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Motivation

® N =4 SYM first example of AdS/CFT correspondence: dual to Type
lIB string theory on AdSs x S° [Maldacena '93].
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Motivation

® N =4 SYM first example of AdS/CFT correspondence: dual to Type
lIB string theory on AdSs x S° [Maldacena '93].
® Include extended objects: 1/2-BPS Maldacena-Wilson line — access

to new observables.

¢ Unique interplay between localization, conformal bootstrap,
integrability.

® Some constraints and techniques can be used for other defects as well.
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The 1/2 BPS Wilson line in N/ =4 SYM
* N'=4SYM in 4d, SU(N) gauge group, integrable for N — oc.

1 1_., , 1
S :gZTr/d4X<2F“ F., + D'o'D, o' — E[<1>’,<1>J][q>’,<1>J]

+ iU 4+ T [0 W] + 9,2Dkc + (aﬂA,f) C A=g2N
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The 1/2 BPS Wilson line in N/ =4 SYM
°* N =4 SYM in 4d, SU(N) gauge group, integrable for N — cc.
S:1Tr/d4x<1F“”F 1+ DR/ D, — Lol o[, o]
g2 2 nv 2 2 ) Y

+iUPY + UT' o) W] + 9,eD ¢ + (a“Au)2> . A=gN

® Introduce a 1/2-BPS Maldacena-Wilson line [Maldacena '98]
1 oo
Wy = NTrPexp/ dr (ix'A, + |x]0 - ®),

—00

with expectation value (W;) = 1 [Erickson, Semenoff, Zarembo '00].
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The 1/2 BPS Wilson line in N/ =4 SYM
°* N =4 SYM in 4d, SU(N) gauge group, integrable for N — cc.

1 1_., 1
S :gZTr/d4X<2F“ F., + D'o'D, o' — 5[<1>’,<1>J][q>’,<1>J]

+ iU 4+ T [0 W] + 9,2Dkc + (aﬂA,f) C A=g2N

® Introduce a 1/2-BPS Maldacena-Wilson line [Maldacena '98]
1 oo
Wy = NTrPexp/ dr (ix'A, + |x]0 - ®),

—00

with expectation value (W;) = 1 [Erickson, Semenoff, Zarembo '00].
® Wilson line breaks symmetries:

psu(2,2|4) — osp(4|4)
50(5,1) x s0g(6) — s50(2,1) x s50(3) X s0r(5)
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Broken Ward identities

Figure: Oy multiplet [polan, 0sborn 01]

Philine van Vliet

® Stress-tensor multiplet

020/ = \/%Tr[ulqu)l(X)q)J(X)],
u? = 0.
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Broken Ward identities

7N
NN ® Stress-tensor multiplet
: oty o T _ 1 1, Jdg! J
} NN SN ) Qo = \/ETV[U u? O (x) P (x)],
Niee T Tinad XL
v N N u? =0.

-

=)
o3
El

® Broken symmetries lead to:
Figure: Oy multiplet [polan, 0sborn 01]

0, T (y,m) =B (y) Di(r),  0"Wi(y,7) =B (y) ¥3(7) ,

displacement displacino
- 3 -
0"y, 7) = 8 (y) £ (7).
tilt
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Broken Ward identities

2 Pr
7 7N .
: NN ® Stress-tensor multiplet
3 o s Frasi? _ 1 I Jda! J
} NN SN O = ‘@TV[U u? O (x) P (x)],
Nia i, T, X,
N N N u? = 0.
1@ Tapap @
Y 2 3 1 3 0 -3 -1 -3 -2

® Broken symmetries lead to:
Figure: Oy multiplet [polan, 0sborn 01]

0, T (y,m) =B (y) Di(r),  0"Wi(y,7) =B (y) ¥3(7) ,

displacement displacino
- 3 -
0"y, 7) = 8 (y) £ (7).
tilt

e Combined into supermultiplet D; = ﬁWg[v . ngﬁ]

Di(7) : tS(T) — P2(1) = DI(T)
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Defect four-point functions

® 4-pt correlator of displacement multiplet [Liendo, Meneghelli, Mitev '18]:

G T1oT
(Dy(r)Dy(r2)Da(r3)Da(ra)) = o) Z T
Ti2T34 T13724

G(x) =T+ @ = 1)) — A —x+1f (x)

e =1+ 6%2 is topological term.
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Defect four-point functions

® 4-pt correlator of displacement multiplet [Liendo, Meneghelli, Mitev '18]:

G T1oT
(Dy()Dy(r2)Da(r3)Da(ra)) = ) =T
Ti2T34 T13724

G(x) =T+ @ = 1)) — A —x+1f (x)

e =1+ 6%2 is topological term.
® 1d crossing symmetry for f(x):

_— = = _—
T1 T2 T3 T4 T4 T1 T2 T3

T2 T3
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Defect four-point functions

® 4-pt correlator of displacement multiplet [Liendo, Meneghelli, Mitev '18]:

G T1oT
(Dy(r)Dy(r2)Da(r3)Da(ra)) = o) Z T
Ti2T34 T13724

G(x) =T+ @ = 1)) — A —x+1f (x)

e =1+ 6%2 is topological term.
® 1d crossing symmetry for f(x):

= = _—
T1 T2 T3 T4 T4 T1 T2 T3

T2 T3

® Decomposition in superconformal blocks:

f(x) = Fz(x) + é Fp,(x) + Z EAFAX) -

localization:[Giombi, Komatsu '18] A
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Conformal bootstrap + Integrability = Bootstrability

® Theory is integrable for N — oo.
Use Quantum Spectral Curve
(QSC) [Gromov, Kazakov, Leurent,
Volin, '13 '14] to obtain spectrum:

Figure: [Cavaglia, Gromov, Julius, Preti, '22]
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Conformal bootstrap + Integrability = Bootstrability

® Theory is integrable for N — oo.
Use Quantum Spectral Curve
(QSC) [Gromov, Kazakov, Leurent,
Volin, '13 '14] to obtain spectrum:

Figure: [Cavaglia, Gromov, Julius, Preti, '22]

® Add integrated correlators [Cavaglia, Gromov, Julius, Preti, '21 '22]

L 14 logy 3C-B [!, 6f(x) C
dx——226G(x) = a2\ LR 3
/0 X X2 (X) 8Bz’ /0 X X B2 + 3
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Conformal bootstrap + Integrability = Bootstrability

® Theory is integrable for N — oo.
Use Quantum Spectral Curve
(QSC) [Gromov, Kazakov, Leurent,
Volin, '13 '14] to obtain spectrum:

Figure: [Cavaglia, Gromov, Julius, Preti, '22]

® Add integrated correlators [Cavaglia, Gromov, Julius, Preti, '21 '22]

L 14 logy 3C-B [!, 6f(x) C
dx——226G () = ——s— — = 4 F-3.
/0 X X2 (X) 8Bz’ /0 X X B2 + 3

® RHS can be computed exactly for any coupling g with integrability
((C) [Gromov, Levkovich-Maslyuk '15] or localization (E) [Correa, Henn,
Maldacena, Sever '12, Fiol, Garolera, Lewcowycz '12].
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Bounds on OPE coefficients

Compared with analytic
bootstrap results at

® Strong coupling [Ferrero,
Meneghelli '21]
o Weak coupling [Cavaglia,

Gromov, Julius, Preti, '22]

Figure: Bounds on OPE coefficient ¢a,
[Cavaglia, Gromov, Julius, Preti, '22]
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Bulk operators
® Bulk operators in the presence of the Wilson line: defect OPE (DOE)

OA)/, ZM%CY7 ()

® Determine uﬁ and reconstruct the bulk operator.
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Bulk operators
® Bulk operators in the presence of the Wilson line: defect OPE (DOE)

OA)/, ZM%C% ( )

® Determine uﬁ and reconstruct the bulk operator.
e 2-pt functions (Oyy Oy ) satisfy defect crossing [Liendo, Meneghelli '16]:

(@) (@)
20’ 20/ Oy Oy

X Yeah oAl =X@? | |
A A A
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Bulk operators
® Bulk operators in the presence of the Wilson line: defect OPE (DOE)

OA)/, Z:u CY? (T)

® Determine uﬁ and reconstruct the bulk operator.
e 2-pt functions (O Oy ) satisfy defect crossing [Liendo, Meneghelli '16]:

O @)
20/ 20/ 020 , (/)20 ,

< sad o czetr L] v

¢ Need to include 3-pt function for numerical conformal bootstrap:

G 27_2
(O (y1,71)D1(72)D1(13)) = 3pt(2)> z= y21 z

1723 X12 X13
G3pt(z) = FI(Z) +M% 6'D2F772(Z + ZMZA 6A A Z
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Bootstrapping bulk operators

Similar setup as [Ghosh, Paulos, Suchel '25]

1d crossing, integrated correlators sum rules from broken WI

\ [Girault, Paulos, PvV WiP]
(éA HA) (<D1771791771> <020/771731>> A
A P2 (O20D1D1)  (O20 O2r) us

N

locality NO crossing, integrated correlators
[Levine, Paulos '23] [Billd, Galvagno, Frau, Lerda 23]

+ Quantum Spectral Curve for spectrum.
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Deriving the sum rules

e Defect breaks symmetry: generators split into broken and unbroken:

[Q§’ Qb] — fﬁbEQE , [Qﬁ, QE] — f§ECQC + fﬁBEQE ,
Q?0)p =0, Q%[0)p #0.
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Deriving the sum rules

e Defect breaks symmetry: generators split into broken and unbroken:

[057 Qb] — fﬁbEQE , [Qﬁ, QE] — fégch + fﬁngE ,
Q?0)p =0, Q7|0)p #0.

® Use broken Ward identities (e.g. for the tilt):

QR710)p = /ddx8#J57“|O)D = /d”r t710)p ,
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Deriving the sum rules

e Defect breaks symmetry: generators split into broken and unbroken:

[057 Qb] — fﬁbEQE , [Qﬁ, QE] — fégch + fﬁngE ,
Q?0)p =0, Q7|0)p #0.

® Use broken Ward identities (e.g. for the tilt):

QR710)p = /ddx8#J57“|O)D = /d”r t710)p ,

® Take correlators with bulk insertions X = O1(x1) ... Oi(x;)

(QPX) = (35X) .
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Deriving the sum rules

e For insertion of Q4 at time T, close contour to past or future:

- / dPr(£3(r)X) = / AP (3 (F)X) + (55)
xo>T

xo<T

® resulting in

- / dPT (t3(T)X) = (65) .
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Deriving the sum rules

e For insertion of Q4 at time T, close contour to past or future:

- / dPr(£3(r)X) = / AP (3 (F)X) + (55)
xo>T

xo<T

® resulting in

- / dPT (t3(T)X) = (65) .

* Directly applicable to bulk-defect 3pt function (set y» — 0):

_ C(N, )
/dT3 (O20(y1, 71)D1(72)D1(73)) = 21

C(N,A) ~ (O (y111)D1(72)) known from localization .

x h(u, va, v3),
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Deriving the sum rules

® Same idea for displacement (conformal generators P, K, M) and
displacino (SUSY generators Q,,,S?*). Find one sum rule for Dj.
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Deriving the sum rules

® Same idea for displacement (conformal generators P, K, M) and
displacino (SUSY generators Q,,,S?*). Find one sum rule for Dj.

® Check with perturbative computations for (OO0 D1D1) [Artico, Barrat, Xu
'24] and (J3, D1D1) [Bliard, Julius, Paulos, Suchel, PvW WiP]
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Deriving the sum rules

® Same idea for displacement (conformal generators P, K, M) and
displacino (SUSY generators Q,,,S?*). Find one sum rule for Dj.

® Check with perturbative computations for (OO0 D1D1) [Artico, Barrat, Xu
'24] and (J3, D1D1) [Bliard, Julius, Paulos, Suchel, PvW WiP]

* Could also start with Q% + three bulk operators: sum rule on
(D1D1D1D1). Leads to known constraint on topological sector:

F=1+¢,.
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Back to integrated correlator constraints

¢ What if we insert two charges?
[ [ drar 0ml@ie). ¥ 10w)
T0<T Jo>T

= F3(0(11)5°O(r2)) + - .

® Proportional to normalization A\ of tilt

A 5ab
a b _
(£(1)e(0)) = =
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Back to integrated correlator constraints

¢ What if we insert two charges?
[ [ drar 0ml@ie). ¥ 10w)
T0<T Jo>T

= F3(0(11)5°O(r2)) + - .

® Proportional to normalization A\ of tilt

AgaP
T2

(t7(1)tb(0)) =

® For MW line: derived in [Drukker, Kong, Sakkas '22]. Found to be linear
combination of two integrated constraints!

® Now independent of curvature function C [Cavaglia, Gromov, Julius, Preti '22]
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Extensions and generalizations

® Sum rules for general defects breaking conformal, global, or
supersymmetry — individual constraints on correlators with t, D, .
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Extensions and generalizations

® Sum rules for general defects breaking conformal, global, or
supersymmetry — individual constraints on correlators with t, D, .
® Some already known:

® 4pt tilt [Kutasov '89, Friedan, Konechy '12, Behan '17, Drukker, Kong, Sakkas
22]

® 4pt displacement in 1d [Gabai, Sever, Zhong '25]

® 2pt bulk-defect displacement [Billo, Goncalves, Lauria, Meineri '16]
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Extensions and generalizations
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supersymmetry — individual constraints on correlators with t, D, .
® Some already known:

® 4pt tilt [Kutasov '89, Friedan, Konechy '12, Behan '17, Drukker, Kong, Sakkas
22]

® 4pt displacement in 1d [Gabai, Sever, Zhong '25]

® 2pt bulk-defect displacement [Billo, Goncalves, Lauria, Meineri '16]

® 3pt bulk-defect, 4pt displacino, 4pt displacement in any d are new
[Girault, Paulos, PvV WiP].
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Extensions and generalizations

® Sum rules for general defects breaking conformal, global, or
supersymmetry — individual constraints on correlators with t, D, .
® Some already known:
® Apt tilt [Kutasov '89, Friedan, Konechy '12, Behan '17, Drukker, Kong, Sakkas
'22]
® 4pt displacement in 1d [Gabai, Sever, Zhong '25]
® 2pt bulk-defect displacement [Billo, Goncalves, Lauria, Meineri '16]
® 3pt bulk-defect, 4pt displacino, 4pt displacement in any d are new
[Girault, Paulos, PvV WiP].

e Combine with analytic functionals [Mazac, Paulos '18] or local blocks
[Levine, Paulos '23] to obtain ready-to-use sum rules.
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Conclusion and further outlook

e After success of bootstrability for (protected) defect multiplets, can
now include bulk operators.

e Crossing is not enough/not present: rely on integrated correlators (+
locality).

® Reconstruct 2-pt function (O9Ozqr) for any A.
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e After success of bootstrability for (protected) defect multiplets, can
now include bulk operators.

e Crossing is not enough/not present: rely on integrated correlators (+
locality).

® Reconstruct 2-pt function (O9Ozqr) for any A.
e Future: combine with mixed correlator bootstrap for (D1 D1D>D5)

[Cavaglia, Gromov, Julius, Preti, Sokolova '24].
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Conclusion and further outlook

e After success of bootstrability for (protected) defect multiplets, can
now include bulk operators.

e Crossing is not enough/not present: rely on integrated correlators (+
locality).

® Reconstruct 2-pt function (O9Ozqr) for any A.

e Future: combine with mixed correlator bootstrap for (D1 D1D>D5)

[Cavaglia, Gromov, Julius, Preti, Sokolova '24].
¢ Include long multiplets as external operators?

¢ Constrain other defects: pinning line defect in O(N) CFT [Gabia, 25,
Girault, Paulos, PvW WiP] , non-SUSY deformation of Wilson line, ...
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Thank you!



Backup



Inserting defect operators

To insert operators on defect, we write:
1 ~ 1 ~ . 6
Dy = —=Wlv-¢] = NTrP[v ~pexp [ dt (iAg + ®°)].
iy

Correlation functions are then written as

A A

(O1(x1) ... 0i(x1)Ojs1(Tit1) - - - Oigj(Tig))
= (01(x1) ... O; (Wil Oiy1(Tig1) - - - Oij(1i4)]) -
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Bootstrap for finite N

Cozz
: 30l (1) or strong coupling
(Cra2
25) SU@)y, vary A
20+
SU(2)y)
sk SP@)o0n
10F
SUE)g planargng
. . . . . . . . c
gy 07 08 08 10 11 12 13 14 e

Figure: [Liendo, Meneghelli, Mitev '16]

For N' = 4 SYM without a defect, see e.g. [Chester, Dempsey, Pufu '21]
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Sum rules using functionals

Use analytic functionals to perform integration of four-point correlator
constraints. E.g. four tilts, single integration:

44 sin? (%) r (A + %)
3vm(A —2)(A -1 (A +2)

%%A—QXA—IXA+DAQ%”(§>—wm<A;i)>+®.

: /\\; /p\/A\A
/
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Sum rules with local blocks

For bulk-defect 3pt function, we take the local blocks from [Levine, Paulos 23]

i (£) T (3 - )T (8+3)
200 (5 +1)°T (5F)

y 4p3Fr (3,2,2,2- 5.2 +L:1) L_4-2n
A+5 A2 4 3A +2

Vil (85Y) s (5 - 3.5+ 1L, 3+ L3 A+ 351

IC3pt[A] -

_|_
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