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Introduction

N = 4 Yang Mills is a maximally supersymmetric [a]. theory
has been intensively studied over the last 30 years,
especiallly in the large N limit.
Despite this intensive study, the most basic
supersymmetric obervable in the theory - namely the
spectrum of supersymmetric states is still poorly
understood, even in the large N limit.
In this talk I will review some of what is known, and then
present a few new conjectures about this susy spectrum.

[a] It enjoys invariance under 16 + 16 supercharges. As susy multiplets more than 16 supercharges always have

fields with spin larger than one, this is likely the largest number of susys an interacting QFT can have.
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The special supercharge
The 32 supercharges in this theory can be organized into
16 Qs and their 16 Hermitian conjugates (under radial
quantization). We say a state is supersymmetric if it is
annihilated by atleast one Q and its Hermitian conjugate.
[1] used PSU(2,2/4) representation theory and CPT to
prove the following theorem: Complete information about
states annihilated by any one supercharge charge Q and
Q†, completely determines the full supersymmetric
spectrum[a] Choose

Q ∼ (Q1,Q2,Q3, J1, J2) =

(
1
2
,
1
2
,
1
2
,−1

2
,−1

2

)
(1)

2{Q,Q†} = E − (J1 + J2 + Q1 + Q2 + Q3) ≡ ∆ (2)

State susy same as ∆ = 0.
[a] Including complete information about spectrum of states annihilated by some other supercharge.
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Susy Partition Functions

Zgen = Tre−β(E−Ω1J1−Ω2J2−∆1Q1−∆2Q2−∆3Q3) (3)
Set

Ωi = 1 − ωi

β
, (i = 1 . . . 2)

∆j = 1 −
µj

β
, (j = 1 . . . 3)

(4)

Plugging (4) into (3) we obtain

Zgen = Tre−β(E−J1−J2−Q1−Q2−Q3)×e−ω1J1−ω2J2−µ1Q1−µ2Q2−µ3Q3

(5)

In the limit β → ∞ reduces to

ZBPS = TrBPS e−ω1J1−ω2J2−µ1Q1−µ2Q2−µ3Q3 (6)

(µ1, µ2, µ3, ω1, ω2) ≡ (νi) renormalized chemical potentials.
Part fn only convergent when Re(νi) ≥ 0 ∀i
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Table of ∆ = 0 Adjoint Letters in N = 4 SYM

Letters E (JL, JR) (J1, J2) (Q1,Q2,Q3) (R1,R2,R3)

X ,Y ,Z 1 (0,0) (0,0) (1,0,0), (0,1,0), (0,0,1) (0,1,0), (1,−1,1), (1,0,−1)
ψ̄0,±

3
2

(
0,±1

2

) (
±1

2 ,∓
1
2

)
(1

2 ,
1
2 ,

1
2) (1,0,0)

ψ+,0
3
2

(1
2 ,0
) (1

2 ,
1
2

)
(1

2 ,−
1
2 ,

1
2), (−

1
2 ,

1
2 ,

1
2), (

1
2 ,

1
2 ,−

1
2) (1,−1,0), (0,1,−1), (0,0,1)

F++ 2 (1,0) (1,1) (0,0,0) (0,0,0)
Q+++

− 1
2 ,0

1
2

(
−1

2 ,0
) (

−1
2 ,−

1
2

) (1
2 ,

1
2 ,

1
2

)
(1,0,0)

D+± 1
(1

2 ,±
1
2

)
(1,0), (0,1) (0,0,0) (0,0,0)

Table: The BPS letters in N = 4 Yang-Mills and their charges. Here E
is the energy, JL/R or J1/2 label the angular momenta and are related
by JL/R = J1±J2

2 .
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Bosonic and Bose Fermi Cone
Charges of Bosonic letters:

v1 = (1,0,0,0,0) , v2 = (0,1,0,0,0) , v3 = (0,0,1,0,0)
v4 = (0,0,0,1,0) , v5 = (0,0,0,0,1)

(7)

Charges from multiparticling (Bosonic Cone)

ζi ≥ 0, (i = 1 . . . 5) (8)

Charges of Fermionic Letters

v6 =

(
−1

2
,

1
2
,

1
2
,

1
2
,

1
2

)
, v7 =

(
1
2
,−1

2
,

1
2
,

1
2
,

1
2

)
, v8 =

(
1
2
,

1
2
,−1

2
,

1
2
,

1
2

)
,

v9 =

(
1
2
,

1
2
,

1
2
,−1

2
,

1
2

)
, v10 =

(
1
2
,

1
2
,

1
2
,

1
2
,−1

2

)
(9)

Multiparticling (Bose Fermi Cone). Saturation (1/8)th BPS.

ζi + ζj ≥ 0, (i , j = 1 . . . 5) (10)
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Susy states in the Free Theory I
Susy states in the free theory are given by the Fock Space
of the susy letters above, projected down to SU(N)
singlets [1].
Implementing one finds

Z =

∫
DU exp

[∑
n

(
fB(nµi ,nωi) + (−1)n+1fF (nµi ,nωi)

) TrUnTrU−n

n

]
(11)

where U is a unitary matrix and the relevant susy letter
partition functions fB and fF are given by

fB =
(e−µ1 + e−µ2 + e−µ3 ) + e−ω1−ω2

(1 − e−ω1 )(1 − e−ω2 )

fF =

e−
ω1+ω2

2

(
e
−µ1+µ2−µ3

2 + e
µ1−µ2+µ3

2 + e
µ1+µ2−µ3

2

)
(1 − e−ω1 )(1 − e−ω2 )

+

(
e
ω1−ω2

2 + e
ω2−ω1

2 − e−
ω1+ω2

2

)
e−

µ1+µ2+µ3
2

(1 − e−ω1 )(1 − e−ω2 )

(12)
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Susy States in the Free Theory II
In the large N limit, the partition function above has two
phases. When fB + fF < 1 we are in the ‘low temperature’
phase, in which the eigenvalues of the matrix U are
uniformly distributed over the circle. This phase is a fock
space over traces made from susy letters and lnZ ∼ O(1)
In the ‘high temperature phase’ (when fB + fF > 1) the
matrix model undergoes a phase transition to a phase in
which the eigenvalues of the unitary matrix are clumped on
the circle. lnZ is of order N2 in this phase. At ‘very high
temperatures’ (i.e. when ωi ≪ 1), the eigenvalue
distribution becomes a delta function, and

lnZ ≈ −N2 f (µi)

ω1ω2

where f (µi) is given in terms of Polylogs. .
Microcanonical ensemble: Hagedorn growth of susy ‘string
oscillators’ at charges O(1), capped off by the susy gluon
phase, with S ∼ O(N2) when charges O(N2).
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Susy States in the interacting Theory

The main difference between the free and the interacting
theory is that the susy Q has the following interesting
nonlinear action on the space of ‘∆ = 0 letters’

[Q, ϕ̄n] = 0
{Q, ψn+} = ϵmnp[ϕ̄

m, ϕ̄p]

{Q, λβ} = 0
[Q, f++] = i[ϕ̄m, ψm+]

(13)

If we restrict attention to the (free ∆ = 0) subspace of the
Hilbert Space, this naive action of Q gets corrected order
by order in perturbation theory. Conjecture (partially
proved by Chi Ming Chang et al), the ‘renormalization’ of
the action of Q is a similarity transformation and so does
not change Q cohomology. The cohomology of Q defined
above computes the susy spectrum of our theory.
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The Supersymmetric Gas

The nonlinear effects above make a huge difference to the
susy spectrum. Recall the low energy spectrum of susy
states in the susy theory is a gas of traces that grow in a
Hagedorn like manner.
It is not difficult to show that the only single trace operators
that remain susy, after accounting for the interactions (13)
above are the ∆ = 0 descendents of chiral primary
operators.

The number of such operators grows like E
5
6 and so much

slower than Hagedorn. Almost all low energy susy single
trace operators are lifted by interaction effects. Infact, the
multiparticling of the ∆ = 0 desendents of chiral primaries
yields exact spectrum of susy operators upto dimensions
∆ = N, at which point trace identities start mattering.
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Table of gas modes
Word JL JR R1 R2 R3 Numerator(nr )

Tr(X m) 0 0 0 m 0 1 − dr

Tr(ψX m) 1
2 0 0 m 1 3e−µ

2 −ωL
2 − e− 3µ

2 −ωL
2

Tr
(
ψ̄X m) 0 1

2 1 m 0 e− 3µ
2

(
e−ωR

2 + e
ωR

2

)
Tr(FX m) 1 0 0 m 0 e−ωL

Tr
(
ψ̄ψ̄X m) 0 0 2 m 0 e−3µ

Tr
(
ψψ̄X m) 1

2
1
2 1 m 1 (3eµ − 1) (eωR + 1) e−3µ−ωL

2 −ωR
2

Tr
(
F ψ̄X m) 1 1

2 1 m 0
(

e−ωR
2 + e

ωR
2

)
e− 3µ

2 −ωL

Tr
(
ψψ̄ψ̄X m) 1

2 0 2 m 1 3e− 7µ
2 −ωL

2 − e− 9µ
2 −ωL

2

Tr
(
F ψ̄ψ̄X m) 1 0 2 m 0 e−3µ−ωL

Tr
(
D+α̇ψ̄

α̇
) 1

2 0 0 0 0
(
1 − e−µ

)3
(
−e− 3µ

2 −ωL
2

)

All bosonic states above in Bosonic cone. Only states that
lie outsied Bosonic cone are states with one fermion. At
large charges, all gas states lie within the Bosonic Cone.
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Cohomology at large charge
What is known, by direct analysis about the cohomology at
large charge? Not very much.
First, there have been some complete studies of states
that are 1/8 rather than 1/16 BPS. For instance in [1] we
studied the states that are annihilated by supersymmetries
with charges 1

2(1,1,1,−1,−1 and 1
2(1,1,1,1,1) (plus

hermitian conjugates). We demonstrated that the
corresponding number of states is that of N particles
occupying a 3 dimensional Bosonic and 2 dimenensional
fermionic Harmonic oscillator. Simple partition function.
Effectively diagonal problem of N (rather than N2) modes.
Second, there have been some recent intensive studies -
by Chang and collaborators, and by Kim and collaborators,
of the cohomology at N = 2,3.
While people are making progress, the direct ennumeration
of the cohomology is not yet very well understood.
Situation is much better with the superconformal index.
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Superconformal Index

IW = Tr exp

(
−

5∑
i=1

νiZi

)
where (14)

ν1+ν2+ν3−ν4−ν5 = 2nπi , (n is an odd integer). (15)

(Z1,Z2,Z3,Z4,Z5) and
(

Z1 +
n
2
,Z2 +

n
2
,Z3 +

n
2
,Z4 −

n
2
,Z5 −

n
2

)
,

(16)
Same contribution to index upto (−1)n

IW =
∑
Z ′

nI(Z ′)(−1)2(Z ′
1+Z ′

2+Z ′
3−Z ′

4−Z ′
5)e−νi Z ′

i (17)

nI(Zi ) = (−1)2(Z1+Z2+Z3−Z4−Z5)
∑
m

(−1)m n
(

Z1 +
m

2
, Z2 +

m

2
, Z3 +

m

2
, Z4 −

m

2
, Z5 −

m

2

)
.

(18)
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Computation of the superconformal Index

By the usual Witten Index arguments, a continuous change
of couplings cannot change the superconformal index. It
follows that the Index is independent of coupling, and so is
given exactly (at all values of the Yang Mills coupling) by
the free answer.
Explicitly

IW =

∫
DU exp

[∑
n

fW (nµi ,nωi)
TrUnTrU−n

n

]
(19)

where

fW = 1 − (1 − e−µ1)(1 − e−µ2)(1 − e−µ3)

(1 − e−ω1)(1 − e−ω2))
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Recent progress of evaluation of the Index

About 5 years ago, three different groups discovered an
exact saddle point of this large N integral at arbitrary
complex values of µi and ωi that meet our constraint.
On Legendre transforming from chemical potentials to
Indicial charges, it was discovered that one could obtain
real indicial charges at both real chemical potentials as
well as complex chemical potentials. The dominant
solution was at complex chemical potentials, and yilded
and Indicial entropy of the form

N2f (Z ′
i /N

2)

which is what we would expect to get from a theroy of N2

particles - also from a theory of gravity (see below). We
return to the index after we now survey supersymmetric
black holes in the bulk. The initial puzzle is that there is a 4
(rather than 5) parameter family of such black holes.
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Black Holes
Susy black holes live on the manifold

j1j2
2

+ q1q2q3 =

(
q1 + q2 + q3 +

1
2

)(
q1q2 + q1q3 + q2q3 −

1
2
(j1 + j2)

)
,

(20)

subject to the inequalities

q1 + q2 + q3 +
1
2
> 0,

j1j2
2

+ q1q2q3 > 0,

q1q2 + q1q3 + q2q3 −
1
2
(j1 + j2) > 0. (21)

Their entropy is given by

S ≡ N2SBH(ζi) = 2πN2
√

q1q2 + q2q3 + q3q1 − (j1 + j2)/2
(22)

In bose fermi cone. But almost every boundary point
outside bosonic cone
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The black hole ‘apple’

Figure: Schematic representation of the base of the black hole sheet
[4]
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Chemical potentials of susy black holes

Define by taking zero temperature limit of nonsusy black
holes. First find Ωi = ∆m = 1. So susy black holes
compute trace on BPS manifold.
Next compute renormalized chemical potentials. Obtain all
five νi as function of where you are on black hole manifold.
Find

ν.tI = 0, 2tI = (1,1,1,−1,−1)

Next check whether νi ≥ 0. Find not always the case.
Define surfaces Sωi=0 and Sµi=0 on black hole sheet.
‘Stable’ and ‘unstable’ black holes [4]
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Intersection of surfaces of vanishing ren chem pot with
boundary of black hole

Figure: All pink boundary curves above are (1/8)th BPS.
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Chemical potentials in black hole sheet: small charge

(a) For jR = 0 (b) For jR < 0

Figure: Cross section of the B3 (apple) at various values of jR and
q1+q2+q3

3 + jL < 1
6 .
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Chemical potentials in black hole sheet: large charge

(a) For jR = 0 (b) For small negative jR (c) For large negative jR

Figure: Cross sections of the B3 (apple) at various values of jR and
q1+q2+q3

3 + jL > 1
6 .
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Grey Galaxy, RBH and DDBH solutions
These new solutions [2,3,5] can approximately be thought
of as a non interacting mix of (vacuum) black holes and
‘gravitons’. The ‘gravitons’ carry angular momentum in
grey galaxy solutions, but carry SO(6) charge in DDBH
solutions.
Grey galaxies/ DDBHs appear in distinct families labeled
by the rank of the SO(4) / SO(6) angular momentum of
their gravitons. Rank also equals twice the number of ωi
that are parametrically close to unity (GGs or RBHs) and
twice the number of µi that are close to unity (for DDBHs).
Grey galaxies and RBHs are either of rank 2 or 4, while
DDBHs are of rank 2, 4 or 6.
Leading large N entropy of these solutions equals the
entropy of the vacuum black hole at centre.
These new solutions (rather than vacuum black holes)
dominate the phase diagram of large N N = 4 Yang-Mills
in a band of energies around the BPS plane.
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Susy GGs, RBHs and DDBHS

BPS limit. Approx non int mix of susy vacuum black holes
susy ‘gravitons’. Many reasons to believe exactly susy.
RBHs - supersymmetric descendents of susy black hole
states, so exactly susy. GGs: recent construction of large
classes of fortuitous cohomologies as product of high
angular momentum gravitons with (what appears to be)
core black holes, Direct field theory evidence for some
susy GG states.
Susy DDBHs: special dual giants around Gutowski Real
black are supersymmetric, Also of the construction similar
cohomologies on the the field theory side
While the SUSY black holes exist only on the black hole
sheet, supersymmetric gravitons carry arbitrary charges
{Zi}, subject only to the restriction Zi ≥ 0 ∀i .
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Dressed Concentration Conjecture

At leading order in the large N limit, the supersymmetric
entropy of N = 4 Yang-Mills at any given values of the
charges {Zi}, is given by

max
Z ′

i

SBH(Z ′
i ), (Z ′

i ≤ Zi ∀i = 1 . . . 5) (23)

where the charges Z ′
i lie on the supersymmetric black hole

sheet (20).
Reduces computation of large N susy cohomology to a
maximization problem. Easily solved. Phase diagram with
10 different (3 GG and 7 DDBH) phases. Transitions from
GGs to DDBHs through vacuum black holes.
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Unobstructed Saddle Conjecture

Unobstructed Saddle Conjecture: At leading order in the
large N limit, nI(Zi) equals the maximum of n(Zi) along the
corresponding index line.
Together with results of the cohomology, described above,
allows one to compute the superconformal index as a
function of 4 indicial charges. Not too hard to implement.
Find a phase diagram with 9 phases (one vacuum black
hole phase, 2 GG phases and 6 DDBH phases). Definite
prediction for indicial entropy in each phase.
Indices parameterized by charges ζi modulo shifts by tI .
Can, for instance, use the 6 charges qm + ji with two
relations. These charges convenient because positive
(Bose Fermi Cone). Space of nontrivial indices a cone over
R+. Base a diamond.
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The Indicial Diamond

Figure: Base of the indicial cone. Every point in the indicial cone is an
index line that passes through some part of the EER, and so yields
and index of order N2. Some index lines intersect black hole sheet,
some dont. No line intersects more than once.
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Black hole sheet on boundary of indicial diamond

Figure: On the left figure we have two 1/8 BPS planes q1 + j1,2 = 0
which touch at j1 = j2 = 0. The blue curves represent the points
where indicial charges match the black hole charges on this
boundary. On the right, we have depicted the intersection of four such
boundaries: q2 + ji = 0 and q1 + ji = 0. These surfaces meet at
points where both q1 and q2 are zero.
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Top view of boundary of indicial diamond

Figure: Top view of the boundary of the indicial diamond (the base of
the indicial cone) shown in Figure 6

Shiraz Minwalla



Black Hole sheet in ‘equatorial’ horizontal cuts

(a) For q1+q2+q3
3 + j1+j2

2 < 1
6 (b) For q1+q2+q3

3 + j1+j2
2 > 1

6

Figure: Black hole sheet inside the index diamond. The colored part
of the above figures denotes the region of indicial charges that
intersects the black hole sheet and the uncolored region is the space
of indicial charges that do not intersect the black hole sheet.
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Indicial Phase diagram: Small charges

(a) For j1 = j2 (b) For j1 < j2

Figure: Horizontal cross sections of the indicial cone for
q1+q2+q3

3 + j1+j2
2 < 1

6 .
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Indicial Phase diagram: Large Charges

(a) For j1 = j2 (b) For jR = j1−j2
2 < 0

(c) For |j ′R | > |jR |

Figure: Horizontal cross sections of the indicial cone for
q1+q2+q3

3 + j1+j2
2 > 1

6 at various values of jR = j1−j2
2 .
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Indicial Phase diagram: Vertical Cut

(a) For q1+q2+q3
3 + j1+j2

2 < 1
6 (b) For q1+q2+q3

3 + j1+j2
2 > 1

6

Figure: Vertical cross sections of the indicial diamond indicating the
special (blue) line of indicial charges considered for the equal
charges and unequal angular momentum case.
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Check for q1 = q2 = q3 = q,

In this special case, indicial charges can be chosen as
q + jL and jR. q + jL can be thought of as ‘where on R+’. jR
as ‘where on base’. See previous Fig.
Pass through 3 indicial phases, black hole and two GGs. jR
to jR symmetry.
At N = 10, we Taylor expanded the integrand (in unitary
matrix integral for index) in powers of eµ and eωR , and then
evaluated integral term by term. Used that to pull out
microcanonical index (though only at N = 10). Next slide,
comparison between numerics and our prediction at
q + jL = 0.9.
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Data vs prediction

0.02 0.04 0.06 0.08 0.10 0.12 0.14
jR

0.05

0.10

0.15

0.20

0.25

0.30

SBPS
N=10

Figure: The red dots represent the numerical values of the indicial
entropy, expressed as 1

N2 log (|nI(Zi)|), for N = 10,
2(Z1 + Z2 + Z3) + 3(Z4 + Z5) = 90, and jR = Z4−Z5

N2 . The blue solid
and dashed lines depict the black hole entropy, determined at the
intersection of the black hole sheet and an index line. The solid line,
combining the blue and orange segments, represents the indicial
entropy SBPS as computed using the Unobstructed Saddle
Conjecture.
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Check for q1 = q2 = q, q3 = q′, j1 = j2 = j

In this special case, indicial charges can be chosen as
α = 2q+q′

3 + jL and q − q′. First can be thought of as ‘where
on R+’. jR as ‘where on base’. See fig on next slide
Pass through rank 4 DDBH phase and black hole phase for
α < 1

6 , but through rank 4 DDBH phase, black hole phase
and rank 2 DDBH phase for α > 1

6

At N = 10, we once again compared the numerical N = 10
data with our predictions.
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Passage through indicial phase diagram

(a) For q1+q2+q3
3 + j1+j2

2 < 1
6 (b) For q1+q2+q3

3 + j1+j2
2 > 1

6

Figure: Horizontal cross sections of the indicial diamond depicting the
set of indicial charges (Red line) considered in the two equal charges
and equal angular momentum case.
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Comparison with data

-0.4 -0.2 0.2 0.4 0.6 0.8
2(q'-q)

0.05

0.10

0.15

0.20

0.25

0.30

SBPS
N=10

Figure: The figure compares the numerically computed indicial
entropy (red dots) with the predicted formula (blue and orange solid
lines) at N = 10. The indicial entropy SBPS is calculated as
1

N2 ln(|n(A1,2Q3 − Q1 − Q2)|), with A1 = Q1+Q2+Q3
3 + JL = 15 fixed,

while varying 2Q3 − Q1 − Q2 = 2N2(q′ − q). The blue line (solid and
dashed) represents the black hole entropy, determined at the
intersection of the black hole sheet and an index line. The orange line
depicts the entropy of DDBH solutions with µ1 = µ2 = 0.
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Reason for tail discrepancy

Why do tails deviate from both predictions? Reaon.
Gravitons. Extreme right end half BPS. Can analytically
count graviton states. Exact match with last data point.
Deviation from black hole at other points evidence for
DDBHS like states.
Left end 1/4 BPS. Again can count states. Again get exact
agreement (for last point) with prediction.
This data- while in broad qualitative agreement with our
general predictions- is not as good a check as the previous
data, for two reasons. First our prediction does not deviate
much from the black hole prediction at these accessibble
values of charges. Second, graviton entropy is significant,
and must be accounted for at N = 10.
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Conclusions

Input: two conjectures. Reasonable evidence for veracity.
Output: sharp predictions for cohomological entropy and
indicial entropy. Some checks of correctness.
Nontrivial prediction for susy states as a function of all 5
charges. Prediction of many new indicial phases
Urgent to do: Analytically find these new phases in the
unitary matrix integral for the index.
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