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So far: perturbative and D-instanton corrections to the hypermultiplet metric

This talk: take initial steps towards completing the picture

— include NS5-branes

[Becker, Becker, Strominger]



-—> include NS5-branes

© (I8

— worldvolume theory is chiral — worldvolume theory is non-chiral

partition function is a

— section of a line bundle — related to D5 by S-duality
over the space of 3-forms

requires a choice of
“quadratic refinement”

— D'-invariants and topological strings

— non-trivial contact structure on twistor space ZAq — M

i

' How to implement NS5-corrections to M ? |
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Outline

The HM moduli space in lIA/CY3

The type IllA fivebrane partition function revisited

Uplifting to twistor space

NS5-brane instantons from S-duality

Conclusions and Discussion



Type A point of view on M (recap from Boris’s talk)

In the weak-coupling limit, the moduli space is foliated
by citcle fibrations over the intermediate Jacobian
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Type A point of view on M (recap from Boris’s talk)

w In the weak-coupling limit, the moduli space is foliated
by citcle fibrations over the intermediate Jacobian

S; —  C(o)

H*(X,R)/H*(X,Z) —  J(X)

!
/ M),
CA:/AAC(S) <A=/BAC<3>
~ HS(XvR) ,
(CAaCA) - H?’(X,Z) =7 dim7T = 2hy 1 + 2




Type A point of view on M (recap from Boris’s talk)

y, In the weak-coupling limit, the moduli space is foliated

by citcle fibrations over the intermediate Jacobian
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—  C(9)

@ dim M = 4(h2,1 + 1)

H*(X,R)/H*(X,Z) —  J(X)
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Type A point of view on M (recap from Boris’s talk)

In the weak-coupling limit, the moduli space is foliated
by citcle fibrations over the intermediate Jacobian

S, — C(9)
M ~RT X |

Do
First Chern class: ¢1(C) =d <7> = W7 T %w/\/tc

one-loop correction

classical contribution X Euler number of X



Type A point of view on M (recap from Boris’s talk)

In the weak-coupling limit, the moduli space is foliated
by citcle fibrations over the intermediate Jacobian

S, —  C(¢)
M ~RT X |

N
broken by D2-instantons

nA,mA c Z

~
(broken by NS5-instantons
kK € 4




Type A point of view on M (recap from Boris’s talk)

In the weak-coupling limit, the moduli space is foliated
by citcle fibrations over the intermediate Jacobian

S, —  C(¢)
M ~RT X |

Translations along 7~ form a Heisenberg group

CA N CA ’TZA

EA — CNA‘l‘mA

o — o+ 2k —mpaCt + 0Pl + co(m,n)

cocycle /

required for consistency of NS5-instantons



Qualitative form of NS5-instanton corrections

~
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dS?\/l‘N% ~ e Ar|k| e? —imko Z(k)( | )

chiral NS5-partition function



Qualitative form of NS5-instanton corrections

—A4r|k|e® —inko ~
dsi|ygs ~ e e TR 2 (¢ Q)

® NS5-instanton action: Snss = 4|k (9;2 + - ) +im (o + - -

® . "k% jsvalued in the circle bundle %

— (CF non-trivially fibered over both 7 and M. !

® What about Z%) (¢, () ?

' Is the coupling well-defined? |

|




The fivebrane partition function revisited

Key problem: worldvolume W supports an (imaginary) self-dual 3-form H = dB

[Callan, Curtis, Harvey, Strominger]

® The“flux” H acts as an electric source for the 3-form C

® Non-chiral partition function is a sum over harmonic fluxes H € H*(X,Z)

® Construct the chiral partition function via factorization [Witten]



Construct Z by holomorphic factorization of the non-chiral partition function:

Znon—chiral(c) _ Z 7Q(FI) 6—S(H,C)
HeH3(X,Z)

[Witten]
[Henningson, Nilsson, Salomonsson]
[Moore][Belov,Moore]

Gaussian action, weak-coupling approximation gsf <<'1



Construct Z by holomorphic factorization of the non-chiral partition function:

Znon—chiral(c) _ Z 7Q(FI) 6—S(H,C)

HEHS(X’Z) [Witten]

[Henningson, Nilsson, Salomonsson]
[Moore][Belov,Moore]

“fluctuation determinant” T(H) — ‘j—"‘Q [0'@ (H)]k

/

metric-dependent normalization



Construct Z by holomorphic factorization of the non-chiral partition function:

Znon—chiral(c) _ Z 7Q(FI) 6—S(H,C)

HGHB(X’Z) [Witten]

[Henningson, Nilsson, Salomonsson]
[Moore][Belov,Moore]

“fluctuation determinant” T(H) — ‘j—"‘Q [0'@ (H)]k

/

“quadratic refinement” of the intersection form on H> (X, Z)

oo : H?*(X,7Z) — U(1)

cocycle:  gg(H + H’) — (—1)<H’Hl>g@(H)U@(H/)



Construct Z by holomorphic factorization of the non-chiral partition function:

Znon—chiral(c) _ Z 7Q(FI) 6—S(H,C)

HEHB(X’Z) [Witten]

[Henningson, Nilsson, Salomonsson]
[Moore][Belov,Moore]

“fluctuation determinant” T(H) — ‘j—"‘Q [0'@ (H)]k

general solution can be written as:

_ —imkman®+2mi(ma6* —n"pa)
U@(H)e/ A

A _
n _/AAH mA_/BAH @:(0A7¢A)

“characteristics’
may vary continuously over M ¢

integer-valued fluxes



Construct Z by holomorphic factorization of the non-chiral partition function:

Znon—chiral(c) _ Z 7Q(FI) 6—S(H,C)
HeH3(X,Z)

Choose a Lagrangian decomposition: H*(X,7Z) =T, ® T,

After Poisson resummation on ma € 1y,

Znon—chiral (C) N

Partition function of the chiral NS5-brane



Construct Z by holomorphic factorization of the non-chiral partition function:
Znon—chiral(c) _ Z 7Q(FI) 6—S(H,C)
HeH3(X,Z)

Choose a Lagrangian decomposition: H*(X,7Z) =T, ® T,

After Poisson resummation on ma € 1y,

Znon—chiral(c) ~ Z |ngL (N, Cv CN)

L

Period matrix in the “Weil complex structure” on T
(determined by the Hodge star *x )



The chiral NS5-brane partition function  (E[z] = €*™")

Z(@k,L — feﬂ'ik(@A¢A_CAéA) Z E{%(CA L nA)NAZ(CE L TLE) _|_ k(é/\ . ¢A)n[\i|

nel', +u+6
[Belov, Moore] (see also [Dijkgraaf,Verlinde,Vonk])

® periodicity: [Belov,Moore]

~ ~

Z8) (N, ¢+ n,C+m) = (0o (H))F emina—mach 200 (A7 ¢ ()

O,u

——> is a holomorphic section of a line bundle Eg — T [Witten]

\

D-, Z(k) 0 op = Cp — NasC®



The chiral NS5-brane partition function  (E[z] = €*™")

Z(@k,L — feﬂ'ik(@A¢A_CAéA) Z E{%(CA L nA)NAZ(CE L TLE) _|_ k(é/\ . ¢A)n[\i|

nel', +u+6
[Belov, Moore] (see also [Dijkgraaf,Verlinde,Vonk])

® periodicity: [Belov,Moore]

~ ~

ZGuN ¢+, m) = (o0 (H))* ™ ammaeD 280 (N, )

O,u

—>» M labels the |/~€\b3(X) holomorphic sections of L:](f)

-—— for a single NS5-brane k£ = 1 there is a unique holomorphic section of £@



Back to the original problem of the coupling:

2 —4rlk| e® —inko ~(k) ~
dSM|N85 ~ € e Z@,M(C7C)
® "™ is valued in C(@) with ¢1 (C)‘T = Wt

® Zg) is the unique holomorphic section of Lo — 7

c1(Lo) = wr

(

——>» NS5-brane instantons are well-defined under variations along 7 ]




Back to the original problem of the coupling:

dS?Vl N 6—47T|k| e? —irko Z((QIC,L(C7 5)

NS5

® What about £L — M, ?

—> Part of the answer lies in the normalization factor F

[Belov, Moore]

® F isanalogous to 1/7 in the partition function of a 2d chiral boson

[Alvarez-Gaume, Moore, Nelson, Vafa, Bost]

Important to take proper account of supersymmetry

The correct coupling should be formulated as a deformation of the
complex contact structure on twistor space

~ S— _ . . - - : — — —




Twistor Space of M - a brief recap

CP! — Zy — M

Z ar is a complex contact manifold with a Kihler-Einstein metric

contact one-form: Xl = qall T 5[{}] dff[f] - gk] dg[];]

[Salamon][LeBrun][Swann][de Wit, Rocek,Vandoren][Alexandrov, Saueressig, Pioline,Vandoren]



Twistor Space of M - a brief recap

CP! — Zy — M

Z M is a complex contact manifold with a Kahler-Einstein metric

contact one-form: Xl = qall T fﬁ] dgk] - gk] dg[];]

/

complex Darboux coordinates on U; C Z



Twistor Space of M - a brief recap

CP! — Zy — M

Z ar is a complex contact manifold with a Kihler-Einstein metric

contact one-form: Xl = qall T fﬁ] dfk] - gk] df[/;]

Isometries of M lift to a holomorphic action on 2/ :

[Galicki][Salamon][Alexandrov, Saueressig, Pioline,Vandoren]

fA N gA_I_nA
gA — 5A+mz\

o — o+ 2K — mAfA + nAgA + co(m,n)



Twistor Space of M - a brief recap

CP! — Zy — M

Z ar is a complex contact manifold with a Kihler-Einstein metric

contact one-form: Xl = qall T fﬁ] dff[f] - gk] dﬁ[/;]

—> (&4,¢5) parametrize the complexified Jacobian torus:

=[Gz

—>» '™ transforms like a section of the “complexified” theta line bundle

C* — E%
l
TC



Deformations of /M can be uplifted to deformations
of the complex contact structure on Z 44 [Salamon][LeBrun]

——> Infinitesimal deformations classified by H! (ZM, 0(2))

® Practically, we study transition functions HIW] (&, é, o) on overlapping patches

@ Specify the Darboux coordinates in terms of (z,t) € M X CP!
A <2 ’
i (@,1), &3 (1), oz, t)

® Perturbative Darboux coordinates: [Alexandrov, Saueressig, Pioline,Vandoren]

€A:CA+%(t—1ZA_t2A) D(-1)-Dl
Ea=Ca+ 52 (t7 Fa(2) =t Fa(2)) D3-D5
a=o+ o (W) -t W(2)) + ”;E;f) log 1 NS5



Deformations of /M can be uplifted to deformations
of the complex contact structure on Z 44 [Salamon][LeBrun]

——> Infinitesimal deformations classified by H! (ZM, 0(2))

® Practically, we study transition functions HIW] (&, é, o) on overlapping patches

@ Specify the Darboux coordinates in terms of (z,t) € M X CP!

b (x,t), €3 (x,t), all(z,t)

® In the absence of NS5-branes, isometries of (¥ are unbroken

~

—>  HUl(¢ € a) = HWI(€ €) reduce to symplectomorphisms

® When NS5-branes are present, H %] (&, é, o) are genuine contact transformations



® When NS5-branes are present, H %] (&,&, ) are genuine contact transformations

Translations along 7/ form a Heisenberg group with algebra: [TgA, ng] = k512\

1
|
——> Cannot diagonalize T¢a and Tz, simultaneously NS5 charge
Must choose a polarization!
H4] (&, é, «) has a “non-abelian Fourier expansion”:
7l -k ~
Mega)y=) " > D Hun(€® =n)E [kn'gy — = (6 + ")

k#0 € (T /| k|)/Tm NET 41

“MWave function’

[Ishikawa][Pioline, D.P][Bao, Kleinschmidt, Nilsson, D.P, Pioline]



® When NS5-branes are present, H %] (&,&, ) are genuine contact transformations

Translations along 7/ form a Heisenberg group with algebra: [TgA, ng] = k5§

1
|
——> Cannot diagonalize T¢a and Tz, simultaneously NS5 charge
Must choose a polarization!
H4] (&, é, «) has a “non-abelian Fourier expansion”:
7l -k ~
Mega)y=) " > D Hun(€® =n)E [kn'gy — = (6 + ")

k#0 € (T /| k|)/Tm NET 41

“MWave function’

Suggestive relation with the topological string...



NS5-instantons in twistor space

Aim: Find the twistor space analogue of the fivebrane partition function

General arguments require:

Hy(&,& ) ~ e ™oz (¢ ¢)



NS5-instantons in twistor space

Aim: Find the twistor space analogue of the fivebrane partition function

“Exploratory strategy’: Start from the D-instanton series in |1IB and employ S-duality

—> (D5, NS5) form a doublet under SL(2,7Z)

® Similar philosophy as was previously done for (FI,DI) + D(-1I)

[Robles-Llana, Rocek, Saueressig, Theis,Vandoren]



NS5-instantons in twistor space

Aim: Find the twistor space analogue of the fivebrane partition function

“Exploratory strategy’: Start from the D-instanton series in |1IB and employ S-duality

—> (D5, NS5) form a doublet under SL(2,7Z)
® Deformations arise due to to D(-1)-D|-D3-D5 wrapping
Y = pO _|_pawa — Qawa =+ qow y € Heven(Xa Z)

® “BPSray” {,={t: Z,(z")/t€iR"}

® Across each ray, (£%,€4) are related by a symplectomorphism

[Kontsevich, Soibelman][Gaiotto, Moore, Neitzke] [Alexandrov, Saueressig, Pioline,Vandoren]
1 - A Ag
H, — Q(7)Lis [a@ y) e 2mi(an€t = )
B 2(27_‘_)2 ( ) ( )

/ same QR as in the fivebrane partition function!

generalized DT-invariants




NS5-instantons in twistor space

Aim: Find the twistor space analogue of the fivebrane partition function

“Exploratory strategy’: Start from the D-instanton series in |1IB and employ S-duality

—> (D5, NS5) form a doublet under SL(2,7)
® Deformations arise due to to D(-1)-D|-D3-D5 wrapping
v =p° + p*wa — quw® + qow p € Hoyen(X,7Z)
® “BPSray” (-, =A{t: Z,(2")/t €iR"}

® Across each ray, (£%,€4) are related by a symplectomorphism

[Kontsevich, Soibelman][Gaiotto, Moore, Neitzke] [Alexandrov, Saueressig, Pioline,Vandoren]

H, = 5o Qy)oe () e 2milme 2"

2(27)? \

() = 3 5 O /d)

d|y



S-duality

® Data: (H’yvg’y) | > 0 - (Hwév) — (Hk,p,’%ék,pﬁ)

0 = (a Z) e SL(2,7)

k NS5-charge
® (c,d)=(—k,p)/p° p’ = ged(k, p)
D D5-charge

® Reduced charge vector: ’3/ — (pa, c?a, CjO)



S-duality

® Data: (H’yag’y) | > 0 - (ngv) — (Hk,p,’%gk,pﬁ)
® Key property: (i?) — (_db —ac> (i?) + -
& = (o + % (t7'Fa(z) —t Fa(2)) D>
B T2 /.1 Tr/— | ZX(X)
a=0+ Bl (t~W(z) —tW(z)) - v log t NS5

® Main assumption: S-duality leaves the complex contact structure invariant

- May be questionable, but works for D(-1)-(FI,D1)

[Alexandrov, Saueressig, Pioline,Vandoren][Alexandrov, Saueressig]



S-duality

® Data: (H’yvg’y) > 0 - (Hw&y) — (Hk,pﬁvék,pﬁ)

_i0e(7) & ko, P (kGa(§" —n®) +pqo)
Hipsy = 872 " E /2*'904 I k2 (&Y — nV)
S, = o+ (SA — 2nA)§A | QNSOL__”TOL&) (nO, na) _ (p,pa)/k
N(E) = 7 rant"€%€°



S-duality

® Data: (H’yvg’y) > 0 - (Hw&y) — (Hk,pﬁvék,pﬁ)

® After some trickery: (E[z] = e*™")

_1e(y) @ ko PP(RGa(€® — 1) +1"0)
Hepy =~ ) E /Q,SO‘ | k2(£0 — nod) _
_ N(£a — na
Sa =+ (SA — QTLA)fA -2 ég _nToL ) (no,na’) _ (p,pa)/k

® Up to subtle phases, the set of data (¥ .5, H p. ,y) is
invariant under Heisenberg translations of (¢%, &4, a)

® Assuming that {2(7) is invariant under “generalized spectral flow”



Find the analogue of the fivebrane partition function

—> Consider the formal sum:

ngIkS)E)(gA)gA)Oé): Z Hk,p,’?(fAngaa)

P,P%,qA



Find the analogue of the fivebrane partition function

— Use Heisenberg invariance to rewrite:
[Pioline, D.P][Bao, Kleinschmidt, Nilsson, D.P, Pioline]

5 i s L s
Hygs(€,€a)= > STHE (N —aME [kt €y — on) — = (@ + €M)

2
€ (T /1k])/Tm n€lm+p \

“NS5 wave function”

® This is a non-Gaussian theta series

—— Twistor space analogue of the chiral fivebrane partition function!

Does this make sense!?



Restrictto k =1 —» Considerable simplification:

— 271 (5) T - 1
ngllég)(gA) _ o2 +mAxpgtE” Z Q) (—1)d0 £27da8” (&%) +2migo(€”)

QCL 7QO

® Now compare with (rank |) D6-D2-D0 DT-partition function:

Zom = Z (_1)2J NDT(Qa72J) 6—2>\J—|—27riQaz“
Qa,J

D2-charge DO-charge



Restrictto k =1 —» Considerable simplification:

— 271 (5) T - 1
ngllég)(gA) _ o2 +mAxpgtE” Z Q) (—1)d0 £27da8” (&%) +2migo(€”)

QCL 7QO

® Now compare with (rank |) D6-D2-D0 DT-partition function:

Zom = Z (_1)2J NDT(Qa72J) 6—2>\J—|—27riQaz“
Qa,J

® Under formal change of variables: (A, 2%) = (QW/(ifO)afa/fo)

(Qaa 2J) — (qAa + CQ,a/247 (j())




Restrictto k =1 —» Considerable simplification:

— 271 (5) T - 1
ngllég)(gA) _ o2 +mAxpgtE” Z Q) (—1)d0 £27da8” (&%) +2migo(€”)

Qa 7QO

Correct sign factor reproduced
from the quadratic refinement!

Zom = Z (_1)2J NDT(QmQJ) 6—2>\J—|—27riQaz“
Qa,J

® Under formal change of variables: (A, 2%) = (QW/(ifo)afa/fo)

(Qaa 2J) — (qAa + CQ,a/247 (j())




Actually, a more accurate statement is:

HUD (68) ~ iR (¢)

Topological string amplitude in the “real”
(background-independent) polarization

[Witten][Maulik, Nekrasov, Okounkov, Pandharipande][Denef, Moore][Schwarz, Tang]



Actually, a more accurate statement is:

HUD (68) ~ iR (¢)

T e e —— e — —

| |
' The twistor space fivebrane partition function in type lIB is a non-Gaussian |
| theta series built from the A-model top string amplitude

! _ _

—— ———

—737704 O - 1 -
Hids (.6, @) = SRR (N —nh)E [ntéy — €N,
nel’,, - -

Fits nicely with earlier speculations: [Dijkgraaf,Verlinde, Vonk][Nekrasov, Ooguri,Vafa][Kapustin]



Actually, a more accurate statement is:

HUD (68) ~ iR (¢)

| . - e
| |
' The twistor space fivebrane partition function in type lIB is a non-Gaussian |
| theta series built from the A-model top. string amplitude

! _ _

_ . — —— — —— —

H{d (€6, a) = e7im 2M (¢ ¢)

® Now reexamine the NS5-coupling:

. .
— zW and e'™? transform as a sections of ,C% 7€ Ok!

—> Both factors are separately trivial under £ — M. Ok!
) 1 X7/ — ZX(X)

Foll from: a = — (T W(z) —tW | log ¢t

ollows from: o = o + ; ( (2) (2)) oun 08



Actually, a more accurate statement is:

HUD (68) ~ iR (¢)

[ B - o == I
| |
' The twistor space fivebrane partition function in type lIB is a non-Gaussian |
| theta series built from the A-model top. string amplitude

—— e —— — _ — — R — i — R ——

Coupling is well-defined!



Actually, a more accurate statement is:

HUD (68) ~ iR (¢)

[ - - T ——— e
| |
' The twistor space fivebrane partition function in type lIB is a non-Gaussian |
| theta series built from the A-model top. string amplitude

! _ _

_ . - —— — —— —

————» The contribution from k£ > 1 NS5-branes should be given by
the generating function of rank  — gcd(k, p) D T-invariants



But what about the Gaussian type IlA partition function?

———> By mirror symmetry this is given by a theta series based
on the B-model topological string amplitude



But what about the Gaussian type IlA partition function?

® Consistency check: project onto the base M via the Penrose transform

dt

e—iﬂaz(l) (N, CAv é:A) “ __» ‘ e—iﬂ'ozz(l) (57 g)
nEzF:m C 21t
o—im0 f1(2) Z AY(S Nas)z } X 1 o~ SGanuss N ¢:C)

nel’,,

—> Saddle point approx. reproduces Gaussian partition function with insertion

—» Phase of the normalization factor determined:

T~ f1(2)

eflz holomorphic part of the B-model one-loop amplitude £7 = log el1()+N ) /S (2, 5)}



Summary and Discussion

® Initial steps towards understanding NS5-brane instantons in type |I/CY3

—> Proposal for the normalization factor of (non-)chiral partition function

—» Non-linear partition function in twistor space

e Proposal for contact transformation encoding NS5-deformations

—>» Explicit relation with topological string wave functions and DT-invariants



Summary and Discussion

® Crucial open problem: understand wall crossing

—>» KS-GMN symplectomorphisms should be upgraded to contact transformations

——» What about the motivic KSWCF?

Here is a suggestive hint: consider the Heisenberg group elements

gA_>€A_|_nA
=) Ty gy byt

a — o —mpt +ntéy



Summary and Discussion

® Crucial open problem: understand wall crossing

—>» KS-GMN symplectomorphisms should be upgraded to contact transformations

——» What about the motivic KSWCF?

Here is a suggestive hint: consider the Heisenberg group elements

~

When acting on sections of the form Fj,(£%, &5, a) = Fj (€D, €5 )e "™k

1/2 ik

——=—» quantum torus with deformation parameter: q — —€

(Quantum deformation «——> NS5-brane charge J




Summary and Discussion

® Crucial open problem: understand wall crossing

—>» KS-GMN symplectomorphisms should be upgraded to contact transformations

——» What about the motivic KSWCF?

Here is a suggestive hint: consider the Heisenberg group elements

~

When acting on sections of the form Fj,(£%, &5, a) = Fj (€D, €5 )e "™k

Is there a “generalized” classical limit q1/2 — —e"™F where |
- the quantum dilogarithm reduces to a contact transformation? |

N~ ——




