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What is Quantum Field Theory ?

· integral over "fields" TCX) varying
in

space->

I scalars
,

fermious
, gauge fields , discrete dof.....(

· machine for calculating correlation functions

X ...
Y = J ... dr

· T - "Functions"

druC)-"Tdr()" (locality)



· local operators Oi(X) = build out ofK+E)

· can deform the action

di = ep[] g :C de 3 di

· space of QFTs &z space of couplings (gi)
· resealing : Roador

· fixed paints = conformal field theories

massless sclo

%
Ising



God : classify CFTs

Problems :

· no precise global worse of to

· calculating RG flow hard at g : 21

Aberrative : conformal bootstrap
· spectrum of bal

op O :pil to
· structure constants O [ijn On

· impose associativity (O -Ojron = Ox(osOn)

= Precise mathemania definition of CFT



?

RG CFT = Bootstrap CFT

= uncontroversial

= much less clear

Are all solutions of the bootstrap physical I
In other words

,
is the conformal booscrap complete ?
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If the bootstrap is indeed complexe :

· d=4
,
N= 4 # SYM (?)

Beem
,

Rasselli
,
van Rees 2013

,
2016

Chesser
, Dempsey,Pafu 2021

· d=6
,
N= (2,0) classified by ADE L

6

Beem
,
Lemos

,
Rastelli

,
van Rees 2015

· d36 - free theory ??

· Tru , noAd scolar op
zo isolated solution



Today:

2 pieces of evidence for completeness of the boosstrap

① Id long-range Ising model

Benedetti
,

Lauria
,

DM
,
van Vliet : 2024 + WEP

② Special theory of hyperbolic manifolds
Krauchule

,
DM

,
Pal : 2021

Bonifacio ,
DM

, Pal : 2023

Adve : to

appear



① Id long-range Ising model

Benedetti
,

Lauria
,

DM
,
van Vliet : 2024 + WEP



· classical statistical model on I lastic

· 6 : 7 -[ 1
, 13

H (03)=
· If OCS11

,
there is OCTA & sir.

TCT - <0i)0 Dyson 1969

TsTa = X6i7 = 0 Thouless 1969

· += Ja is a continuous phase transition

described by a Id CFT Paulos
, Rychkov ,

· investigate this CFT !
van Rees

,
Zan 2015



axtb
-

symmetries : · conformal PSLz(R) x=

cx+d

· global 72 : o -- -(e)

· panty : 6(Es6(X

local primary operators Oi() i=0,1, 2, ...

Task : study the CFT data Ails)
, <ijn(s)

-

for OCS1 .

The simplest CFT not(yet) solved analytically ?



A continuum UV description :

S =#y+3+d

-

not renormalized = Ay = A= processed-

-

o < S <E Y" irrelevanto Ising, = GFFL
< -1 4" relevant↑ Using , = interacting Id CFT

Equations of motion :

& yaxy" = X Ax= AgaS = E protected
=

↑

primaryI+Ax= 11
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#2-odd , panity-even It-even , parity-even

our work : Exact solution of Ising as 3 =1
-

-stematic perturbation theory in 0= 1-S



· physes near s=1 : domain walls are difuse

· reuice Is in arms of q=it[
Hs - logli

Kid Corlomb
gas

- 000 opposite charges attract

-MATHLNtht ..
- like charges repel

· A: ES 0 as so 1

6 (E) = 117
- o = ropological op ~ Id short range king 6 1



Our proposal Benedesci;
Laurin , DM

,
van Vlies 2024

critical Id long range Ising @ 3= 1

=

conformal boundary condition for

Id noncompact free scalar 6 :

2 DO-braves at distance It

4
2 ~ 1

Os eit Oz& Cate
,

Es I
- 2 V

stingy interpretation due to
O Cop .. (op

J. Vosmera



It-symmetry : 10 - Er T

Low-lying operators :

↳ 0 : 12() , (in)

121 : X = (0p),=
d = )%

= complete solution of the 1d King CFT at 5=1.
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· what about -1 ? - field theory
-> analytic conformal bootstrap

· bootstrap assumptions
1) Ai , Lijn asymptotic series in YES

2) S=9 reproduces the eass solution

etS3) As =E Ax= E

4) crossing equations for :

466667 X66801)
166647 ↓68160]
X66XX) ↓6X 8 07
< 6X6X)

46XXX] < 60 X0)



Results: 6 = 1- S

(agrees with field theory)

· uniquely fixed by the bootstrap to this order.

· OPE relations -abCed automaa

Paulos
, Rychkov ,

van Rees ,
Zan 2015



② Special theory of hyperbolic manifolds
Krauchule

,
DM

,
Pal : 2021

Bonifacio ,
DM

, Pal : 2023

Adve : to

appear



· Hyperbolic manifold -Riemannian manifold with

curvature = - 1

· Hyperboli space
#Pe SOLD,1)/SOD)

· General case Me /
,

< Sot)

· Laplace eg-hi = Niki)

· spectrum 0 = 10 <
1
= X2 *...

↑ ↑
spectral gap quantum chaos



Deep analogy between

spectral theory of conformal field theory
hyperbolic (d+1) -manifolds in a dimensions

So(d+1
,1)

isometries of At conformal automorphisms of So

Laplace eigenfunction hi primary operator Oi

eigenvale Xi Casimir X
= A(d-A,)

rank J : of tensor bundle spin Ji

LijkzShihjhud OPE coefficients zijk

↳(Soldttul) Holbert space



Main idea : Formulate bootstrap constraints on spectra

of hyp mfds using rep theory of So(d+11)·

· Given MeH
,

consider [CHSocdttil)
↳Soldtl)) R ↑

-- dime irreps of
· (Ai]i) to Laplace spectrum

· Mulaplicanon mep
(
%

(6) + ((6) +> ((6)
defines an OPE

· associativity- constraints on the spectrum



Results for hyperbolic 2-manifolds

Theorem (Bonifacio , Krauchuk
,
DM

,
Pal) :

-

genus =2 X 3.
83890

genus =3 X1 2
.

679

· Thereeisto genus : 2 surface with 123 . 83899

-> genus : 3 Surface wish ↓2 .
678

· A
. Radcliffe Gozn) : Evidence that the optimal bootstrap

board from single 4-pt function is not exactly
saturated

.



Results for spectra of hyperbolic 3-manifolds

y spectral gap of our rach-2 sensor fields

special gap ofvector fields



· Why is the bootstrap method so powerful ?

· Is the bootstrap of hyperbolic manifoldscomplexe ?

Yes !

Theorem (A . Adve 2025) :

-

"Every solution of the hyperbolic bootstrap
equarons arses from a hyperbolic manifold .

"

I so far for compact hyp . 2-manifolds . ]



techof the proof :

① The hyperbolic bootstrap equanious axiomatize

- V = unitary repo of 50(211)

- V cares a commutative
,
associative product

② Gefand Quality :

abelian algebra = functions on a space

③ In the case D
, belfand duality produces

V = [Insoc))
·



·It follows we can define a hyperbolic manifold

either in the usual
way ,

or as a solution of
the hyperbolic bootstrap .

· While the latter is useful , it obscures the

essence of what a hyp manifold is .

· For CFTs
,
we currently only have the

bootstrap definition.

· What is the CFT analogue of the

grometric definition ?



object algebraic definition geometric definition

a soleron of
hyperboliz the hyperbolic MHIPmanifold

bootstrap

a solution of
conformal the conforma Zfield theory bootstrap 6


