jAL, I [AR] =

√
x2

j ...x
2
nx2

1AR,(16)

it is not difficult to show that An computed ac-
cording to eq. (15) also transforms covariantly
under dual inversion,

I [An] =
√

x1...x2
nAn. (17)

This statement straightforward to prove if we
choose the origin of the dual space according to
eq. (15). On the other hand, since the ampli-
tudes are invariant under dual translations, eq.
(17) holds for any choice of the origin of the
dual superspace. Since the four-point amplitude
transforms according to eq. (17), it follows by
induction that all the tree-level amplitudes of
the ABJM theory have dual conformal symmetry.
Moreover, since all the nontrivial dual supercon-
formal generators can be obtained by commut-
ing the dual conformal boost generator described
in section 2 with ordinary superconformal gener-
ators, it follows that all tree-level amplitudes of

the ABJM theory have dual superconformal sym-
metry.

5. Conclusion

I have sketched a proof that all tree-level am-
plitudes of the ABJM theory have dual supercon-
formal symmetry. This suggests that the theory
may have an amplitude/Wilson-loop duality and
that type IIA string theory on AdS4 × CP 3 may
be self-dual under some combination of bosonic
and fermionic T-dualities. There are therefore
many directions for future study.

Acknowledgements

I would like to thank my co-authors on the pa-
pers on which this note was based, notably Dong-
min Gang, Yu-tin Huang, Eunkyung Koh, and
Sangmin Lee. I would also like to thank the or-
ganizers of the Cargese Summer School “String
Theory: Formal Developments and Applications”
where some of the work described in this note was
carried out. My work is supported in part by the
US DOE grant DE-FG02-92ER40701.

REFERENCES

1. O. Aharony, O. Bergman, D. L. Jafferis and
J. Maldacena, “N=6 superconformal Chern-
Simons-matter theories, M2-branes and their
gravity duals,” JHEP 0810, 091 (2008)
[arXiv:0806.1218 [hep-th]].

2. T. Bargheer, F. Loebbert, C. Meneghelli,
“Symmetries of Tree-level Scattering Ampli-
tudes in N=6 Superconformal Chern-Simons
Theory,” Phys. Rev. D82, 045016 (2010)
[arXiv:1003.6120 [hep-th]].

3. Y.-t. M. Huang and A. E. Lipstein, “Dual
Superconformal Symmetry of N=6 Chern-
Simons Theory,” JHEP 1011, 076 (2010)
[arXiv:1008.0041 [hep-th]].

4. D. Gang, Y. t. Huang, E. Koh, S. Lee and
A. E. Lipstein, arXiv:1012.5032 [hep-th].

5. R. Britto, F. Cachazo, B. Feng and E. Witten,
“Direct Proof Of Tree-Level Recursion Rela-
tion In Yang-Mills Theory,” Phys. Rev. Lett.
94, 181602 (2005) [arXiv:hep-th/0501052].

251



Simple current extensions and the permutation orbifold.

M. Maioa∗

aNikhef, Science Park 105,
1098 XG Amsterdam, The Netherlands

We review extensions by integer spin simple currents in two-dimensional conformal field theories and their
application in string theory. In particular, we study the problem of resolving the fixed points of a simple current
and apply the formalism to the permutation orbifold.

1. Simple currents and fixed points

(Rational) Conformal field theories [1] not only
play a special role within String Theory, but they
are also interesting objects in their own right,
since they appear in many other contests such
as in condensed matter physics.
Standard ways are known to derive new confor-
mal field theories from existing ones. The proto-
type is the orbifold CFT of the form G/H : given
a current algebra G, one mods out its symme-
try subalgebra H , leaving only H-invariant states
plus twisted fields, necessary for modular invari-
ance. Much is known about these coset models.
Another prototype example is the extension via
integer spin simple currents (see [2] for a review).
Extensions are very powerful tools in String The-
ory, since they allow to perform projections (e.g.
GSO projection), impose constraints (such as the
β-constraints in Gepner models) or implement
field identifications in coset models. An exten-
sion is an orbifold-like procedure, that is possible
to apply when the CFT has got simple currents

with integer spin.
A simple current J is by definition a special field
of the theory with simple fusion rules,

(J) × (i) ≡ (Ji) ,

having only one contribution on the r.h.s. In
practice, what one does in extensions is modding
out the discrete symmetry generated by e2πiQJ ,
being QJ(i) the monodromy charge of the field

∗Based on a short talk given at the Cargese Summer

School 2010.

i with respect to the simple current J . One is
left with zero-charge orbits under J of the form
(i, Ji, J2i, . . . , JN−1i), for some integer N . N is
called the order of J . It can happen sometimes
that Jf ≡ f for some field f . f will be then called
a fixed point of J.
Fixed points are very delicate objects to handle.
In the new, or extended, theory each fixed point
gives rise to splitted fields, in number equal to the
order of the current, on which there is a priori no
control. As a consequence, the extended S ma-
trix, S̃, cannot be immediately expressed in terms
of the S matrix of the original theory. Instead,
one has to introduce a set of new matrices, the so-
called SJ matrices, one for each simple current J ,
in terms of which S̃ is parametrized as [3]:

S̃(a,i)(b,j) =
|G|√

|Ua||Sa||Ub||Sb|

∑

J∈G

Ψi(J)SJ
abΨj(J)⋆ .

In this formula, the index (a, i) labels the ith

field into which a is splitted; the prefactor is a
group-theoretical quantity, acting as a normaliza-
tion; the Ψi(J) are the group characters acting
as phases; the sum is over all the simple currents
used to extend the original theory.
The SJ matrices act only on fixed points of J ,
i.e. SJ

ab = 0 if either a or b is not fixed by J .

Moreover, modular invariance of the full S̃ ma-
trix implies modular invariance of SJ :

SJ
· (SJ)† = 1 , (SJ

· T J)3 = (SJ)2 .

Hence, in this formalism, the problem of deter-
mining the extended S matrix is equivalent to
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finding the set of SJ matrices. This is known as
the fixed point resolution problem.

2. The permutation orbifold

Theories for which the SJ matrices were al-
ready known in the past include WZW models
and coset theories. Recently, the fixed point prob-
lem has been solved for the cyclic permutation
orbifold, in the simplified case of two factors:

Aperm ≡ A×A/Z2 .

the Z2 exchanging the two factors. A denotes an
arbitrary CFT.
The field content of the generic permutation orb-
ifold was already known from [4]. It consists of
three kinds of fields: diagonal, φ(i,χ), off-diagonal,
φ(mn) with m < n, and twisted, φ

(̂i,χ)
. Also the

S matrix of this orbifold was already known from
[5] in terms of the S and T matrices of the origi-
nal CFT A. We will denote it by SBHS .
If one is interested in performing extensions of
this cyclic orbifold, the first thing that must be
asked is whether or not it admits simple currents
and, in affirmative case, if the simple currents
have fixed points. It turns out that the answers
to both questions is yes [6–8]. Hence, one has to
resolve those fixed points or, equivalently, deter-
mine the corresponding SJ matrices. One pos-
sible strategy is to give an ansatz for SJ which
satisfies modular invariance and furthermore is
subject to the following constraints:

• for the identity current, J = 0, SJ must
reduce to SBHS ;

• the extension by the anti-symmetric com-
ponent of the identity undoes the permuta-
tion orbifold, giving back the tensor prod-
uct A×A [6];

• the SJ must be consistent with known ex-
pressions existing for some WZW models
with particular current algebras (e.g. A(1),
B(n), D(2n)) [6,7].

The explicit expression for the ansatz is given
in [8]. There, it is also shown that unitarity
and modular invariance are satisfied. Moreover,

integrality of the fusion rules has been checked
numerically for very large rational CFT’s, even
though its proof is probably doable. All these
non-trivial checks strongly suggest that this is in-
deed the correct answer.
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Soft-exactness of tree-level gluon and graviton MHV amplitudes.
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We discuss and present derivations of the must succinct forms for tree-level MHV gluon and MHV graviton

scattering amplitudes, through appending soft-factors to lower-point MHV scattering amplitudes. For gluons, we

see that the canonical spinor-helicity variables are sufficient to absorb all of the gauge redundancy needed to define

transverse gluon polarization vectors. Correspondingly, the tree level gluon MHV scattering amplitudes can be

cleanly and efficintly written in terms of spinor-helicity variables–and are described by the famous Parke-Taylor

amplitude. However, the canonical spinor-helicity variables do not automatically enforce momentum conservation,

and thus are not sufficiently redundant to absorb all of the differomorphism invariance that must be built into

the graviton soft-factors. Nonetheless, appending graviton soft-factors to lower-point graviton MHV amplitudes

yields the simplest known form for MHV graviton amplitudes. We briefly discuss new variables, better suited to

describe perturbative scattering amplitudes in quantum gravity.

1. Introduction: MHV and soft factors

It is well known that tree-level gluon scattering
amplitudes become very simple when expressed in
terms of (kinematical) variables which encapsu-
late all of the physical information in the asymp-
totic scattering states: their momentum and their
helicity.[1–3] Many different variables accomplish
this goal, the simplest of which are the spinor-
helicity variables, λα and λ̃α̇. These variables are
best suited to describe massless vectors and ten-
sors, and are defined by:

pµ = σαα̇
µ λαλ̃α̇, (1)

〈λ1λ2〉 = λ1αλ2
α = ǫαβλ1

αλ2
β = −〈λ2λ1〉, and

[λ̃1λ̃2] = λ̃1
α̇λ̃2α̇ = ǫα̇β̇λ̃1α̇λ2β̇ = −[λ̃2λ̃1].

The most striking example of the simplification in
expressions for scattering amplitudes occurs for
scattering amplitudes where 2 incoming gluons
with negative helicity, 1− and j−, scatter into
n-2 incoming gluons all of which have positive
helicity, 2+, 3+, ..., (j − 1)+, (j + 1)+, ..., n+. This
amplitude, discovered by Parke and Taylor[4], is

AMHV
n YM =

〈1, j〉4
〈1, 2〉...〈i, i + 1〉...〈n, 1〉 (2)

There is no known simple, one-term, form for
tree-level MHV graviton scattering. The state-of-
the-art is the MHV graviton super-amplitude[5],

MMHV
n GR =

1

〈n − 1, n〉2

(
n−2∏

a=1

1

(〈a, n − 1〉〈an〉)2

)

×
∑

trees

∏

edges ab

[ab]

〈ab〉 〈a, n − 1〉〈an〉〈b, n − 1〉〈bn〉 (3)

where the sum over trees contains (n − 2)n−4

terms for an n-graviton MHV process. Despite
this ∼ nn growth of terms, this super-amplitude
is both (a) the most symmetric of all other known
forms, having an explicit S2 × Sn−2 permuta-
tion invariance with respect to label exchange (all
graviton super-amplitudes must have full Sn Bose
permutation symmetry), and (b) has the fewest
terms of all known forms for the amplitude.

Both amplitudes, for gluons and gravitons, can
be derived through appending n− 3 inverse soft-
factors to their respective three-point MHV am-
plitudes.[6] This derivation highlights the need for
new variables which economically encode all of
the physical degrees of freedom in gravity, and
offers hints towards what they might look like.
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2. Soft-exactness and Parke-Taylor.

It is well known[7,8] that, based on elemen-
tary properties of the S-matrix and Lorentz-
invariance, the amplitude for soft vector emission
from a scattering process, M, is given by

M → M× SF (qsoft)|h∈{±}

= M×
n∑

i=1

λi

pi
µǫµ

h(qsoft)|h∈{±}

pi
µqµ

soft

where λi is the corresponding coupling of the ith-
particle in the hard process to the soft vector.

Decomposing gluon amplitudes into color-
ordered sub-amplitudes[1], we cyclically label glu-
ons from 1, ..., n. Soft gluon, n+1, with h = +,
enters into the region between, and only attaches
to, gluons 1 and n, thus:

SFgluon
pn+1→0 =

∑

i=1,n

pi
µǫµ

+

[
pn+1(soft)

]

pi
µpµ

n+1(soft)

In terms of the spinor-helicity variables, this is,

SFgluon
pn+1→0 =

∑

i=1,n

〈λiµ〉
〈µλpn+1

〉〈λiλpn+1
〉 , ǫ+αα̇ =

µαλ̃n+1α̇

〈µλn+1〉
.

Choice of µα corresponds to fixing a guage.
Note that, by Schouten, |A〉〈B, C〉 + |B〉〈C, A〉 +
|C〉〈A, B〉 = 0, these two terms combine into:

SFgluon
pn+1→0 =

〈n, 1〉
〈n + 1, 1〉〈n, n + 1〉 (4)

Gluon soft-factors are thus automatically gauge-
invariant. That this is manifest is entirely due to
the non-trivial structure of the canonical spinor-
helicity variables, λ and λ̃. Multiplying the n-
point Parke-Taylor amplitude by this soft-factor,
gives the n+1-point Parke-Taylor amplitude:

〈ij〉4
〈12〉...〈n1〉

〈n, 1〉
〈n + 1, 1〉〈n, n + 1〉 =

〈ij〉4
〈12〉...〈n + 1, 1〉

MHV scattering amplitudes, at tree-level, in
(S)YM are “soft exact.” In this narrow sense, the
canonical spinor-helicity variables, λ and λ̃, are
at once “big” enough to encompass all possible
gauges, yet are economical enough to write con-
sistent expressions for tree-level gluon scattering
amplitudes without introducing extraneous and
un-physical degrees of freedom. This is not the
case for MHV graviton scattering, below.

3. Graviton MHV scattering amplitudes

from inverse-soft-factors.

Weinberg’s results are quite similar for soft
gravitons attaching to a hard external line in a
scattering process[7,8]. The total soft factor is,

SFq→0 =
n∑

i=1

ǫµν
soft piµ piν

pi qsoft

We will focus on positive helicity soft-gravitons.
Graviton polarization tensors are factorized as,

ǫ+
αα̇ββ̇

(qs) = ǫ+αα̇(qs)ǫ
+

ββ̇
(qs) =

µαλ̃sα̇

〈µλs〉
µ′

β λ̃sβ̇

〈µ′λs〉
Where µα and µ′

β are the two different reference
spinors needed to define the polarization tensor,
and qαα̇

s = λα
s λ̃α̇

s is the soft graviton momentum.
It is convenient to gauge fix the two reference

spinors to be equal to two of the physical spinor-
helicity variables: µ ≡ λA and µ′ ≡ λB . When
put in terms of the spinor-helicity variables, the
Weinberg soft-factor sum, takes the form

SFq→0 =

n∑

i=1

〈Ai〉〈Bi〉〈As〉〈Bs〉
(〈As〉〈Bs〉)2

[λ̃si]

〈λsi〉
(5)

There are several important aspects of this ex-
pression. First, the terms in the soft-factor are
completely holomorphic in A and B: λ̃A and λ̃B

do not enter into the expression.
Second, through gauge-fixing, two momenta,

A and B, must be explicitly singled out. This
breaks any possible manifest permutation invari-
ance from Sn down to Sn−2 × S2. Choice of a
different pairs of reference momenta is equivalent
to a different choice of gauge. In order for these
gauge choices to be equivalent, the overall gravi-
tational charges must be conserved:

∑
i pi = 0.

Terms in the MHV graviton amplitude, “trees,”
are composed of positive helicity soft-factors ap-
pended to lower point amplitudes. Attaching a
new graviton, b, to another “hard” graviton, a
naively spoils the conservation of momentum: if∑

i pi = 0 before adding particle b off of particle
a, then qa +

∑
i pi 6= 0, even if qa is (component-

wise) much smaller than in the other n momenta.
Because of the gauge-choice, µ = λA and µ′ =

λB , we can deform λ̃A and λ̃B , while leaving (a
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sum of products of) soft-factors for positive helic-
ity gravitons unchanged.1 Thus, we can write the
contribution to an n → n+1−point MHV ampli-
tude from adding graviton-b off of graviton-a:

MMHV
n → MMHV

n × 〈Aa〉〈Ab〉〈Ba〉〈Bb〉
(〈Aa〉〈Ba〉)2 × [ab]

〈ab〉 .

In the language of [6], this is called ga→b, which
denotes “adding graviton-b off of graviton-a.”

To build-up an n−point MHV amplitude,
we start with three gravitons—(1, A, B). The
three point MHV super-amplitude is 1/(〈n −
1, n〉〈1n〉〈1, n − 1〉)2, where A = n, B = n − 1.
We then act on MMHV

3 with a series of inverse-

soft-factors, of the form
∏n−2

i=2 gi→αi−1
, where

k ≥ αk > 0.
This gives the term in the n−point MHV am-

plitude coming from adding particle α1 off of
particle 1, then particle 3 added off of particle
α2 ∈ {1, 2}, then particle 4 added off of parti-
cle α3 ∈ {1, 2, 3}, etc. all the way upto particle
n-2 added off of particle αn−3 ∈ {1, 2, ..., n − 3}.
This defines a “tree” (graph-theory term). To get
the full amplitude, one must sum over all trees.
Individual “trees” are of the form:

{
M3(1, n − 1, n)

}
×

n−2∏

k=2

gk→αk−1

{
1

〈n − 1, n〉2 × 1

〈1, n〉2〈1, n − 1〉2
}
×

n−2∏

k=2

〈nk〉〈n − 1, k〉〈nαk−1〉〈n − 1, αk−1〉
〈kn〉2〈k, n − 1〉2

[kαk−1]

〈kαk−1〉

=
1

〈n − 1, n〉2
∏

vertices

1

〈an〉2〈a, n − 1〉2
∏

edges

[ab]

〈ab〉 〈na〉〈n − 1, a〉〈nb〉〈n − 1, b〉

Summing over all trees reproduces Eq.(3).[5,6]

4. Conservation of momentum, permuta-

tion invariance, and new variables.

This derivation treats both labels n-1 and n
symmetrically, and labels 1...n-2 symmetrically.

1This is true if the soft gravitons are all in the same gauge:

µi = λA and µ′

i
= λB , ∀i ∈ {soft}.

Correspondingly, it manifests only a sub-set of
the full Sn permutation invariance in graviton
super-amplitudes. Showing permutation invari-
ance with respect to mixing the “reference” labels
and “non-reference” labels, is done by changing
the gauge: this requires momentum conservation.
To go beyond, we must work with variables which
enforce momentum conservation from the outset.

We define λ̃a
α̇ ≡ µabc

α̇ 〈bc〉: labels a- and b are
implicitly summed, and µabc

α̇ is totally antisym-
metric in abc. Schouten and antisymmetry of µabc

α̇

automatically imply momentum conservation:
n∑

a=1

pµ
a =

1

3

∑

abc

µabc{|a〉〈bc〉 + |b〉〈ca〉 + |c〉〈ab〉} = 0.

In these variables, MMHV
4 is fully S4 invariant:

M4(λα, µabc
α̇ ) =

ǫabcdµ
abcµdαβ〈αβ〉∏

1≤ii<j≤4〈λiλj〉
. (6)

µs have their own set of gauge-redundancies:
µabc

α̇ → µabc
α̇ +δµabc

α̇ = µabc
α̇ +Mabcd

αα̇ λα
d . For totally

antisymmetric Mabcds, the λ̃s are unchanged.[9]
Invariance with respect to the µs redundancy is

equivalent to both momentum conservation and
Sn-permutation invariance. However, it is un-
clear how to go beyond MMHV

4 with the µabc
α̇ s.
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We review extensions by integer spin simple currents in two-dimensional conformal field theories and their
application in string theory. In particular, we study the problem of resolving the fixed points of a simple current
and apply the formalism to the permutation orbifold.

1. Simple currents and fixed points

(Rational) Conformal field theories [1] not only

play a special role within String Theory, but they

are also interesting objects in their own right,

since they appear in many other contests such

as in condensed matter physics.

Standard ways are known to derive new confor-

mal field theories from existing ones. The proto-

type is the orbifold CFT of the form G/H: given

a current algebra G, one mods out its symme-

try subalgebra H, leaving only H-invariant states

plus twisted fields, necessary for modular invari-

ance. Much is known about these coset models.

Another prototype example is the extension via

integer spin simple currents (see [2] for a review).

Extensions are very powerful tools in String The-

ory, since they allow to perform projections (e.g.

GSO projection), impose constraints (such as the

β-constraints in Gepner models) or implement

field identifications in coset models. An exten-

sion is an orbifold-like procedure, that is possible

to apply when the CFT has got simple currents
with integer spin.

A simple current J is by definition a special field

of the theory with simple fusion rules,

(J) × (i) ≡ (Ji) ,

having only one contribution on the r.h.s. In

practice, what one does in extensions is modding

out the discrete symmetry generated by e2πiQJ ,

being QJ(i) the monodromy charge of the field

∗Based on a short talk given at the Cargese Summer

School 2010.

i with respect to the simple current J . One is

left with zero-charge orbits under J of the form

(i, Ji, J2i, . . . , JN−1i), for some integer N . N is

called the order of J . It can happen sometimes

that Jf ≡ f for some field f . f will be then called

a fixed point of J.

Fixed points are very delicate objects to handle.

In the new, or extended, theory each fixed point

gives rise to splitted fields, in number equal to the

order of the current, on which there is a priori no

control. As a consequence, the extended S ma-

trix, S̃, cannot be immediately expressed in terms

of the S matrix of the original theory. Instead,

one has to introduce a set of new matrices, the so-

called SJ matrices, one for each simple current J ,

in terms of which S̃ is parametrized as [3]:

S̃(a,i)(b,j) =
|G|√

|Ua||Sa||Ub||Sb|
∑

J∈G

Ψi(J)SJ
abΨj(J)⋆ .

In this formula, the index (a, i) labels the ith

field into which a is splitted; the prefactor is a

group-theoretical quantity, acting as a normaliza-

tion; the Ψi(J) are the group characters acting

as phases; the sum is over all the simple currents

used to extend the original theory.

The SJ matrices act only on fixed points of J ,

i.e. SJ
ab = 0 if either a or b is not fixed by J .

Moreover, modular invariance of the full S̃ ma-

trix implies modular invariance of SJ :

SJ · (SJ )† = 1 , (SJ · T J)3 = (SJ)2 .

Hence, in this formalism, the problem of deter-

mining the extended S matrix is equivalent to
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finding the set of SJ matrices. This is known as

the fixed point resolution problem.

2. The permutation orbifold

Theories for which the SJ matrices were al-

ready known in the past include WZW models

and coset theories. Recently, the fixed point prob-

lem has been solved for the cyclic permutation

orbifold, in the simplified case of two factors:

Aperm ≡ A×A/Z2 .

the Z2 exchanging the two factors. A denotes an

arbitrary CFT.

The field content of the generic permutation orb-

ifold was already known from [4]. It consists of

three kinds of fields: diagonal, φ(i,χ), off-diagonal,
φ(mn) with m < n, and twisted, φ

(̂i,χ)
. Also the

S matrix of this orbifold was already known from

[5] in terms of the S and T matrices of the origi-

nal CFT A. We will denote it by SBHS .

If one is interested in performing extensions of

this cyclic orbifold, the first thing that must be

asked is whether or not it admits simple currents

and, in affirmative case, if the simple currents

have fixed points. It turns out that the answers

to both questions is yes [6–8]. Hence, one has to

resolve those fixed points or, equivalently, deter-

mine the corresponding SJ matrices. One pos-

sible strategy is to give an ansatz for SJ which

satisfies modular invariance and furthermore is

subject to the following constraints:

• for the identity current, J = 0, SJ must

reduce to SBHS ;

• the extension by the anti-symmetric com-

ponent of the identity undoes the permuta-

tion orbifold, giving back the tensor prod-

uct A×A [6];

• the SJ must be consistent with known ex-

pressions existing for some WZW models

with particular current algebras (e.g. A(1),

B(n), D(2n)) [6,7].

The explicit expression for the ansatz is given

in [8]. There, it is also shown that unitarity

and modular invariance are satisfied. Moreover,

integrality of the fusion rules has been checked

numerically for very large rational CFT’s, even

though its proof is probably doable. All these

non-trivial checks strongly suggest that this is in-

deed the correct answer.
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String Vacua in Exceptional Generalized Geometry

F. Orsia∗

aInstitut de Physique Theorique, CEA Saclay Orme des Merisiers 91191 Gif-sur-Yvette

In this note we outline the main results of a forthcoming publication [1], in collaboration with M. Graña. We
analyze Minkowski vacua in the language of exceptional generalized geometry (EGG). Once we identify a twisted
derivative operator that contains all NS and RR fluxes and transforms covariantly under the E7(7) U-duality
group, we find the differential equations on the structures which parameterize the vector and hypermultiplet
moduli spaces of N = 2 supergravity, and interpret them in terms of integrability of such structures. We pursue
this analysis for both N = 1 and N = 2 vacua.

1. Introduction

One of the main advantages of study supersym-
metryic backgrounds is that the compactification
mechanism is restricted to specific classes of in-
ternal manifolds. When no fluxes are considered,
supersymmetry can be re-stated in the Calabi-
Yau condition [2]. Such manifolds separately sat-
isfy an algebraic condition, namely the existence
of a globally defined, nowhere vanishing internal
spinor, and a differential one, that the spinor is
covariantly constant. On the other hand fluxes,
combined with the warped nature of the compact-
ification, play a fundamental role in string theory
for the possibility of fixing moduli and providing
a hierarchy of scales [3]. Whenever fluxes are al-
lowed, they backreact on the geometry yielding a
deviation from the Calabi-Yau case [4].
Reformulating compactifications with fluxes in a
geometric description has been very much guided
by the framework of generalized geometry devel-
oped by Hitchin [5]. Generalized complex geom-
etry (GCG) can be intuitively described as com-
plex geometry applied to the generalized tangent
bundle of the space, consisting of the sum of tan-
gent and cotangent bundles TM ⊕ T ∗M .
The language of GCG was adopted in [6,7] to
characterise N = 1 vacua, first identifying a pair
of pure spinors (Φ+, Φ−), then by showing which
kind of differential condition they should satisfy
in order to describe a vacuum. The main fea-

∗francesco.orsi@cea.fr

ture of GCG is the existence of a 1-to-1 corre-
spondence between a pure spinor and a general-
ized almost complex structure (GACS) defined on
TM ⊕ T ∗M . In the GCG setting the NS sector
of the type II string theory is absorbed as part
of the geometry, while this is not the case for the
RR fields.
Our interest is to study supersymmetry condi-
tions from the point of view of exceptional gen-
eralized geometry (EGG), allowing the full flux
content to be geometrized, and in particular to
obtain a description of the N = 2 case indepen-
dently of the N = 1. The generalized tangent
bundle TM ⊕T ∗M should be once more enlarged
in order to include the extra symmetries induced
by gauge transformations of the RR fields. The
analysis amounts then to interpret the susy equa-
tions in terms of integrability of the correspond-
ing EGG algebraic structures (defined on the ex-
ceptional generalized tangent space).

2. Integrability conditions and supersym-

metry

We illustrate in this section how conditions for
vacua can be recast in terms of integrability of
some algebraic structures, which in the cases dis-
cussed below will be a pair of compatible pure
spinors. A GACS is said to be integrable if its as-
sociate pure spinor is closed. In each of the cases
presented below the differential operator has the
form of a twisted derivative under the gauge fields
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which are geometrized in the corresponding the-
ory. At the end of this step by step analysis, we
will interpret the GCG case as an intermediate
step which naturally leads to the generalization
achieved by EGG.
When considering N = 2 supersymmetry in ab-
sence of fluxes, it turns out that the condition to
have a vacua can be stated as

dΦ+ = 0, dΦ− = 0 (2.1)

which means that both GACS are integrable.
Similarly, conditions for N = 2 supersymmetric
vacua with NS only [10] are described using the
criterion of twisted integrability under the H-field

dHΦ+ = 0, dHΦ− = 0 (2.2)

being dH ≡ d − H∧ = eBd e−B.
The conditions for Minkowski vacua preserving
N = 1 supersymmetry in the presence or NS and
RR fluxes have been obtained in [7] in the lan-
guage of GCG, and can alternatively be obtained
from extremizing the superpotential W = zaPa

of the four-dimensional N = 1 theory [11] and
setting the D-term D = raPa to zero [8,9]. When
sources are present, these read

dH(e2AΦ′+) = 0 (2.3)

dH(eAReΦ′−) = 0 (2.4)

dH(e3AImΦ′−) = ∗e3As(F+) (2.5)

where F+ are the RR fluxes and s is an involu-
tion operator. Then N = 1 vacua require one of
the pure spinors to be closed (and therefore the
generalized almost complex structure associated
is integrable), while RR fluxes act as a defect for
integrability of the other structure.

3. Description of vacua using EGG

To take into account the complete flux con-
tent of the type II2 theory we define a generalized
connection F , which features exterior derivatives
of all the gauge fields content [13]. The twisted
derivative operator has the following form

D = ∇ + F , (3.1)

2We consider type IIA in this setting.

where F encodes the twisting of all the gauge
fields as

F = eBe−B̃e−C∇ eCeB̃e−B

∣∣
912

(3.2)

the bar denoting the projection on the 912 rep-
resentation of E7(7), and ∇ being the ordinary
Levi-Civita covariant derivative. The algebraic

structures which play the analogous role of the
pure spinors in the EGG formalism have been
constructed in [12] and amount to an SU(2)R sin-
glet L and a triplet Ka, which respectively param-
eterize the vector and the hypermultiplet spaces
of the N = 2 supergravity theory.
The analysis of the corresponding differential

condition lead to the EGG version of the equa-
tions (2.3-2.5) for N = 1 vacua

[
D(e2A−φL)

]
|133 = 0 (3.3)

[
D(eA−φK1)

]
|56 = 0 (3.4)

[
De3A−φ(K3 + iK2)](1,0)|56 = 0 (3.5)

where the vertical bar stands for a projection on
the corresponding E7(7) representation.
As conjectured in [12], N = 1 supersymmetry
does indeed require on one hand closure of both
L (3.3) and raKa (3.4), where ra is a vector point-
ing in the direction of the N = 1 supersymmetry
preserved. On the other hand, the structure along
the complex orthogonal direction is closed upon
projecting onto the holomorphic subbundle de-
fined by L (3.5).
The equations for N = 2 vacua looks formally
as (3.3)-(3.5), however the analysis reveal that
the naive conjecture that all structures are closed
turns out not to be true. This implies that the
translation between integrability and closure is
not straightforward.
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Energy–Energy Correlation in N = 4 Supersymmetric Yang–Mills

Z. Penga

a Institut de Physique Théorique, CEA-Saclay,
F-91191 Gif-sur-Yvette cedex, France

We outline the perturbative calculation, through next-to-leading order, of the energy-energy correlation function
in N = 4 supersymmetric Yang–Mills. We add a perturbation HLN=4 to the theory, and calculate amplitudes
for the decay of the scalar field H . In order to obtain a finite result for observables such as the energy-energy
correlation function, we have to combine the one-loop virtual contribution and the real emission one.

1. Introduction

Next-to-leading order (NLO) calculations in
gauge theory are important to collider physics.
Many effective techniques were developed in re-
cent years to perform calculations of ampli-
tudes. We made use of these methods, especially
BCFW [1,2] and unitarity [7,8,3], to advance our
project.

We study N = 4 supersymmetric Yang–Mills
coupled to a massive scalar field H . The scalar is
coupled to the N = 4 multiplet via the operator
HLN=4. Unlike the analagous effective operator
in the Standard Model, H is really just a source
of momentum, and is not involved to any sponta-
neous symmetry breaking. We calculate the de-
cay amplitudes of H and integrate their squares
or interferences over phase space. Our ultimate
aim is to compare the energy-energy correlation
function at NLO with the results obtained in ‘con-
formal collider physics’ [4] and to thereby improve
our understanding of the AdS/CFT correspon-
dence.

2. Calculations of the Amplitudes

We can use the BCFW recursion relations to
generate tree-level amplitudes particle type by
type. Alternatively, we may use the supersym-
metric recursion relations explained in [5]. We
introduce two new amplitudes using Grassmann

numbers η,

Atree(H, 1−g , 2−g ) = −δ4(P1 + P2 − PH) 〈1 2〉2

×
4∏

A=1

ηA
1 ηA

2 , (1)

Atree(H, 1+
g , 2+

g ) = −δ4(P1 + P2 − PH)[1 2]2 .

These two amplitudes were computed using
Feynmann diagrams in ref. [6]. The tree-level am-
plitudes for H plus four particles can be generated
via supersymmetric recursion relations. Their
collinear limits can be checked using splitting am-
plitudes [7].

For the one-loop amplitudes for H plus three
particles, we used generalized unitarity [3,8].

3. Calculations of the Leading-Order

Energy-Energy Correlation Function

The energy–energy correlation function is de-
fined as follows,

dΣ

d cosχ
=

∑

i,j

∫
dPSn|A|2 EiEj

E2
total

×δ(cos θij − cosχ) , (2)

where Etotal is the center-of-mass energy.
We add up the squares of color-ordered three-

parton amplitudes for all particle types and in-
tegrate the result over three-particle phase space
in D = 4 − 2ǫ dimensions. With u = 1−cos χ

2 ,

ω = Cot2(χ/2) and taking 0 < χ < π (thereby
avoiding singular contributions at χ = 0, π or
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u = 0, 1), we obtain,

dΣ

d cosχ
∝ (1 − 2ǫ)((1 − u)u)−ǫ−1

× 2F1(1 − 2ǫ, 1 − 2ǫ; 2 − 4ǫ; u)

∝ − ln(1 − u)

(1 − u)u2
(ǫ → 0)

∝ 1

sin2 χ
(1 + ω) ln (1 + ω−1) .

4. Towards the NLO Energy-Energy Cor-

relation Function

The finiteness of the full NLO correction
emerges when adding the one-loop (virtual) con-
tribution to the real emission one. The former can
be obtained directly by integrating the interfer-
ence of the tree and one-loop three-parton ampli-
tudes over three-particle phase space in D = 4−2ǫ
dimension.

For the real emission contribution, we hope
to find several master integrals as a basis for
the energy-energy correlation function. We ex-
pect to calculate these integrals in two different
ways: direct integration over the four-particle D-
dimensional phase space; and calculation of a cor-
responding loop integral followed by use of a uni-
tarity relation. Ref. [9] explains the latter ap-
proach, and in particular how to use a unitarity
relation to reproduce the following master inte-
grals for four-particle cross section,

R4 = =

∫
dPS4

R6 = =

∫
dPS4

1

s124s134

R8,a = =

∫
dPS4

1

s13s23s14s24

R8,b = =

∫
dPS4

1

s13s23s123s234

Inspired by these integrals, we choose the master

integrals,

C4 =

∫
dPS4E2E3δ(cos θ23 − c)

C6,a = =

∫
dPS4

E2E3δ(cos θ23 − c)

s124s134

C6,b = =

∫
dPS4

E2E3δ(cos θ23 − c)

s123s134

C6,c = =

∫
dPS4

E2E3δ(cos θ23 − c)

s123s234

C8,a = =

∫
dPS4

E2E3δ(cos θ23 − c)

s13s23s14s24

C8,b = =

∫
dPS4

E2E3δ(cos θ23 − c)

s12s24s13s34

C8,c = =

∫
dPS4

E2E3δ(cos θ23 − c)

s12s123s24s234

C8,d = =

∫
dPS4

E2E3δ(cos θ23 − c)

s12s124s13s134

for the energy-energy correlation function. We
have calculated several of these integrals, and are
working on the remainder. Once we obtain ex-
pressions for them, we can write the sum of the
virtual contribution and real-emission one explic-
itly and cancel all infrared singularities to obtain
a finite result.

5. Summary

We have outlined how to calculate the energy-
energy correlation function in N = 4 supersym-
metric Yang–Mills.
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Gravitational Corrections to Non-Gauge Interactions

Andreas Rodigasta∗, Theodor Schustera†

aInstitut für Physik, Humboldt-Universität zu Berlin, Newtonstraße 15, D-12489 Berlin, Germany

We compute the lowest order quantum gravitational corrections to Yukawa and ϕ
4 interactions.

Einstein’s general relativity yields an elegant
and successful description of gravity on macro-
scopic scales, but is—in its perturbatively quan-
tized form—ill-suited as a fundamental theory be-
cause of its non-renormalizabillity [ 1]. Never-
theless, when treated as an effective field theory,
perturbatively quantized Einstein gravity can be
used to determine predictions of quantum gravity
for energies well below the Planck scale [ 2].

In this context, the gravitational corrections
to the running of gauge couplings are subject of
an intriguing and ongoing discussion [ 3]. The
gravitational contributions to the running of the
couplings of non-gauge interactions on the other
hand were neglected for a long time. In [ 4],
we considered the lowest order quantum gravi-
tational corrections to the Yukawa and ϕ4 inter-
actions. The masses of the matter fields naturally
give dimensionful parameters which open the pos-
sibillity of logarithmically divergent gravitational
contributions. Similar models were recently ex-
amined using non-standard field theory methods
[ 5].

Our toy model consists of a massive real scalar
ϕ and a massive Dirac fermion ψ. Both fields are
minimally coupled to gravity and can interact via
a Yukawa and a ϕ4 interaction

L =
√
−g

[
ψ(i /D −mψ)ψ + 1

2gµν∂µϕ∂νϕ

−
1
2m

2
ϕ
ϕ2

− g ϕψψ −
λ
4!ϕ

4
]

+ 2
κ2

√
−gR .

(1)

Here κ is the gravitational coupling, related to
Newton’s constant by κ2 = 32πGNewton, g is the
Yukawa coupling, and λ is the ϕ4 coupling con-
stant.
∗rodigast@physik.hu-berlin.de
†theodor.schuster@physik.hu-berlin.de

We expand the metric gµν around the flat
background gµν = ηµν + κhµν , with the sym-
metric tensor field hµν being the graviton and
fix the gauge freedom of isomorphism transfor-
mations using the de Donder gauge condition
Gµ = ∂νhµν −

1
2∂µh

ν
ν .

The dependence of the running couplings on
the energy scale µ is determined by their β func-
tions

βgi = µ
dgi
dµ

. (2)

We use dimensional regularization and the
Minimal Subtraction scheme. Below, we only give
the lowest order gravitational corrections ∼ κ2

and omit the O(κ0) terms.
The diagrams in 1(a) lead to the following con-

tributions to the wave function renormalizations

Zψ − 1 =
κ2

16π2

1

4
m2
ψ

2

d− 4
,

Zϕ − 1 =
κ2

16π2
m2
ϕ

2

d− 4

(3)

and to the mass counterterms

Zmψ − 1 =
κ2

16π2

1

4
m2
ψ

2

d− 4
,

Zm2
ϕ
− 1 =

κ2

16π2
m2
ϕ

2

d− 4
.

(4)

These relate the renormalized and bare masses

mψ0 = ZmψZ
−1
ψ mψ , m2

ϕ0
= Zm2

ϕ
Z−1
ϕ m2

ϕ . (5)

Since for both the fermion and the scalar the grav-
itational wavefunction renormalization (3) and
the mass counterterm (4) are equal, there are
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(a) Two-point functions

+ 5 permutations + 3 permutations
(b) ϕ

4 interaction

(c) Yukawa interaction

Figure 1. One-loop graphs for the order κ2 gravitational corrections.

no gravitational corrections to the running of the
masses. This cancellation is unexpected because
it is not obvious how the corresponding diver-
gences in each of the diagrams are linked. Note,
that this cancellation might be absent in a dif-
ferent gauge, since the renormalization in gravi-
tational systems is in general dependent on the
chosen gauge [ 6].

To determine the renormalization of the cou-
plings we further need the vertex renormaliza-
tions, which can be obtained from the diagrams
in 1(b) and 1(c) and are given by

Zϕψψ − 1 =
κ2

16π2
(3
4m

2
ψ

+ 1
4m

2
ϕ
)

2

d− 4
,

Zϕ4 − 1 =
κ2

16π2
4m2

ϕ

2

d− 4
.

(6)

In dimensional regularization the renormalized
and bare couplings are related by

g0 = µ
4−d

2 ZϕψψZ
−1
ψ Z

− 1

2

ϕ g ,

λ0 = µ4−dZϕ4Z−2
ϕ λ .

(7)

Exploiting the scale independence of the bare cou-
plings it is no problem to compute the gravita-
tional contributions to the β functions

βg = −
κ2

16π2
(m2

ψ
−

1
2m

2
ϕ
)g (8)

βλ = −
κ2

4π2
m2
ϕ
λ . (9)

Hence, if the non-gravitational as well as higher
order gravitational contributions are neglected we
find that quantum gravity leads to the asymptotic
freedom of the ϕ4 interaction. The same holds for
the Yukawa interaction as long as

√
2mψ>mϕ.
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SUSY multiplets at first mass level in D = 4 superstring compactifications

O. Schlotterera
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In this note we summarize the work presented in [1] where direct production of lightest Regge resonances is
discussed in view of a low string scale scenario. Particular emphasis is put on the occurring four dimensional
massive SUSY multiplets – firstly in maximally supersymmetric N = 4 compactifications, but more importantly
those N = 1 multiplets which are universal to any superstring compactification which preserves four supercharges.

1. Introduction

The string scale Ms = α′−1/2 can be as low as
a few TeV provided that some of the extra di-
mensions are sufficiently large [2]. In that case,
resonances in lepton, quark- and gluon scattering
processes due to exchange of virtual Regge exci-
tations can potentially be observed at LHC [3–
5]. Once the mass threshold Ms is crossed in the
center-of-mass energies of colliding partons, one
would also see the string resonance states pro-
duced directly [1].

This articles explains which of the first mass
level states are universal to any four dimensional
superstring compactification preserving at least
N = 1 supersymmetry in D = 4. Making model
independent statements like ours bypasses the no-
torious landscape problem.

To briefly explain the index notation: vector
(spinor) indices are taken as m,n, p (A, Ḃ) for
SO(1, 9), µ, ν, λ, ρ (α, β̇) for SO(1, 3) and i, j, k
(I, J̄) for SO(6). Chiral gamma matrices in ten
(four) dimensions are denoted by Γm (σµ).

2. The first mass level in ten dimensions

The first mass level of the open superstring
spectrum has been known for a long time [6]. Let
us briefly review the particle content in the ten
dimensional uncompactified superstring:

In the Neveu Schwarz sector, 128 bosonic states
remain after removing spurious solutions to the

BRST constraints,

V (−1)(B,E, k) = e−φeikX

(Bmni∂X
mψn + Emnpψ

mψnψp) . (1)

The symmetric and traceless wave function Bmn

describes a massive spin two particle, and Emnp

represents a three form. Both tensors are trans-
verse kmBmn = kmEmnp = 0 and thus fit into
representation of the massive little group SO(9).
Terms of the form Hm∂ψ

m in (1) turn out to be
spurious in ten dimensions but not in compacti-
fications.

In the Ramond sector vertex, the spin field ΘA

contracts two vector spinor wavefunctions χ, ζ̄

V (−1/2)(χ, ζ̄, k) = e−φ/2eikX

(
χA

mi∂X
m +

√
α′

4
ζ̄mḂψ

mψnΓḂA
n

)
ΘA (2)

whose physical degrees of freedom are Γ traceless
and transverse. Hence, (2) describes a massive
spin 3/2 fermion where χ and ζ̄ are related by a
Dirac equation at mass m = (α′)−1/2.

Both vertex operators are given in their canon-
ical superghost pictures.

3. Dimensional reduction to D = 4

To make contact with LHC accessible scenar-
ios, the first step is a dimensional reduction of the
256 states at the first mass level. They form an
N = 1 multiplet in ten dimensions which trans-
lates into N = 4 from the four dimensional point
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of view – provided that the internal geometry pre-
serves all the 16 supercharges. The Lorentz group
then decomposes as SO(1, 9) → SO(1, 3)×SO(6).

On the bosonic side, any SO(1, 9) vector index
can be set to spacetime values µ = 0, 1, 2, 3 or
internal ones i = 4, . . . , 9. This easily decomposes
Bmn and Emnp as follows into scalars, vectors and
tensors of SO(1, 3) spin j = 0, 1, 2.

• Bmn ≡ 1 × (j = 2) ⊕ 6 × (j = 1)

⊕ 21 × (j = 0)

• Emnp ≡ 21 × (j = 1) ⊕ 21 × (j = 0)

We have used Poincaré duality between massive
(3 − p)- and p forms in four dimensions.

For the fermions, we first of all obtain four
j = 3/2 states, both in the fundamental (1, 0, 0)
and antifundamental (0, 0, 1) representations of
the SU(4) R-symmetry group. Among the spin
j = 1/2 Dirac fermions, eight fall into the (1, 0, 0)
or (0, 0, 1) and another 20⊕20 into the “spin 3/2”
representations (1, 1, 0) and (0, 1, 1) of SU(4)R.

Taking everything together, this matches per-
fectly with the well known structure of a massive
N = 4 spin two multiplet [7]:

spin j 2 3/2 1 1/2 0
# particles 1 8 27 48 42

4. Towards N = 1 SUSY

The spacetime SUSY chargeQ can be identified
with the gluino vertex at zero momentum [8]:

QA ∼
∮

dz

2πi
e−φ/2ΘA (3)

Upon dimensional reduction, the ten dimensional
spin field ΘA factorizes into SO(1, 3)×SO(6) co-
variant constituents S and Σ of the same chirality,

ΘA = Sα ⊗ ΣI ⊕ Sα̇ ⊗ Σ̄Ī . (4)

A very natural way to break various super-
symmetries in the compactification process lies
in orbifold projections. Consider an orbifold ac-
tion σ which rotates the internal worldsheet fields
(X i, ψi) in the Cartan Weyl basis as

X2k+2 ± iX2k+3 7→ e2πiφk(X2k+2 ± iX2k+3) . (5)

Bosonization techniques admit to infer the orb-
ifold action on the internal spin fields, and it turns
out that generic angles φk subject to φ1 + φ2 +
φ3 = 0 preserve one out of four Σ components

Σ := ΣI
∣∣
invariant , Σ̄ := ΣĪ

∣∣
invariant (6)

which amounts to N = 1 in four dimensions.
Note that the σ orbifold is perfectly representa-
tive for N = 1 supersymmetric compactifications.

5. Universal N = 1 states in D = 4

Vertex operators with all the conformal fields
from the spacetime sector are guaranteed to re-
main in the spectrum of any N = 1 compactifi-
cation. Among the bosons, this applies to a spin
two tensor and a complex scalar1:

V (−1)(α, k) ∼ αµν i∂X
µψνe−φeikX (7)

V (−1)(Φ±, k) ∼
[
(ηµν + 2α′kµkν)i∂Xµψν

+2α′kµ∂ψ
µ ± iα′

3
εµνλρψ

µψνψλkρ
]
e−φeikX (8)

The latter exclusively couples to gluons of (±,±)
helicity combination. The fact that Φ+ prop-
agates to Φ− makes sure that no factorization
channel shows up in vanishing four gluon ampli-
tudes with uniform helicities (±,±,±,±).

Other bosonic vertex operators involving in-
ternal i∂X i, ψi generically vanish from the spec-
trum, but the following states survive universally

V (−1)(ξ, k) ∼ ξµψ
µ

3∑

k=1

ΨkΨ̄ke−φeikX (9)

V (−1)(Ω+, k) ∼ Ψ1Ψ2Ψ3e−φeikX (10)

V (−1)(Ω−, k) ∼ Ψ̄1Ψ̄2Ψ̄3e−φeikX (11)

with shorthands Ψk := 1√
2
(ψ2k+2 + iψ2k+3) and

Ψ̄k := 1√
2
(ψ2k+2 − iψ2k+3) for the Cartan Weyl

basis. Neither of them couples to gluons. In ad-
dition, there might exist additional model depen-
dent N = 1 states in separate SUSY multiplets
which lie beyond the main focus of this article.

Among the spin fields, only SαΣ and Sβ̇Σ̄ are
σ invariant. Two Dirac fermions of spin 3/2 and

1In the following, the wavefunctions α, Φ±
, . . . will be used

as shorthands to refer to the associated states
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1/2 can be formed, namely

V (−1/2)(χ, ζ̄, k) ∼ e−φ/2eikX

(χα
µi∂X

µ −
√
α′ζ̄µβ̇ψ

µψνσβ̇α
ν )SαΣ (12)

V (−1/2)(u, v̄, k) ∼ e−φ/2eikX

uα(σµσ̄ν)α
β
(
i∂Xµkν − ψµψν/3

)
SβΣ (13)

as well as their relatives of reversed SO(1, 3) chi-
rality, e.g. (χα

µ, ζ̄µα̇) ↔ (χ̄µα̇, ζ
α
µ ) and Σ ↔ Σ̄.2

Two different N = 1 multiplets are populated
by the states above:

• j = 2 multiplet with 8 ⊕ 8 states

α, ξ ⊕ (χ, ζ̄), (χ̄, ζ)

• j = 1/2 multiplet with 4 ⊕ 4 states

Φ±,Ω± ⊕ (u, v̄), (ū, v)

6. Gauginos versus quarks

All the statements above hold for adjoint mat-
ter arising from open strings with both endpoints
on the same stack of D-branes. Its adjoint Chan
Paton generator T was suppressed in the vertex
operators above. Chrial fermions originate from
strings located at D brane intersectios. Their ver-
tex operators can be constructed from massless
gauginos via three modifications:

• T in the bifundamental representation

• adjust the vertex operator’s normalization

• replace the internal spin field Σ by a bound-
ary changing operator Ξ which can be
thought of as a twist field with respect to σ

The same construction holds for fermions at the
first mass level: The gaugino Regge excitations
can be mapped to quark- and lepton excitations
by the same steps as for the ground states.

The conformal fields Σ and Ξ give rise to the
same two point functions, that is why scattering
of n gluons with two gauginos yields the same
disk amplitudes as for two quarks3. Moreover, the
massive vector ξ couples universally to quarks and

2Numerical coefficients of (2) and (12) differ due to gamma
matrix identities.
3This statement in fact holds to all orders in α

′ [5]

gauginos of opposite chirality which can again be
understood from the internal CFT. But the mas-
sive Ω± scalar only couples to gauginos of uniform
(∓,∓) helicity, not to chiral fermions.

7. Outlook and conclusion

Any three- and four point amplitude involving
one massive N = 1 state and otherwise mass-
less ones have been computed in [1]. Selection
rules for the helicity quantum numbers were de-
rived by means of the Weyl-van-der-Waerden for-
malism for wave functions of massive particles up
to spin j = 2. Finally, cross sections were com-
puted to allow for comparison with LHC data.
Production and decay of higher spin excitation is
pioneered in [9]. If nature is friendly enough to
“choose” a low string scale, then the first exper-
imental hints for string theory will wait around
the corner.
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We review some recent work in the famous Kawai-Lewellen-Tye (KLT) relations. Especially we present a
compact way of writing down the general n-point relation. We also look at an extra feature of these relations
which were only very recently realized, and leads to new relations among gauge-theory amplitudes.

1. Introduction

For the last couple of decades there has been
an amazing development in our understanding of
the structure of scattering amplitudes. Not just
within quantum gravity and gauge theories indi-
vidually, but also in the close connection between
these seemingly different types of theories. One
of the strongest manifestations of this connec-
tion appears in the famous Kawai-Lewellen-Tye
(KLT) relations [1], which relate tree-level ampli-
tudes in quantum gravity to products of color-
ordered tree-level amplitudes in gauge theories.
Although such relations were originally found in
string theory by factorizing closed string ampli-
tudes into products of open string amplitudes,
they continue to hold in the field theory limit.
The origin of these relations in field theory has
long been a mystery. However, recently a purely
field theoretically proof was provided [2,3], based
on the recursive method of BCFW [4], forcing the
relations to be true simply due to the analytical
properties of scattering amplitudes. A bonus of
this work was a series of new purely gauge theo-
retically amplitude relations [2,5].

2. KLT in field theory

Before presenting the explicit relations let us
introduce a very useful function S, that depends
on k massless momenta in the following way

S[i1, . . . , ik|j1, . . . , jk]p1
≡

k∏

t=1

(
sit1 +

k∑

q>t

θ(it, iq)sitiq

)
, (1)

where {i1, . . . , ik} and {j1, . . . , jk} are two arbi-
trary orderings of the k momenta. We have de-
fined sij ≡ (pi + pj)

2, and θ(ia, ib) as zero if ia
comes sequentially before ib in {j1, . . . , jk} and
unity if it comes after.

In terms of this function the KLT-relations can
be written as

(−1)n+1Mn =
∑

α,β∈Sn−3

Ãn(n − 1, n, α(2, n − 2), 1)

× S[α(2, n − 2)|β(2, n − 2)]p1

× An(1, β(2, n − 2), n − 1, n), (2)

where Mn is a tree-level n-point gravity am-
plitude, Ãn and An n-point color-ordered
gauge-theory amplitudes, and we have intro-
duced the short-hand notation α(2, n − 2) ≡
{α(2), α(3), . . . , α(n− 2)} for permutations of leg
2, 3, . . . , n − 2, and likewise for β(2, n − 2). The
sum is over all α and β permutations.

Using the Bern-Carrasco-Johansson (BCJ) re-
lations [6] one can write eq. (2) in many other, but
completely equivalent, ways, see [3]. Although
some of these have fewer terms than eq. (2) we
choose to present it in the above form because of
its nice and compact n-point expression.

In fact, the BCJ-relations are close connected
to the KLT-relations. The gravity amplitude is
completely crossing symmetric, and therefore the
right-hand-side of eq. (2) must also be crossing
symmetric. This is manifest in leg 2, 3, . . . , n− 2,
but not in leg 1, n − 1 and n. Indeed permut-
ing these legs and equating the expressions lead
to BCJ-relations, something that was already ap-
parent in [1] but not really appreciated. The con-
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nection between these relations is also apparent
from the following way of representing the BCJ-
relations

0 =
∑

α∈Sn−2

S[β(2, n − 1)|α(2, n − 1)]

× An(1, α(2, n − 1), n), (3)

where β(2, n− 2) is just some arbitrary permuta-
tion.

For a generalization of the above results to
string theory, see [7–9].

3. Quadratic gauge-theory relations

It turns out that the combination of gauge-
theory amplitudes on the right-hand-side of
eq. (2) is hiding another neat feature, leading to
new relations among gauge-theory amplitudes.

Let Ak
n denote an NkMHV amplitude, i.e. Ak

n

is an n-point subamplitude with 2 + k negative
helicity gluons. Of course, to have non-vanishing
amplitudes k ∈ {0, 1, . . . , n − 4}. We do not care
about the exact helicity configuration, just which
helicity sector it belongs to.

Choosing k 6= h the following identity is satis-
fied

0 =
∑

α,β∈Sn−3

Ak
n(n − 1, n, α(2, n − 2), 1)

× S[α(2, n − 2)|β(2, n − 2)]p1

× Ah
n(1, β(2, n − 2), n − 1, n). (4)

Note that in each of the Ak
n (Ah

n) amplitudes in
the sum it is the same k+2 (h+2) legs that have
negative helicity. Hereby we get relations among
subamplitudes living in different helicity sectors.

For four points the right-hand-side is trivially
zero. In order to fullfill the k 6= h requirement
at least one of the amplitudes must have three or
four of the same helicity and thereby vanish all by
itself. However, for five points we already start to
get non-trivial relations, e.g.

0 = s12A
0
5(1, 2, 3, 4, 5)

[
s13A

1
5(4, 5, 2, 3, 1)

+ (s13 + s23)A
1
5(4, 5, 3, 2, 1)

]

+ s13A
0
5(1, 3, 2, 4, 5)

[
s12A

1
5(4, 5, 3, 2, 1)

+ (s12 + s23)A
1
5(4, 5, 2, 3, 1)

]
, (5)

where A0
5 is some MHV amplitude and A1

5 an
NMHV (i.e. here MHV ) amplitude.

4. Conclusion

We have shown how to nicely write down the
general n-point KLT-relations in field theory,
along with new relations among gauge-theory am-
plitudes of different helicity sectors. Knowing the
amplitudes for one kind of helicity sector there-
fore imply linear relations between amplitudes in
another sector (for explicit examples see [10,11]).

With these results we might be one step closer
in unraveling the mysterious connection between
gravity and gauge theory.
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1. Supersymmetric gauge theories

In the past 40 years, gauge theories have played
a crucial role in High Energy Physics. In partic-
ular, one of their biggest successes, has been the
formulation of the Standard Model from a gauge
principle.

In this vast sea of theories, the class of super-
symmetric gauge theories deserves special atten-
tion. In fact, the constraints that supersymmetry
imposes, make a gauge theory much more well-
behaved and easier to investigate from a theoret-
ical point of view.

Furthermore, supersymmetric gauge theories
are shown to arise naturally in Superstring The-
ory, possibly one of the preferred candidates to
solve the problems that were left open by the
Standard Model. In particular, the gauge de-
grees of freedom are brought into the theory by
the open strings that are stretched between two
D-branes, and are confined precisely on them.
Roughly speaking, we could say that, in String
Theory, supersymmetric gauge theories arise on
the world-volume of D-branes. The interesting
thing about this is that the structure of these
gauge theories is highly sensitive to the geome-
try that the D-branes are probing, thus leading
to a connection between the shape of space-time
and the nature of the interactions of the Universe.

Studying supersymmetric gauge theories in
String Theory is not only an interesting endeav-
our per se, but it could also shed some light on the
fascinating duality between gauge theories and
gravity conjectured by Maldacena more than 10
years ago.

In the following we will be mostly concerned

about super-Yang-Mills gauge theories in (3 + 1)
dimensions, although similar considerations can
be made for Chern-Simons theories in (2 + 1) di-
mensions, mutatis mutandis.

2. Quivers

As we mentioned above, the structure of su-
persymmetric gauge theories is highly constrained
precisely by supersymmetry. In particular, a su-
persymmetric lagrangian is unambiguously iden-
tified by specifying the number and types of gauge
groups, the matter content and a superpotential.
Furthermore, given the simplicity of the infor-
mation needed to characterise a supersymmetric
gauge theory, it turns out that many of them can
be represented by a graph called quiver. This is
essentially a directed graph containing arrows and
nodes with the convention that:

• each node represents a gauge group U(N);

• each arrow going from a node a to a dif-
ferent node b represents a field Xab in
the bifundamental representation (N,N) of
U(Na) × U(Nb).

• each loop on a node a represents a field φa

in the adjoint representation of U(Na) .

• each superpotential term corresponds to a
closed loop in the quiver1;

As an example, Figure 1 shows the quiver of
the well known conifold theory.

1However not all the loops correspond to a superpotential

term!
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Figure 1. Quiver of the conifold theory

The theories that can be represented by a
quiver, usually called quiver gauge theories, con-
stitute a class of theories which is quite easy to in-
vestigate. In fact, they are usually characterised
by a very simple superpotential and they contain
matter that transform in bifundamental or ad-
joint representations of the gauge groups.

3. Brane tilings

Another way of representing supersymmetric
gauge theories is through a type of graph called
brane tiling. It is a bi-periodic and bi-partite
graph with a repeating structure which is called
fundamental domain. In order to read off from
the brane tiling the necessary information to re-
construct the lagrangian, one must keep in mind
that:

• each face corresponds to a U(N) gauge
group;

• each edge corresponds to a bi-fundamental
field;

• each node corresponds to a superpotential
term;

The nice feature about brane tilings is that they
allow one to write down the lagrangian of a su-
persymmetric gauge theory in a completely un-
ambiguous way2.

As an example, Figure 2 represents the brane
tiling of the conifold theory.

Once a supersymmetric gauge theory is spec-
ified through a brane tiling, it is possible to in-
vestigate relevant features of this theory. In par-
ticular, through a technique called forward algo-

2With a quiver this is not quite true since not all the closed

loops correspond to terms in the superpotential.

Figure 2. Tiling of the conifold theory

rithm3, it is possible to study the vacuum moduli
space, i.e. the space of zero-energy solutions to
the F-terms and the D-terms of the gauge theory.
This algorithm also makes it easy to determine
the R-charges of the operators of the theory one
is studying.

The brane tilings have been extensively used
in the past to investigate a phenomenon called
toric duality for D3-branes. Roughly speaking,
this corresponds to the situation where two (or
more) different gauge theories have the same vac-
uum moduli space. This duality has been shown
to be equivalent to Seiberg duality.

Brane tilings seem also like a very natural
setup to study the Higgs mechanism in for su-
persymmetric gauge theories. In fact, on the
tiling this phenomenon is implemented simply as
the removal of one or more edges. This makes
it very simple also to understand how differ-
ent gauge theories can be connected through the
Higgs mechanism.

Finally, a very fascinating application of brane
tilings is the study of supersymmetric Chern-
Simons theories in (2 + 1) dimensions. In 2008,
Aharony, Bergman, Jafferis and Maldacena pro-
vided the first example of conformal field theory
living on an M2-brane probing flat space. With
brane tilings it has been possible to extend this

3The name suggests the existence of an inverse algorithm

which, starting from a certain Calabi-Yau, gives the brane

tiling of the theory that has that manifold as its vacuum

moduli space.
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duality to more complicated backgrounds and to
investigate fascinating features of such theories.
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On the Amplitude/Wilson Loop Duality in N = 6 Chern-Simons Theory

Konstantin Wiegandta∗,

aInstitut für Physik, Humboldt-Universität zu Berlin, Newtonstraße 15, D-12489 Berlin, Germany

We study light-like polygonal Wilson loops in three-dimensional Chern-Simons and ABJM theory to two-loop

order and find that the result is remarkably similar to that of the corresponding Wilson loop in N = 4 SYM. We

comment on the existence of a Wilson loop/scattering amplitude relation in ABJM theory.

1. Introduction

Our motivation to consider polygonal light-
like Wilson loops in the 3d Chern-Simons and
ABJM gauge theory [ 1] stems from the Wilson
loop/scattering amplitude duality in N = 4 super
Yang-Mills.

In planar N = 4 super Yang-Mills n-particle
MHV scattering amplitudes AMHV

n = Atree
n Mn

are related to the expectation value of the n-
cusped Wilson loop operator

〈Wn〉 :=
1

N
〈0|TrP exp

(
i

∮

Cn

Aµdzµ

)
|0〉 . (1)

The contour of the n-sided polygon Cn is given
by n points xi (i = 1, ..., n) which are related to
the massless particle momenta via xi+1−xi = pi.
The segments of the contour are thus light-like,
i.e. (xi − xi+1)

2 = p2
i = 0.

The relation between the Wilson loop and the
scattering amplitude is given by

ln Mn = ln Wn + const . (2)

This duality was discovered in the dual AdS5×S5

string picture at strong gauge coupling in [ 2] and
shown to exist also in the weak coupling regime
[ 3, 4] with profound consequences on the sym-
metries of these correlators leading to a dual su-
perconformal [ 4] respectively Yangian symmetry
[ 5] of scattering amplitudes, for reviews see [ 10].
Moreover, there are many structural similarities
of the 3d N = 6 superconformal ABJM theory to
N = 4 super Yang-Mills, most notably the emer-
gence of hidden integrability [ 11], (for reviews see

∗wiegandt@physik.hu-berlin.de

[ 13]) in the planar limit for the spectral problem
of determining anomalous scaling dimensions of
local operators [ 15].

It was found that the expectation value of the
Wilson Loop in N = 4 super Yang-Mills is gov-
erned by an anomalous conformal Ward identity
that completely fixes its form at 4 and 5 points
and allows for an arbitrary function of conformal
invariants starting from 6 points. This so called
remainder function Rn is indeed present starting
from 6 points and leads to a correction [ 6], [ 7] of
the BDS Ansatz for planar gluon scattering am-
plitudes.

Recently, the duality has been extended to am-
plitudes with arbitrary helicity states by intro-
ducing a suitable supersymmetric Wilson loop [
9].

2. Cusped Wilson Loops in ABJM Theory

In [ 8] we calculate the expectation value of the
n-cusped Wilson loop operator (1) in the planar
limit for light-like polygonal contours Cn in pure
Chern-Simons and ABJM theory.

p1

p2p3

p4

p5 ... pn

xi+1 − xi := pi

x4 x5

xn

.

.

.

p1 x1x2

x3

Figure 1. Duality between MHV scattering am-
plitudes AMHV

n and Wilson loops Wn in N = 4
super Yang-Mills.
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ijk

i

jk

j

i

k

Figure 2. Planar two-loop topologies appearing in the polygonal Wilson loop in CS theory. Diagrams
where one propagator is connected to a single edge or to two adjacent edges vanish in our gauge and are
not displayed. In ABJM theory we additionally have bosons and fermions in the one-loop corrected gluon
propagator, these contributions are similar to the one-loop diagrams in N = 4 SYM, for details see [ 8].

The outcome of our computations at one-loop
order in pure Chern-Simons and ABJM theory is
that

〈W4〉1-loop = 0 (analytically) , (3)

〈W6〉1-loop = 0 (numerically) .

Moreover, conformal Ward identities force
〈Wn〉1-loop to depend only on conformally in-
variant cross ratios of the (xi − xj)

2 and for
n = 4 and 6 we show that these functions vanish.

At the two-loop order we compute the tetrago-
nal Wilson-loop W4 in pure Chern-Simons and
N = 6 superconformal Chern-Simons (ABJM
theory). The result in dimensional reduction reg-
ularisation with d = 3 − 2ǫ for the correlator in
ABJM theory is

〈W4〉ABJM
2-loop (4)

= −
(

N

k

)2 [
− 1

2

4∑

i=1

(−µ′2 x2
i,i+2)

2ǫ

(2ǫ)2

+
1

2
ln2

(
x2

13

x2
24

)
+ const.

]

This is indeed of the same functional form as the
one-loop result in N = 4 super Yang-Mills theory,
where one has [ 3]

〈W4〉N=4 SYM
1-loop (5)

=
g2N

8π2

[
− 1

2

4∑

i=1

(−µ2 x2
i,i+2)

ǫ

ǫ2

+
1

2
ln2

(
x2

13

x2
24

)
+ const.

]
.

It would certainly be interesting to explore this
relationship also beyond four cusps.

3. Scattering Amplitude/Wilson Loop Du-
ality in ABJM theory

From the string perspective the scattering am-
plitude/Wilson loop duality in the AdS5/CFT4

system arises from a combination of bosonic and
fermionic T-dualities under which the free AdS5×
S5 superstring is self-dual [ 12]. Hence, for the
existence of an analogue duality in ABJM the-
ory one would require a similar self-duality of the
AdS4 × CP3 superstring under the combined T-
dualities. The problem was analysed in [ 16] but
no T-self-duality could be found so far.

At tree-level, recent developments have uncov-
ered Yangian and dual superconformal symmetry
of the amplitudes in ABJM theory [ 17]. In [
18] a vanishing result for the four-point one-loop
amplitudes in ABJM theory was found and the
authors speculated whether the two-loop scatter-
ing amplitudes in N = 6 Chern-Simons could be
simply related to the one-loop N = 4 Yang-Mills
amplitudes. The main result of [ 8] is that this
picture is consistent at least up to the two-loop
order.

In order to settle the question of a possible
scattering-amplitude/light-like Wilson loop dual-
ity, a two-loop scattering amplitude computation
in ABJM theory would be very desirable in order
to compare to our result (4).
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Form factors in theories with gravity duals

Alexander V. Zhiboedova

aDepartment of Physics, Princeton University
Princeton, New Jersey 08544, USA

The prescription for calculating form factors at strong coupling in the theories with gravity duals was found
in [1]. The use of integrability for similar objects culminated in the paper [2] where the Y-system for scattering
amplitudes was found. In the paper [3] authors extended this scenario to the case of form factors in AdS3

kinematics. Some exact solutions were present. Here we briefly review the results of [3] and later developments
of the problem.

1. Form factors at strong coupling

At strong coupling form factors are given by
Euclidean classical solutions of string equations
of motion in AdS5. At the boundary the solution
reaches a periodic sequence of light-like lines kµ

i .
The period of the sequence is fixed by the mo-
mentum of the operator while light-like segments
correspond to the momenta of particles

〈kin
i |O(q)|kout

j 〉 = e−
√

λ

2π
(Area)T F1(1 +

1√
λ

F2)

where the leading term (Area)T is the area of one
period and it was computed in [3]. F1 is the
one loop correction and would contain informa-
tion about the polarizations and the particular
operator we are considering. F2 is the two loop
correction in the 1/

√
λ expansion.

2. Y-system

At strong coupling the algorithm of solving the
problem was through the use of the integrabil-
ity of classical strings on AdS space background.
The key steps were: first, introducing the fam-
ily of flat connections with an arbitrary spectral
parameter A(ζ = eθ). With this flat connection
one can consider the flat section problem which
allows one to introduce a set of of spectral pa-
rameter dependent cross-ratios Yk(θ). Then one
finds the set of functional equations which con-
straints the θ dependence of Y -functions. The
system is specified with boundary conditions at

θ → ±∞ which are obtained through WKB anal-
ysis of the flat section problem. Then one can re-
state these equations in integral form which hap-
pened to be of TBA form. The non-trivial part of
the area then was given by the free energy of the
system which depends on the set of mass parame-
ters in which the kinematics is encoded. However
it is much more convenient to have the expres-
sions that depend only on kinematic information
namely cross-ratios. It happened that after elim-
inating the dependence of area on mass parame-
ters the area is given by the critical value of Yang-
Yang functional.

The fact that we are dealing with periodic solu-
tions – with the period being encoded in the mon-
odromy Ω – can be used to truncate Y-system.
For the case of AdS3 and 2n-gluon form factor it
takes the form

Y +
s Y −

s = (1 + Ys+1)(1 + Ys−1),

Y +
n−2Y

−
n−2 = (1 + Yn−3)(1 + Tr[Ω]Ȳ + Ȳ 2),

Ȳ +Ȳ − = 1 + Yn−2.

This Y-system can also be used to study scatter-
ing amplitudes in periodic kinematics regime.

3. Exact solutions

In several simple cases one can solve the Y-
system written above exactly. First case corre-
sponds to the high temperature limit when all Y ’s

278



do not depend on the spectral parameter. It cor-
responds to the regular form factor or zig-zag so-
lution. The Y -functions and the non-trivial part
of the area in this case are

Ys = s(s + 2)

Ȳ = n − 1

Afree =
π

6
(n − 1).

Another solution corresponds to 4-gluon form fac-
tor. In this case the only non-trivial Y -function
takes the form Ȳ = eZ/ζ+Z̄ζ and the non-trivial
part of the area is given by the integral φ ∈ (0, π

2 )

I =

∫ ∞

−∞

dt
|m| sinh t

2π tanh(2t + 2iφ)
log(1 + e−2|m| cosh t).

Here |m| and φ are related to the cross-ratio in
the problem in the known way.

4. Truncation in terms of momentum
twistors. AdS5 case.

Since the truncation of the Y-system in the case
of form factors is purely kinematical it is conve-
nient to think about it in terms of target space.
The boundary of AdS can be thought as submani-
fold Y 2 = 0 in the projective space. Then the i’th
cusp location for the case of AdS3 takes the form

Y i
aȧ(ζ) = λi

a(ζ)λ̃i
ȧ(ζ).

The periodicity of the contour manifests itself
through the fact that λi+n ∝ Ωλi. The trun-
cation condition used in [3] is just the identity

Tr[Ω]〈λ0, λ1〉 = 〈λ0, Ωλ1〉 − 〈Ωλ0, λ1〉
notice that it is manifestly conformal and gauge
invariant.

Written in this form it can be easily general-
ized to the case of AdS5. In this case the posi-
tion of the cusps are given in terms of momentum
twistors

Y i
ab(ζ) = λi

a(ζ)λi−1
b (ζ) − λi

b(ζ)λi−1
a (ζ).

The periodicity is the fact that λi+n ∝ Ωsλi. The
truncation conditions take the form of manifestly
conformal and gauge invariant identities

Tr[Ωs]〈λ−2, λ−1, λ0, λ1〉 =
4∑

k=1

〈λ−2, λ−1, λ0, λ1〉Ωk (1)

Tr[Ωv]〈λ−2, λ−1, λ0, λ1〉 =

4∑

k,j=1;k 6=j

〈λ−2, λ−1, λ0, λ1〉Ωk,j

Tr[Ωv] =
1

2
(Tr[Ωs]

2 − Tr[Ω2
s])

where, for example, 〈λ−2, λ−1, λ0, λ1〉Ω1,2 =
〈Ωsλ−2, Ωsλ−1, λ0, λ1〉 etc. The third truncation
condition is the same as (1) with the change
λ → λ̄, Ωs → Ω̄s. See [2] for the notations.

One can use these identities to truncate Hirota
equations [2] for AdS5. It would be nice to rewrite
them in terms of Y-system as it was done for AdS3

in [3].

5. Weak coupling analysis

From the weak coupling side form factors were
studied in [4–6]. In [5] the simplicity and simi-
larity with scattering amplitudes of the tree-level
form factors of half-BPS operators was revealed.
They happen to share many attractive features
with the amplitudes, namely BCFW recursion re-
lations and apparently duality with Wilson lines.
Acknowledgements
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